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INTRODUCTION 

Future  utilization  of  space  will  require  large  space  structures  in  low-Earth  and 
geostationary  orbits.  Example  missions  include:  Earth 
communication  systems,  space  science  missions,  space  ^ 

requiring  large  antennas,  platforms,  and  solar  arrays.  The  dimensions  of  ^^^h 
win  ranie  from  a few  meters  to  possibly  hundreds  of  meters.  For  reducing  the  cost  of 
, . . j «n»*ratinp  (e  e enerKV  required  for  reboosting  and  control), 

it  wni''S°r;cl^^^^^^^  the  structure’ ’as  light  as  possible.  However,  reducing 

structural  mass  tends  to  increase  the  flexibility  which  ^ Tere  is  a nLd  to 

control  with  the  specified  precision  in  attitude  and  /^eref^^^ 

develop  a methodology  for  designing  space  structures  which  are  optimal  with  respect 

both  structural  design  and  control  design. 

In  the  current  spacecraft  design  practice,  it  is  customary  to  first  perform  the 
structural  design  and  then  the  controller  design.  However,  the  structural  design  and  the 
control  design  problems  are  substantially  coupled  and  must  S 

order  to  obtain  a truly  optimal  spacecraft  design.  For  example.  "structural" 

r"uS^rg™r‘:fzesr^^^^^^^ 

oTnLio.  would  change  which  change 


That 


ruTTn  »rT  Chani:  trTtr:cTurV  mlidr- ^us,  the  sets  S and  . depend  on  each  other. 

Future  space  structures  can  be  roughly  divided  into 
missions  include  flexible  spacecraft  with  no  articulated 

attitude  pointing  and  vibration  suppression  (e.g..  large  space  antennas).  Class  II 
attitude  poinung  a^  spacecraft  with  articulated  multiple  payloads,  where  the 

“oulreLnTIfto  and  each  individual  payload  while  suppressing 

the  elastic  motion.  Class  111  missions  include  rapid  slewing  “fa^^^aft 
5inn#»ndapes  while  Class  IV  missions  include  general  nonlinear  motion  of  a flexible 

appendages  and  robot  arms.  > “tlfralt”^ 

linear  mathematical  modeling  and  control  system  design  problems 

sensor  nonlinearities),  while  Class  III  and  IV  missions  represent  nonlinear  problems. 

In  this  paper  we  shall  address  the  development  of  an  integrated  controls/structures 

e^cirm 

CONTROLLER  DESIGN  METHODS 

Control  of  large  flexible  space  structures  (LESS)  is  a challenging  problem  because  of 

rc^af^io^^cnrw.'S^fS 

damping,  and  lack  of  accurate  knowledge  of  the  parameters. 


implementable,  the  controller  must  be  of  a reasonably  low  order  and  must  also  satisfy  the 
performance  specifications  (i.e.,  RMS  pointing  error,  closed-loop  bandwidth  etc  T It 
must  ^so  have  robustness  to  "nonparametrlc"  uncertainties  (i.e..  unmodeleS  structurai 

mS?)  t1‘.°  ""certainties  (i.e.,  errors  in  the  knowie™^  o7  the  dii™ 

model).  The  two  major  categories  of  controller  design  methods  for  LFSS  are  k 

controllers  (MBC)  and  "dissipative"  controllers.  model-based" 

followfed  consists  of  a state  estimator  (a  Kalman-Bucy  filter  or  an  observer) 

7!?  [inear-quadratic  regulator  (LQR).  The  state  estimator  utilizes  the 
knowledge  of  the  design"  model  (consisting  of  the  rigid  rotational  modes  and  a few 
structural  modes)  in  its  "prediction"  part.  Using  multivariable  freqlncy-dol!^^^^^^ 

thP  ^'^nni  r'obust  to  unmodeled  structural  dynamics-  that^is 

pillover  effect  can  be  overcome  [1].  However,  such  controllers  generally  tend  to  ’ 
be  very  sensitive  to  uncertainties  in  the  design  model,  in  particu^rtHSertaint;  in 
the  structural  mode  frequencies  [1.2].  An  analytical  explanation  of  tWs  iSnitv 
mechamsm  may  be  found  in  [2].  Achieving  robustness  to  real  parametric  uncertainties  is 
as  yet  an  unsolved  problem,  although  considerable  research  activity  is  in  progresi^^^^ 
area  using  H-infinity  and  structured-singular-value  methods. 

roiiooi".  sensitivity  problem  of  MBC's,  dissipative  controllers,  which  utilize 

c<^llocated  and  compatible  actuators  and  sensors,  offer  an  attractive  alSr^tive 

Dlant^^Ilid*  controllers  utilize  special  passitivity-type  inpuVoutput  properties  of  the 
Elc^rtainfies  T^^^^  stability  in  the  presence  of  both  nonp^ametric  and  par^trlc 
„rit  II  If  Simplest  controller  of  this  type  is  the  constant-gain  dissinative 

con^tanr'  torque  actuators  and  attitude  and  rate  ^sensors,  the  ^ 

constant-gam  dissipative  control  law  is  given  by:  ^ 


u = -G  y - G y 

P P r r 

where  y^  and  y^  are  the  measured  (3m  x 1,  where  m is  the  number  of  3-axis  sensors) 
attitude  and  rate;  and  are  3m  x 3m  symmetric,  positive-definite  gain  matrices.  This 
control  law  has  been  proven  to  give  guaranteed  closed-loop  stability  despite  unmodeled 

P ormance  is  inherently  limited  because  of  its  restricted  mathematical  structure. 
v-«K  higher  performance  while  still  retaining  the  highly  desirable 


(1) 


INTEGRATED  DESIGN  FORMULATION 

Farth^"  integrated  design  methodology  development  an 

^Frrlh^°‘"  I"®  geostationary  platform  concept  was  selected  as  a focus  mission  The 
Earth-pointing  System  (EPS)"  concept,  shown  in  Figure  1,  consists  o^a To-bav 

A°ll^hrmembe''''^'^'^^i  ^7°  antennas  (7.5m  and  15m  diameter)  a/bo^th  ends 

assumed  that  a three-axis  control  moment  gyro  (CMG)  and  collocated  attitude  and  rate 
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sensors,  located  close  to  the  center-of-mass  of  the  structure,  are  used  for  accomplishing 
the  control. 

The  approach  followed  herein  is  to  formulate  the  integrated  design  problem  as  a 
single-objective  optimization  problem.  The  structural  design  variables  used  are  outer 
diameters  of  the  truss  and  antenna  support  members  with  the  thickness  fixed.  In 
particular,  the  truss  was  broken  into  three  sections  and  the  outer  diameters  of  the 
longerons,  battens,  and  diagonals  within  each  section  constitute  nine  design  variables. 

Two  additional  structural  design  variables  are  the  outer  diameters  of  the  support  members 
for  the  two  antennas,  thus  constituting  a total  of  11  structural  design  variables. 

The  control  law  considered  herein  is  the  constant— gain  dissipative  controller  given 
by  Eq  (1),  which  is  known  to  have  excellent  robustness  to  unmodeled  elastic  mode  dynamics 
and  paranietric  uncertainties.  The  set  1?  of  the  control  design  variables  consists  of  the 
controller  gains  G and  G^.  In  order  to  ensure  that  G^and  G^are  symmetric  and  positive 

definite,  they  are  expressed  in  terms  of  their  Cholesky  decompositions: 


where  F and  F are  upper-triangular  matrices.  Thus,  the  number  of  control  design 
P ^ 

variables  is  12,  so  that  the  total  number  of  design  variables  is  23. 

The  sensor  outputs  au*e  contaminated  with  zero-mean  white  noise  processes  w^  and  w^ 

with  covariance  intensities  W and  W^.  It  is  straightforward  to  write  the  equation  for 

the  evolution  of  the  state  vector  covariance  matrix  [3].  The  steady-state  version  of  the 
covariance  equation  is  a Lyapunov  equation,  which  can  be  readily  solved  to  obtain  the 
steady-state  covariance  matrix  Z of  the  state  vector.  The  RMS  pointing  error  at  a given 
location  can  be  determined  from  Z in  a straightforward  manner. 

The  objective  considered  herein  is  to  obtain  the  best  possible  performance  with  the 
least  possible  total  mass.  This  is  expressed  as  a weighted  sum  of  the  total  mass  and  a 
measure  of  the  ’’time  constant”,  as: 


Minimize 


J 


(M  ^ .) 

struct.  act. 

(M°  . + M°  ) 

struct.  act. 


+ (1-p) 


J]  lIl/RcajHI 

V 

J]  |U/Xe{X°m 
1 


with  respect  to:  d . ...,  d , F , F ; 

1 11  p r 

where  M M denote  the  structural  mass  and  the  actuator  mass,  ) denotes  the 

struct.'  act.  „ « j 

real  part  of  the  ith  closed-loop  eigenvalue  and  the  superscript  0 denotes  the 

nominal  values  of  the  corresponding  variables.  The  coefficient  p is  chosen  to  be  between 
0 and  1,  according  to  the  relative  importance  given  to  the  total  mass  and  the  response  ^ 
"time  constant",  represented  by  the  term  inside  the  summation  signs,  "^e  "time  constant 
term  is  a measure  of  how  fast  the  motion  (including  the  elastic  motion)  is  attenuated. 

The  reciprocal  of  the  "time  constant"  term  is  a measure  of  the  closed-loop  performance  and 
Is  called  the  "controlled  performance". 

The  constraints  are  given  by: 
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1)  Limit  on  the  maximum  allowable  RMS  error  at  the  larger  antenna; 


c 

RMS 


^ e 


MAX 


= 11  ^rad. 


2)  Limits  on  the  minimum  and  maximum  allowable  tube  diameters: 

d 2tdS:d  1 = 1 11 

i(MAX)  1 KMIN)* 


3)  Matrices  aad  must  remain  nonsinguiar  (i.e..  must  have  non-zero  diagonai  elements) 
in  order  to  ensure  positive  definiteness  of  G and  G . 

P r‘ 

INTEGRATED  DESIGN  RESULTS 

For  the  nominal  structural  design,  the  first  modal  frequency  was  about  n Ue,  ♦ 
large  antenna  support  with  the  first  truss  mode  at  about  6 a n . f 

inodal  damping  is  assumed.  The  nominal  control  gain  matrices  were  diaeonS"witr"r^°°'^  t 

For  fi  = O IS  T7hi«  f control  properties  of  the  optimal  integrated  desien 

~‘t„rtrtirstr  i'  “ 

support  modal  frequency  was TncretsS  M near  a M Tu 

issrof^^mSgrTtfd 

necessarily  reduction  of  the  total  male  “ »'>tam  a better  design  and  not 

CONCLUDING  REMARKS 

The  integrated  controls/structures  design  problem  was  formulated  ac  a 

single-objective  constrained  optimization  problem  with  the  st^r^  Lm  Jr  • u 

control  gam  as  the  design  variables  Ba.TeH  nr,  tKo  • ®\cuctural  member  sizes  and  the 

compensators)  for  incorporation  in  thp  ^ ^ f dissipative  dynamic 

..rlficatlon  of  the  method  Methods  fc^^^^  T'r"*  «P'''ln>«nt.l 

also  under  development  [41.  Placement  of  sensors  and  actuators  are 
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Table  1.  Conventional  Design  vs.  Integrated  Design 


Objective 

Function 

Controlled 

Performance 

Structural 

Mass 

Actuator 

Mass 

Total 

Mass 

Initial  Design 

1.0 

1.0 

1.0 

1.0 

1.0 

Control-optimized 
Design 
p = 0.15 

0.75 

1.41 

1.0 

1.33  1 

1.09 

Integrated 
Design 
3 = 0.15 

0.32 

4.82 

0.58 

1.97 

0.97 
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ABSTRACl 


Presented  herein  is  a novel  passive  vibration  damping  technioue  that  i«i 
referred  to  as  Non-Obstructive  Particle  Damping  (NOPO)."  The  NOPO  technioue 
consists  of  making  small  diameter  holes  (or  cavities)  at  appropriate  locations 
inside  vibrating  structures  and  filling  these  holes  to  appropriate  levelfwJth 

for  the  maximum  damping  effectiveness  for  the  desired  mode 

(or  modes).  Powders,  spherical  shaped,  metallic,  non-metallic  or  liquid 

?ohP-!iIrrh  different  densities,  viscosities  and  adhesive  or 

cohesive  characteristics  can  be  used.  ouMcnve  or 

1.  INTROOUCIION 

damping  treatments  in  structures  is  related  to  the 
amount  of  vibration  energy  converted  into  other  forms  of  energy  The 
performance  of  virtually  all  existing  damping  methods  is  affec^ted  bv 
environmental  conditions.  Vibration  damping  under  severe  temperature^ 

pressure,  and  fluid  flow  conditions  is  usually  handled  by  structural  design 

fnr^naccr^^H  Selection,  and  other  measures.  Systematic  treatments 

or  passive  damping  are  unavailable  for  cryogenic  or  harsh  environments. 

Existing  Methods  of  Passive  Damping 


Presently  used 
broad  categories: 
devices,  (c)  Impact 
Isolators. 


passive  damping  techniques  can  be  classified  into  six 
(a)  viscoelastic  material  applications,  (b)  friction 
dampers,  (d)  fluid  dampers,  (e)  tuned  dampers,  and  (f) 


materials  are  very  effective  vibration  suppressors  at  room 
and  moderate  temperatures  but  lose  their  effectiveness  in  low  and  h?qh 
temperature  environments.  Viscoelastic  materials  have  a tendency  to 

throug. 


many  applications  including  harsh 
turbine  blades.  However,  because  the 
a function  of  the  tightness  of  fit  and 
conditions, »the  effectiveness  of 
thermal  forces  often  degrades  due  to  changes  in  surface 


Friction  dampers  are  useful  in 
environments  such  as  rocket  engine 
performance  of  friction  dampers  is 
of  thermal  and  environmental 
frictional  and 
conditions. 

‘‘Tg’’cTa,"7n  Pyroshock  conditions 

^ f 3uns,  and  are  relatively  effective.  Their 

veness  is  attributed  mainly  to  momentum  exchange  between  the 
moving  parts  and  Impacting  particles. .Impact  dampers  become 
impractical  when  the  amount  of  energy  to  be  absorbed  is  large. 

Fluid  dampers  are  devices  that  use  the  added  mass  effect  soueeze  film 
effects,  and  where  applicable,  the  sloshing  effects  of  ’the  fluid  to 

hC  Sic®-  to  absorb  sudden  shocks 

by  dissipating  energy  through  heat  and  acoustic  effects,  and  can  be  tuned 

to  specific  frequencies. ■'Fluid  dampers  are  normally  not  applicable 
limited  Stilitr"’’’*'"'"^"^^’  conditions  and  hence  have  specialized  and 


8 


e.  Tuned  dampers  form  a class  of  vibration  absorbers  that  have  to  be 
specially  designed  to  attenuate  the  amplitude  of  a specific  vibration 
mode.  These  include  dynamic  vibration  absorbers,  acoustic  cavities,  and 
other  forms  of  passive  tuned  mechanisms.  They  are  quite  effective  if 
designed  appropriately.  Sometimes,  however,  changes  that  occur  in  time 
can  result  in  the  detuning  of  the  dampers.’ 

f.  Isolators  are  damping  devices  designed  to  attenuate  the  transmission  of 
vibrations  to  sensitive  instrumentation  and  equipment  over  a given 
frequency  range.  These  can  be  made  from  viscoelastic  materials,  fluid 
dampers,  NOPO,  and  other  combinations  thereof.  Their  effectiveness  is  a 
function  of  vibration  amplitudes,  frequency  bandwidth,  and  environmental 
conditions .’Isolators  can  also  be  affected  by  constant  loading  and 
vibration  effects  and  can  degrade  in  time. 

2.  Non-Obstuctive  Particle  Damping  (NOPD)  Related  Experience 

NOPO  involves  the  potential  of  energy  absorption/dissipation  through 
friction,  momentum  exchange  between  moving  particles  and  vibrating  walls, 
heat,  and  viscous  and  shear  deformations.  Initial  NOPD  test  results 
substantiate  the  effectiveness  of  this  damping  technique. 'However,  the 
Information  available  Is  Insufficient  to  model,  optimize,  and  predict  its 
effectiveness  on  different  applications. 

The  following  describes  a Space  Shuttle  Main  Engine  (SSHE)  liquid  oxygen 
(LOX)  Inlet  tee  vibration  problem  addressed  and  test  results  obtained  that 
Indicate  significant  vibration  reductions  using  NOPD  techniques. 

3.  SSME  LOX  Inlet  Tee.  In  an  effort  to  reduce  the  high  amplitudes  of 

vibrations  of  an  SSME  component', ’without  changing  Its  mass  or 

performance  characteristics,  four  1-mi11imeter  (mm)  diameter  holes  were 
machined  Inside  one  of  the  LOX  Inlet  tee  splitter  vanes  (Figure  1).  The  holes 
were  partially  filled  with  various  particles  and  tested  under  hammer  Impacts 
and  high  frequency/high  amplitude  shaker  excitations.  Acceleration 

measurements  were  taken  on  the  vane  and  on  the  outside  shell  of  the  LOX  inlet 
tee  (Figure  2)  with  holes  empty  and  filled  with  various  particles.  The 

results  showed  significant  effects  In  spite  of  the  small  size  of  the  holes  and 
small  amounts  of  fill  materials. 

Description  of  Tests.  Vibration  and  modal  tests  of  the  LOX  inlet  tee 

vanes,  with  holes  empty,  were  conducted  and  data  was  recorded  and  reduced  to 
the  form  of  frequency  response  functions.  Then,  the  four  1-mm-diameter  holes 
were  filled  with  0.18  mm.  0.28  mm,  and  0.58  mm  (Figure  1)  diameter  steel  balls 

to  1/2-,  3/4-,  and  7/8-full  levels  and  tested.  Next,  zirconium  oxide 

(ZrOj)  ceramic  balls  of  0.25  mm  diameter  were  Introduced  into  the  holes 

and  tested  for  vibration  levels  with  the  same  excitation.  Similar  tests  were 
carried  out  with  nickel  and  tungsten  powders. 

All  of  the  tests  were  performed  according  to  the  standard  practice  of 

modal /vibration  testing.  The  tee  was  suspended  by  flexible  rubber  bands  to 

simulate  a free-free  condition,  and  the  shaker  was  bolted  onto  a fixture  with 
the  moving  tip  (with  a load  cell  attached  to  It)  glued  to  the  bottom  of  the 
tee  as  shown  in  Figure  2.  The  driving  point  response  was  kept  at  13.7  g,  and 
the  vane  responses  at  different  locations  along  the  midspan  ranged  from  20  g 
to  154.6  g at  the  leading  edge  midpoint  of  the  right  vane. 
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SSME  LOX  Inl^t  Tc6  T8st  Resuitc  t 

the  tests;  modal  data  (Lde  ]hanpc  ^ were  obtained  in 

frequencies);  and  vibration  (accefe?ance  fp  at  vaMous 

ifferent  types  and  levels  of  fill.  ^ various  modes  with 

shoi*"^  S'’"'*  obtained  from  a 25-point 

shown  on  separate  plots  (Figure  3)  Ac  tho  vane.  These  mode  shapes  are 

aPpr«ifJa\elyTo‘^mod®‘’T?  '"®^P°"se  function 
Hz  and  only  a few  below  3000  Hz.  The  doJin!nt  between  3000  and  6000 

nrirrCend^'l'n^^  nLd u rlSf  "ess®Vomin^^n7®mS  below^200 

ir  They  ranged  from  0.06* 

^i9nt  of  the  10  modes  above  300n  Ht  i a mode  at  5239 

rr’a?e7t  ll!  Sr  wa77erra7lj 

[f’o%oi;  ‘ft 

tungsten.  This  i 1 lustratec  a ' •'^^Pectively,  when  filled  wiih 

sample  of  three  modes  is  presented  iH*  exceeding  a factor  0}  5 

‘'’®  <>d"h>tng  character"s''t?cs  found 

vane  .ere  essentuny  the  same  as  th'Srn.eS'on^tlS'UJJ  S",'e7 


..  EvaJuatlons. 


=rh„-,o-,^-s££- 

r£  ;rl 

affS7t  “/  " approach  to  rocket  enoin.  . P«tpnttal 

P-U,„g.  further  research  < f nectrsaryT/ f„^S'U7S“7h’e  ^ 
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involved,  optimal  fill  levels,  and  the  best  locations  and  dimensions  of  holes 
for  specific  applications  as  well  as  other  aspects  of  NOPO. 

As  the  data  in  Table  1 indicates,  the  damping  effectiveness  is  a function 
of  mass/density  with  other  parameters  probably  playing  equal  parts.  For 
instance,  0.18  mm  diameter  steel  shot  performs  better  than  other  particles  for 
the  modes  at  3807  Hz  and  4309  Hz  frequencies,  while  nickel  powder  damps  more 
than  other  particles  at  4257  Hz  frequency.  Similarly,  ZrOa  was  found  to 
reduce  vibration  amplitudes  in  the  above  mentioned  tests  more  than  nickel  or 
tungsten  powders  at  4309  Hz  and  5239  Hz  frequencies.  However,  in  most  cases, 
tungsten  performs  better  than  the  rest.  These  facts  indicate  that  vibration 
reduction  by  NOPO  is  a complex  function  of  the  material  and  size  of  particles 
relative  to  the  cavities  they  are  in.  Hole  diameter,  density,  and  perhaps 
other  characteristics  of  each  type  of  the  particles  related  to  adhesive  and 
cohesive  forces,  viscosity,  friction  surfaces  and  flexural  properties,  also 
contribute  to  the  overall  effect. 

The  NOPO  technique  is  proven  to  be  a very  effective  vibration  damping 
methodology  that  has  potential  applications  in  all  areas  of  structural 
vibration  and  acoustics.  The  tests  presented  herein  show  effectiveness  in  the 
high  frequency  range,  but  preliminary  test  data  has  indicated  effectiveness 
under  low  frequency  vibrations  as  well.  Moreover,  the  NOPD  concept  is  simple, 
easy  to  implement  (holes  can  be  made  a part  of  the  manufacturing  process)  and 
is  relatively  inexpensive.  It  has  advantages  over  viscoelastic  damping,  since 
its  effectiveness  is  independent  of  the  environment  (when  appropriate 
particles  are  used),  has  more  mechanisms  for  energy  dissipation,  does  not  add 
mass  (it  often  can  actually  reduce  mass)  and  does  not  degrade  in  time  (among 
others).  Furthermore,  damping  can  be  optimized  through  experiment  and 
analysis  by  choosing  the  right  location  and  size  of  holes  in  a structure,  and 
by  determining  the  optimal  size-shape-kind  (or  even  mixture)  and  the 
fill/compaction  of  the  particles  utilized. 
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Table  I.  Amplitudes  and  Damping  Ratios  of  LOX  Inlet  Tee  Splitter  Vanes 
Under  Various  Materials  Damping 


Mode 

Frequency*  Amplitude, 
Damping  Reduction 
Factor 


Holes  Filled  With  Different  Materials  - 3/4  Full 


Empty 


Steel  23 


Zirconium 

Oxide 


Steel  7 


Steel  11 


Nickel 

Powder 


Tungsten 

Powder 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Vibration 
Reduction  factor 


B 


3,807 

30.2 

0.0009 


3,805 

30.5 

0.0009 

1 


3,805 

26.3 

0.0009 

1 


3,807 

24.5 

0.001 

1.2 


3,805 

27.0 

0.0009 

1 


3,807 

29.3 

0.001 

1.2 


3,804 

27.5 

0.0011 

1.25 


M 

0 
D 
E 

1 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Reduction  factor 


4,064 

57.5 

0.0009 


4,063 

43.4 

0.0011 

1.2 


4,061 

39.8 

0.0012 

1.3 


4,061 

37.3 

0.0013 

1.4 


4,060 

34.9 

0.0014 

1.6 


4,057 

29.0 

0.0017 

1.9 


4,056 

25.2 

0.0016 

1.8 


M 

O 

D 

E 

2 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Reduction  factor 


4,257 

27.6 

0.0015 


4.258 

32.6 

0.0011 

-1.2 


4.256 

27.1 

0.0015 

1 


4,259 

30 

0.0012 

-1.1 


4,257 

30.5 

0.0012 

-1.1 


4,257 

20.4 

0.0013 

1.4 


4,258 

25.5 

0.0013 

1.1 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Reduction  factor 


4,309 

55.5 

0.0012 


4,308 

48.5 

0.0013 

1.14 


4,308 

40.5 

0.0013 

1.4 


4,308 

52.8 

0.0013 

1.06 


4,306 

38.4 

0.0014 

1.45 


4,306 

46.4 

0.0016 

1.2 


4,306 

41.5 

0.0015 

1.34 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Reduction  factor 


4,748 

70.1 

0.0008 


4,744 

49.0 

0.001 

1.4 


4,743 

42.7 

0.0009 

1.64 


4,741 

41.1 

0.001 

1.7 


4,740 

37.0 

0.0013 

1.9 


4,737 

35.0 

0,0017 

2 


4,734 

18.2 

0.0028 

3.9 


Frequency  (Hz) 
Amplitude  (g/lb) 
Damping  ratio 
Reduction  factor 


5,021 

52.8 

0.0006 


5,017 

30.1 

0.0009 

1.76 


5,018 

27.6 

0.001 

1.9 


5,015 

20.4 

0.0012 

2.6 


5,014 

18.9 

0.0015 

2.8 


5,010 

17.1 
0.0017 

3.1 


5,010 

9.4 

0.0035 

5.6 


Frequency  (Hz) 
Amplitude  (g/Ib) 
Damping  ratio 
Reduction  factor 


5,239 

29.5 

0.002 


5,233 

26.4 

0.0028 

1.12 


5,234 

26.3 

0.0025 

1.12 


5,235 

20.5 

0.0034 

1.44 


5,232 

22.6 

0.0025 

131 


5,232 

32.7 

0.0016 

-1.11 


5,234 

30.9 

0.0017 

-1.05 


Frequency  (Hz) 
Amplitude  (g/Ib) 
Damping  ratio 
Reduction  factor 


5,606 

7.9 

0.001 


5,604 

7.0 

0.00011 

1.13 


5,603 

7.0 

0.0011 

1.13 


5,605 

6.0 

0.0012 

1.32 


5,603 

7.0 

0.0011 

1.13 


5,593 

6.9 

0.001 

1.15 


5,593 

6.4 

0.001 

1.2 


Note:  B Bending  Mode 
T = Torsional  Mode 

Reduction  factor  = Amplitude  empty  -t-  Amplitude  filled 
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Figure  5.  Accelerance  Amplitudes  of 
a Torsional  Mode  at  5021  Hz  Under 
Various  Materials 
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90P0024-002 

Figure  6.  Accelerance  Plots  to  Show  Damp- 
ing Effects  of  Various  Materials  for  a Bending 
Mode  of  the  LOX  Inlet  Tee  Splitter  Vane 


8.00E-f01 


'S> 


1.00E  + 1 


EmptyAJndnUed 
F-4747  Hz 
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F. 4744  Hz 
A-43g/Ib 

028  mm  Steel 
F-4740HZ 
A * 37  g4b 

Tungsten 
F.  4735  Hz 
Ar18g/lb 

4.68E-t-3 


Frequency  (Hz) 


0^  mm  Steel 
F«4744Hz 
A>49g/lb 
0.18  mm  Steel 
F.  4747  Hz 
A>41  ^ 
Nickel 
F.4736HZ 
A z36  g/b 
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Figure  7.  Accelerance  Plots  to  Show  Damp- 
ing with  Various  Materials  for  a Torsional 
Mode  of  the  LOX  Inlet  Tee  Splitter  Vane 
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RELIABILITY  OF  DEGRADING  DYNAMIC  SYSTEMS  SUBJECT  TO 
DYNAMIC  RANDOM  LOADS 

Mlrcea  Grigoriu 

Professor  of  Structural  Engineering 
Cornell  University 
Ithaca,  New  York  14853 

Introduction 

Consider  the  Daniels  system  in  Fig.  1 with  n brittle  fibers  of 

independent  identically  distributed  resistances  (Rj),  i - 1,  2 n,  that 

is  subject  to  a random  load  process  S(t).  It  survives  in  any  of  the  damage 

states  m - n,  n-1 1 having  m unfailed  fibers  and  n-m  failed  fibers. 

System  collapses  when  damage  state  m-0  is  reached.  Let  Y„  be  the  residence 
period  in  damage  state  m.  System  reliability  in  a time  interval  (0,r)  is  the 
probability 

Pg(r)  - P(  S Y^  > r)  (1) 

m-1 

n 

that  time  to  failure  Z Y exceeds  service  life  t, 

1 I’ll 
m-1 

Figure  2 shows  a plate  with  a crack  of  initial  length  2aj  that  is 
excited  d)nnamically  by  stresses  S(t),  t > 0,  normal  to  the  crack.  Let  A(t)  be 
half  crack  length  at  time  t.  System  reliability  can  be  defined  as  probability 

Fs(^)  “ P(A(r)  < a,,,  0 < t <_r)  (2) 

where  a„  is  a specified  critical  crack  length.  The  determination  of  this 
probability  poses  significant  difficulties  due  to  the  coupling  between  system 
response  and  crack  growth  rate . 

The  paper  develops  methods  for  estimating  system  reliabilities  Ps(r)  in 
Eqs.  1 and  2 and  corresponding  failure  probabilities  Pp(r)  - 1 - Pj(r).  The 
analysis  is  based  on  properties  of  conditional  differential  random  processes 
and  one -dimensional  diffusion  models. 


Daniels  Systems 

It  is  assumed  that  fibers  are  brittle  linear  elastic  with  stiffness  K and 
damping  C,  unfailed  fibers  share  equally  the  load,  and  system  response  is  a 
mean  square  differentiable  process  that  takes  on  positive  values  with  nearly 
unit  probability.  Let  X„(u)  be  system  displacement  in  damage  state  m and  u 
c(0,  Y.)  be  a local  time  in  this  state.  System  response  is 

V"> ») 
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for  quasistatic  excitations  and  satisfies  the  differential  equation 


(u)  + 2 f i (u)  + X (u)  - i S(Y  + . . . + Y + u)  . 
m mDum  mm  fin  ni+ 1 


in  which  C - * —«*>»£*  ~ Cn/(2w  M) , w — J nK/M,  and  M — the 

m Jn  n m Jn  n n n n 

system  mass,  for  dynamic  excitations. 

Consider  a sample  < fj  < ...  < f,  of  the  ordered  random  resistances  R*, 
< kj  < ...  < R,  and  denote  by  the  critical  threshold  in  damage  state  m. 
Damage  state  m begins  when  X„+,(u)  first  upcrosses  and  ends  when  X„(u) 

first  upcrosses  Probabilistic  characteristics  of  X„(u)  can  be  obtained 

from  Eqs.  3 and  4 under  initial  conditions  X„(0)  - X„(0)  - - 

^„^,-upcrossing  of  X„,,.,(u)  at  time  u - Y„^,).  It  can  be  shown  that 
follows  probability  (1) 

2 f(z  I ^ , ) 

(2  If.,)-- — (5) 


-z  I Wl^ 

m+1 


dz  z f(z  I 


where  f(z  | is  the  probability  of  X.„,  (Y,,.,)  | X,*,  (Y„,^,)  - 

Denote  by  w„(u)  the  mean  f „-upcrossing  rate  of  X„(u)  | (X,n(0)  -f.,,, 

X„,(0)  - z„t,  > 01  at  time  u ^ 0.  Assuming  that  the  sequence  of  f„-upcrossings 
follows  an  inhomogeneous  Poisson  process  of  intensity  u„(u),  probability  of 
event  (Y„  < y)  given  the  above  initial  conditions  on  X„(u) 

y 

can  be  approximated  by  exp  (-  J du) . The  safety  requirement  in  Eq. 

1 becomes  ^ 


^Y  I Y Y Z Z X (0).  X (0)  ^*^^2(n-m)+3^'  ' 

n-1  m * n m+1  n m+1  n n 


in  which  ^ - the  distribution  of  the  standard  Gaussian  variable,  - 

independent  Gaussian  variables  with  zero  mean  and  unit  variance,  and  functions 

F are  distributions  of  conditional  random  variables  | Y, Y„„i,  Z^, 

X.(0),  X,(0)  where  (X.(0),  X.(0)}  define  the  initial  state  of  the 
system.  First  and  second  order  reliability  methods  (FORM/SORM)  discussed, 
e.g.,  in  Ref.  2 can  be  used  to  calculate  probabilities  Ps(r)  and  Vp(r)  based 
on  the  safety  condition  in  Eq.  6. 

Figure  3 shows  the  probability  of  failure  for  a Daniels  system  with  n-2 
fibers  of  deterministic  strength  f,  — 1.25  and  — 3.00  subject  to  a 
quasistatic  load  process  S(r)  - d(r+c)  S(r),  where  €-0,1,  d(a)  - 1-e*^  , 
and  S(r)  is  a stationary  Gaussian  process  with  mean  2 and  covariance  function 
(1  + exp  (-  Results  have  been  obtained  by  FORM/SORM 

algorithms  applied  to  the  safety  condition  expressed  in  the  standard  Gaussian 
space  given  in  Eq.  6. 
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Plate  with  Crack 


Consider  the  massless  isotropic  and  homogeneous  plate  in  Fig.  2 with  an 
initial  crack  of  length  2ag  that  has  an  infinitely  stiff  element  of  mass  M at 
its  free  end.  The  plate  is  subject  to  stresses  S(t)  normal  to  the  crack.  Let 
2A(t),  X(t),  and  g(A(t))  be  crack  length,  plate  deformation,  and  plate 
stiffness  at  time  t > 0.  Displacement  process  X(t)  satisfies  differential 
equation 


M X(t)  + C X(t)  + g(A(t))  X(t)  - S(t)  (7) 

where  C denotes  system  damping.  Stiffness  function  g(a)  can  be  obtained 
numerically  for  various  values  of  the  crack  length  and  plate  geometry.  This 
function  is  approximated  by 

g(a)/g(0)  - 1 - 1.708x^  + 3.081X*  - 7.036x‘  + 8.928x*  - 4.266x‘®  (8) 
for  i— 1 where  x-2a/i . 

It  is  assumed  that  (i)  S(t)  is  a stationary  broad  band  Gaussian  process, 
(ll)  X(t)  is  positive  with  nearly  unit  probability,  (ill)  system  is  lightly 
damped,  and  (iv)  crack  growth  is  slow.  Thus,  the  probability  law  of  system 
response  X(t)  varies  slowly  in  time  so  that  it  can  be  approximated  by  a narrow 
band  Gaussian  process  with  central  frequency  w(A(t))  - 
Jg(A(t))/M.  Let  H(t)  be  the  envelop  of  X(t)  and  R(t)  - H(t)/T2  a(A(t)) 

n Gq 

where  a(A(t))’  = 2 C g(A(t))  response  variance  at  time  t and  Gg  is 

the  coordinate  of  the  one-sided  power  spectral  density  of  S(t)  at  frequency 
w(A(t)).  It  can  be  shown  by  use  of  the  averaging  method  that  R(t)  satisfies 
the  stochastic  differential  equation  (3) 

dR(t)  - - p ^ R(t)  - ] dt  + dB(t)  (9) 

in  which  p “ C/2M  and  B(t)  **  the  Brownian  motion  process  with  independent 
identically  distributed  Gaussian  increments  dB(t)  of  mean  zero  and  variance 
dt.  Therefore,  the  range  of  displacement  process  X(t)  at  time  t can 
be  approximated  by  2H(t)  - 2jT  a(A(t))  R(t). 


According  to  the  Paris  and  Erdogan  model,  the  rate  of  crack  growth  is  (2) 


dA(t) 

dt 


w(A(t)) 

2ir 


a [A«(t)]^ 


(10) 


where  a and  0 are  coefficients  and  A<c(t)  denotes  the  range  of  the  stress 
Intensity  factor.  Let  h(a)  be  the  stress  Intensity  factor  at  the  crack  tip  in 
Fig.  2 corresponding  to  unit  stresses  and  a crack  of  length  2a.  This  function 
can  be  obtained  numerically  and  is  approximated  by 

h(a)  - Jx  (0.467  - 0.514x  + 0.960x^  - 1.421x^  + 0.782x^)  (11) 

for  i-1.  Thus,  stress  intensity  factor  range  Ax(t)  is  equal  to  h(A(t)) 
g(A(t))  2 H(t).  From  Eqs . 9 and  10,  process  (R(t),  A(t))  is  a bivariate 
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diffusion  process  satisfying  the  stochastic  differential  equation 

dR(t)  - - P [ R(t)  - 2R(t)  ] + J7  dB(t) 

[ dA(t)  - n w(A(t))  R(t)^  dt 


(12) 


irG 

a 

p 

0 ' 

» — 

2l/t 

— 

2^r 

c ^ 

and  w(a) 


- o)(a)  ^ h(a)  Jg(a)  j 


relative  to  level  a^^(l). 

An  alternative  approach  can  be  based  on  the  solution 

t 

A(t)  - [ H&q)  + I R(s)^  ds  ] 


(13) 


where  d^(a)  - da/(ij  w(a)).  Since  process  A(t)  has  almost  surely  monotonically 
increasing  samples,  reliability  Ps(r)  is 


Pg(r)  - P (R(r)  < X^^) 


(14) 


r 

where  x - ^(a  ) - 0(a)  and  R(r)  - [ R(s)^  ds.  Thus,  P^(t)  coincides 

cr  cr  w j 

0 

with  the  distribution  of  random  variable  R(t)  evaluated  at 

An  approximate  method  for  calculating  the  distribution  of  R(r)  can  be 
based  on  the  observation  that  random  variables  R(t)  and  R(s)  are  strongly  or 
weakly  correlated  when  jt-sl  < r„  or  |t-s|  > r„,  where  r„  is  the  correlation 
time  of  R(t).  This  suggests  to  approximate  R(t)  by  a stationary  independent 
series  with  time  step  r„  and  the  same  marginal  distribution  as  R(t)  that 
takes  on  constant  values  within  a time  step.  According  to 
this  approximation  R(r)  has  mean 

E R(0  - n [l  + f 

variance 

Var  R(r)  - n^  [ r(l 


] ■ 


(15) 


- r(i  + f)  ] 


(16) 
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and  characteristic  function 


^(u)  - - [J(u  (17) 

where  r - n and  ? is  the  characteristic  function  of  random  variable 

R(t)P.  Assuming  that  R(r)  follows  a Gaussian  distribution  reliability  can  be 
obtained  from 


- E R(r) 


Var  R(r) 

where  * - the  distribution  of  the  standard  Gaussian  variable.  The  Gaussian 
assumption  is  asymptotically  correct  as  t -♦  *.  Alternatively, 
the  distribution  of  R(r)  can  be  obtained  from  the  characteristic  function  in 
Eq.  17  and  the  inversion  theorem  that  gives  (4) 


PgCr)  - * 


F(x) 


1 

2 


+ 


1 ? «-u)  - 

2ir  J lu 

0 


du 


(19) 


System  reliability  coincides  with  this  distribution  evaluated  at  x - x„,  i.e 

P*(r)  = F(x„)  (20) 

Figure  4 shows  reliabilities  in  Eqs.  17  and  20  and  Eq.  18  as  a function 
of  crack  length  2a„  for  the  plate  in  Fig.  3 with  thickness  of  0.1  in,  i - 1 
in^  M - 0.3  ib  sec'  in',  c - 20  ib  sec  in',  a,  - 0,05  in,  G,  - 0.0179  ib'  sec 
in  , n - 100,  r„-  0.0479  sec,  a - 0.66  x lO"*,  and  - 2.25.  Results  by  the 
two  approximate  methods  practically  coincide. 

Conclusions 


Reliability  has  been  determined  for  two  degrading  dynamic  systems  subject 
to  random  load  processes.  Damage  is  caused  by  loss  of  components  for  Daniels 
systems  and  crack  extension  for  plates  with  cracks.  The  analysis  has 
accounted  for  the  coupling  between  response  and  current  damage  state  of  the 
system.  It  la  based  on  mean  crossing  rates  of  conditional  processes  and 
properties  of  diffusion  models.  Simple  systems  are  used  to  illustrate 
proposed  methods  for  estimating  reliability. 
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ABSTRACT 


paper  is  to  set  up  and  analyze  benchmark  problems  on 
multibody  dyn^ics  and  to  verify  the  predictions  of  two  multibody  computer 
simulation  codes.  TREETOPS  and  DISCOS  have  been  used  to  run  three  example 
problems  one  degree-of-freedom  spring  mass  dashpot  system,  an  inverted 
pendulum  system,  and  a triple  pendulum.  To  study  the  dynamics  and  control 
interaction,  an  inverted  planar  pendulum  with  an  external  body  force  and  a 
torsional  ““^rol  spring  was  modelled  as  a hinge  connected  two-rigid  body 
system.  TRE^OPS  and  DISCOS  affected  the  time  history  simulation  of  this 
problem.  System  state  space  variables  and  their  time  derivatives  from  two 
simulation  codes  were  compared. 


1.0  INTRODUCTION 

Growing  interest  in  deploying  flexible  satellite  and  spacecraft  structures 
for  various  applications  in  space  has  made  the  subject  of  multibody  dynamics 
important  again.  Rigid  and  flexible  systems  interconnected  in  either  closed 
or  open-loop  configurations  that  undergo  large  rigid-body  motions  and/or  small 
elastic  deformations  constitute  the  class  of  problems  referred  to  as  multibody 

k control  of  systems  for  a combination  of 
rigid  and  flexible-bodies  motions  are  formidable  tasks,  but  must  be  considered 
as  part  of  the  design  strategy  of  multibody  dynamic  systems.  The  application 

of  appropriate  multibody  dynamics  analysis  methods  can  achieve  objective  de- 
sign of  these  systems.  wjci-i-irc 

The  primary  objective  of  this  paper  is  to  address  Likin’s  question(l)  on 
the  absence  of  objective  evaluation  of  government  supported  multibody  computer 
codes.  Two  simulation  codes  — TREETOPS  and  DISCOS  were  selected  for 
evaluation.  Three  example  problems  were  selected  for  analysis:  they  are  a 
single  degree-of-freedom  spring  mass  system,  a triple  pendulum  system,  and  an 
inverted  pendulum  with  the  base  acted  upon  by  a constant  force.  Time  domain 
results  for  all  three  example  problems  obtained  from  both  codes  are  discussed. 


* M.  Swaminadham,  Presently  Associate  Professor,  Texas  AAM  University. 

Young  I.  Moon,  Senior  Engineer,  ASIAC, 

V.B.  Venkayya,  Principal  Scientist,  Plight  Dynamics  Laboratory,  WRDC 


22 


2.0  PAST  RESEARCH 


Two  decades  of  research  has  produced  a wealth  of  information  about  the 
dynamics  of  multibody  systems.  Of  late,  spacecraft  components,  large  space 
structures  and  robotic  manipulators  with  control  elements  were  modeled  as  a 
combination  of  rigid  and  flexible  bodies  with  an  expanded  generality  to  the 
system  mathematical  modeling  and  formulation  of  equations  of  motion. 

Emphasis  was  given  to  the  solution  methods  amenable  to  computers.  Efficient 
dynamic  simulation  codes  development  was  the  major  thrust. 

Proceedings  of  the  SDIO/NASA  sponsored  workshop  on  multibody  simulation  (2) 
provide  important  recent  developments  for  computer  simulations  of  rigid,  flex- 
ible mulibody  machine  and  space  structures.  Fletcher,  et  al  (3)  derived 

Newton-Euler  equations  of  motion  for  two  point-connected  rigid  bodies.  Hooker 
and  Magulies  (4)  formulated  a generalized  procedure  for  several  multibodies. 
Kane  (5,6)  introduced  a new  approach  called  Lagrange’s  form  of  D’Alembert’s 
principle.  This  method  contained  the  idea  of  generalized  speeds  for  rapid 
computation  of  simulation  problems.  Meirovitch  (7)  derived  the  equations  of 
motion  of  flexible  spacecrafts  and  appendages  by  the  conventional  Lagrange’s 
method. 

To  adapt  mathematical  methods  for  computer  simulations,  Fleischer  (8)  was 
the  first  to  program  the  Eooker-Margulies  equations.  Several  multibody 

simulation  codes  such  as  DISCOS  (9),  MBODY,  TREETOPS  (10A,10B),  ADAMS  (11), 
SADACS,  MIADS,  and  CONTOPS  have  been  developed.  Some  are  designed  for  specific 
applications,  while  others  claim  to  be  general  purpose  programs.  Kim  and 

Haug  (12)  proposed  a multibody  dynajnics  verification  library  and  presented 
results  of  DADS,  DISCOS  and  CONTOPS. 


3.0  MULTIBODY  DYNAMICS  COMPUTER  PROGRAMS 

Two  computer  codes  specified  for  this  study,  DISCOS  and  TREETOPS,  are 
briefly  discussed  in  this  section.  Three  example  problems:  (1)  a spring-mass- 
damper  system,  (2)  a tripe  pendulum  system,  (3)  an  inverted  pendulum  system 
were  selected  and  solved  using  each  code. 


3.1  TREETOPS 

TREETOPS  is  a time  history  simulation  of  motion  of  a complex  structure  of 
interconnected  flexible  or  rigid  bodies  at  hinges.  The  equations  of  motion 
used  by  this  code  were  derived  via  Kane’s  method,  which  is  the  generalization 
of  Lagrange’s  form  of  D’Alembert’s  principle.  In  addition  to  geometry  and 
material  properties  of  the  bodies  of  the  structure,  TREETOPS  requires  infor- 
mation such  as  the  numerical  integration  type, time  step  size,  plot-data  output 
interval,  simulation  run  time  and  other  user  supplied  options. 

The  user  can  enter  necessary  data  into  the  computer  by  running  the  interactive 
setup  program  TREESET,  which  acts  as  an  interactive  preprocessor  to  help  the 
user  enter  and  edit  data  in  the  various  TREETOPS  programs. 
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3.2  DISCOS 


DISCOS  (Dynamic  Interaction  Simulation  of  Controls  and  Structure)  is  another 
computer  code  written  for  the  dynamic  response  analysis  of  topological  systems 
of  connected  rigid  bodies.  It  uses  the  general  form  of  Lagrange’s  equations  to 
derive  the  equations  of  motion.  Lagrange  multipliers  are  used  as  interaction 
forces  and/or  torques  to  maintain  prescribed  constraints. 

DISCOS  was  used  to  study  the  stability  of  an  inverted  pendulum  and  to  calcu- 
late the  force  which  balances  the  system  when  the  pendulum  is  released  from  a 
given  initial  position. 


3.3  EXAMPLE  PROBLEMS 

3.3.1  Spring-Mass-Damper  Problem 

The  first  example  is  a single  degree-of-freedom  spring-mass-damper  system, 
shown  in  Figure  lA.  The  oscillatory  displacement  of  mass  plotted  against  time 
is  shown  in  Figure  2.  Both  TREETOPS  and  DISCOS  predicted  identical  results. 

3.3.2  Triple  Pendulum  Problem 

The  second  problem  consists  of  three  pendulums  (rigid  bodies)  connected  at 
the  hinged  joints  as  shown  in  Figure  IB.  The  body  1 from  its  initial  -30 
^®8rees  and  bodies  2 and  3 from  parallel  positions  were  released.  Figure  3 
shows  time  history  response  of  hinge  1,  and  other  time  histories  of  position 
and  angular  velocity  are  reported  in  Reference  13. 

3.3.3  Inverted  Pendulum  Problem 


Figure  1C  shows  the  inverted  pendulum  mounted  on  a cart  which  is  acted  upon 
by  a constant  force  of  10  Newtons.  The  cart  is  free  to  move  in  a horizontal 
direction  unlike  the  previous  two  problems  where  translational  motion  of  one 
hinge  point  was  constrained.  DISCOS  and  TREETOPS  were  used  to  obtained 
histories  of  positions  and  angular  velocities  of  the  hinge  for  the  first  10 
seconds.  Details  of  these  plots  are  shown  in  Reference  13.  Figure  4 shows 
the  hinge  angle  as  a function  of  time. 

3.3.4  Stability  of  Inverted  Pendulum 


The  stability  of  the  inverted  pendulum  was  tried  by  feeding  back  a force  on 
the  cart.  A constant  row  vector  which  is  multiplied  to  state  variables  were 
determined  from  the  characteristic  values  of  the  state  differential  equations. 
These  nonlinear  differential  equations  were  solved  numerically  and  plots  were 
obtained  for  comp^ison  with  DISCOS  predictions.  The  problem  was  run  on  DISCOS 
with  10  degree  initial  hinge  angle  displacement  which  was  used  to  represent  a 
kind  of  disturbances.  Results  show  that  the  hinge  amgle  starts  to  decrease  as 

the  computed  force  is  applied  to  the  cart  and  crosses  the  neutral  line  (upright 
position  of  the  pendulum)  twice  before  the  system  approaches  the  stable  posi- 
tion asymtotically  . DISCOS  results  are  in  good  agreement  with  theoretical 

predictions  as  shown  in  Figure  5 and  6. 
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4.0  RESULTS  AND  DISCUSSION 


From  the  results  of  all  three  example  problems  solved  by  both  DISCOS  and 
TREETOPS  codes  (i.e.  time  history  plots  of  position,  both  linear  and  angular 
velocity,  and  acceleration),  it  can  be  concluded  that  both  codes  predict  iden- 
tical results.  These  identical  simulation  results  support  the  conclusion  in 
Reference  14,  which  states  that  all  approaches  used  to  derive  equations  of  the 
motions  will  produce  equivalent  mathematical  representatives.  Reference  14 
compares  both  these  codes  and  presents  capabilities  and  limitations.  It  also 
recommends  a few  baseline  simulation  tests  using  simplified  and  idealized  con- 
figurations be  conducted  to  eventually  include  actual  configurations. 
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Fig.  lA  A Spr I ng-Mass-Oanper  Sysbein 


Fig. IB  A Triple  Pendulu*  System 


Fig. 1C  An  Inverted  Pendulun  System 


Fig.  1 Three  Example  Problems 
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INTRODUCTION 

The  issue  of  the  utility  of  multilevel  decomposition  and  optimization  remains  controversial.  To  date,  only  the 
structural  optimization  community  has  actively  developed  and  promoted  multilevel  optimization  techniques.  (See 
reference  1 for  a thorough  overview  and  discussion  of  existing  techniques.)  However,  even  this  community 
acknowledges  that  multilevel  optimization  is  ideally  suited  for  a rather  limited  set  of  problems.  Reference  1 warns 
that  decomposition  typically  requires  eliminating  local  variables  by  using  global  variables  and  that  this  in  turn 
causes  ill«>nditioning  of  the  multilevel  optimization  by  adding  equality  constraints.  The  purpose  of  the  present 
paper  is  to  suggest  a new  multilevel  optimization  technique.  This  technique  uses  behavior  variables,  in  addition  to 
design  variables  and  constraints,  to  decompose  the  problem.  The  new  technique  removes  the  need  for  equality 
constraints,  simplifles  the  decomposition  of  the  design  problem,  simplifies  the  programming  task  and  improves  the 
convergence  speed  of  multilevel  optimization  compared  to  conventional  optimization. 

STATE-OF-THE-ART  MULTILEVEL  OPTIMIZATION 

Multilevel  optimization  is  illustrated  by  the  schematic  in  figure  I.  The  figure  represents  a three  level  decomposition 
of  a general  optimization  problem  into  subproblems  such  that  each  design  variable  is  assigned  to  one  and  only  one 
subproblem.  Starting  with  the  lowest  level,  each  subproblem  (e.g.  sub  3-1)  is  optimized  with  respect  to  its  subset  of 
design  variables,  holding  all  other  design  variables  fixed.  The  objective  of  all  subproblems  is  to  minimize  constraint 
violation.  At  the  lowest  level,  only  local  constraints  must  be  considered.  However,  at  the  middle  level  (e.g.  sub 
2-2).  design  variables  may  not  be  changed  in  a way  which  would  violate  lower  level  constraints.  Fuially,  the  system 
level  optimization  minimizes  the  cost  function  (objective)  without  violating  constraints  in  any  subsystem.  The 
whole  process  is  repeated  until  the  values  of  the  cost  function  and  constraint  violations  are  acceptable. 

The  key  to  multilevei  optimization  implementation  is  efficient  minimization  of  constraint  violations  in  each 
subproblem.  Hgure  2 illustrates  how  an  envelope  function  (fl)  is  used  to  fit  multiple  constraint  functions  (g.).  This 

envelope  or  cumulative  constraint  function  is  defined  as: 

« = (1) 

where  p is  an  adjustable  smoothing  factor.  Each  subproblem  minimizes  £Xp.y)  where  p is  a vector  of  fixed 
parameters  and  y is  a vector  of  local  design  variables.  The  subproblem  also  calculates  sensitivity  derivatives 
(dfVdPj)  at  the  solution  point 
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In  the  problem  illustrated  by  figure  1,  the  four  subproblems  on  the  lowest  level  would  minimize  cumulative 
constraint  functions  £Jj,  Cl^,  £^and  £1^.  At  the  next  level,  the  third  subproblem  (sub  2*3)  treats  and  as  if  these 


were  local  constraints.  The  local  design 


variables  in  sub  2-3  are  some  subset  of  the  p.  which  were  fixed  parameters 


influencing  sub  3-3  and  sub  34.  Thus,  the  derivatives  (dfVdp)  calculated  at  the  lowest  level  can  be  used  to  estimate 
new  values  of  each  £1  At  the  system  level,  the  actutti  cost  function  is  minimized  such  that  the  constraints  from  all 
subproblems  remain  feasible  (£1<0)  or  such  that  initially  infeasible  constraints  do  not  get  any  worse. 


PwQmpoatiQn  techniques 

Multilevel  optimization  works  very  well  for  all  system  design  problems  which  decompose  readily  into  subsystems. 
Figure  3 illustrates  the  decomposition  process.  A grid  of  all  system  design  variables  (x)  all  subsystem  design 
variables  (y)  and  all  constraints  (g)  is  constructed.  The  grid  is  ordered  with  the  system  design  variables  first.  The 
blocks  indicate  which  constraints  are  functions  of  which  design  variables.  In  this  simple  example,  it  is  easy  to 
identify  three  subproblems  with  the  first  two  constraints  in  sub  2-1,  the  next  two  in  sub  2-2  and  the  final  two  in  sub 
3-1.  Notice  that  sub  2-1  and  2-2  belong  on  the  highest  level  of  subsystems  because  they  are  functions  of  x.  Sub  3-1 
is  on  the  level  below  that  and  connected  to  sub  2-1  by  the  first  and  second  y design  variables. 

Unfortunately,  not  all  system  design  problems  are  easy  to  decompose.  Figure  4 illustrates  a typical  situation  which 
occurs  when  some  of  the  "fixed  parameters"  are  not  really  independent  design  variables.  Notice  that  in  this  problem, 
a fixed  parameter  in  the  lowest  level,  v^,  is  not  an  independent  design  variable,  but  rather,  a behavior  variable  which 

is  a fuiKtion  of  variables  v^  and  y^  at  the  middle  level.  Multilevel  optimization  is  possible  but  the  approximation  of 

Oat  the  middle  level  becomes  more  complicated.  For  instance, 

n3(y3+Ay^)  = a^(y^)  + (0£l3/3y3)+0£^/dVjXdVj/3y3)}  (Ay3>  (2) 

If  there  are  numerous  behavior  variables,  then  the  programming  logic  required  to  resolve  such  approximations  can 
quickly  get  out  of  control. 

Novel  Implementation  technique 

A novel  way  to  simplify  the  coding  is  similar  to  the  approach  presented  in  reference  2.  The  dependency  grid 
concept  is  extended  to  include  behavior  variables,v,  and  cumulative  constraints,  £1,  as  shown  in  figure  5.  This 
dependency  grid  is  turned  into  a maoix,  denoted  r,  by  putting  a 1 in  each  diagonal  box,  putting  negative  sensitivity 
derivative  values  in  each  shaded  box  and  putting  a zero  in  each  blank  box.  For  instance,  a lightly  shaded  box  in  row 
Vj  and  column  y^  is  replaced  by  the  most  recent  value  of 

This  global  sensitivity  matrix,  r,  is  very  useful.  If  a value  for  (3£^  3y3)  is  required,  a column  vector,  P,  which  has 
zeros  in  each  row  except  for  a 1 in  the  row  which  corresponds  to  y3  is  constructed.  The  solution  vector,  d,  to  the 
system  of  equations 

[r]d=p  (3) 

will  contain  the  total  sensitivity  derivatives  with  respect  to  y3.  For  instance,  the  row  of  d which  corresponds  to  £^3 
will  contain 


(dtydy3)  = (3£l3/3y3)+{3£lj/3vj)0v^/ay^) 


(4) 


31 


U is  important  lo  understand  that  the  global  sensitivity  matrix,  r,  is  updated  as  the  multilevel  opdmization 
progresses  and  that  equation  3 is  solved  by  each  subproblem  above  the  lowest  level.  The  matrix  r is  initially  the 
idendQr  matrix.  Each  subproblem  produces  sensitivity  derivatives  (dCi/Bp)  and  stores  these  in  the  appropriate 
locations  of  F.  Those  subproblems  which  evaluate  behavior  variables  also  calculate  and  store  derivatives  of 
behavior  variables  with  respect  to  local  design  variables.  Equation  3 can  be  solved  for  many  different  right  hand 
side  vectors  thereby  providing  high  quality  gradients  of  each  Q with  reflect  to  all  local  design  variables. 

A global  sensitivity  matrix  can  also  be  created  and  used  in  the  conventional  optimization  process  (i.e.  with  no 
decomposidon  into  subproblems).  In  that  case,  the  rows  and  columns  are  design  variables,  behavior  variables  and 
constraints.  The  global  sensidvity  derivadves  (dg/dy)  and  (dgAlx)  include  the  effect  of  any  behavior  variables  and 
can  be  used  by  the  nonlinear  programming  algorithm  to  estimate  nrore  accurate  search  directions. 

RESULTS 

Table  1 contains  results  for  several  test  cases  comparing  conventional  ^tproach  (including  global  sensidvides)  and 
muldlevel  approach.  These  test  cases  are  generated  and  optimized  using  an  extension  of  the  multilevel  simulator 
reported  in  reference  3.  The  multilevel  cases  are  run  to  convergence.  The  conventional  approach  begins  with  the 
same  initial  values  of  design  variables  and  is  terminated  after  using  approximately  the  same  number  of  function 
evaluations  as  required  by  the  multilevel  approach.  Three  test  cases  are  reported  here.  As  noted  in  table  1 , these 
cases  vary  in  the  number  of  design  variables,  number  of  constraint  functions  and  number  of  behavior  variables.  The 
initial  conditions  are  also  varied  (gsO  is  defined  as  the  feasible  region).  In  each  case,  the  quality  of  the  multilevel 
solution  far  excMds  that  of  the  conventional  approach  in  terms  of  smaller  objective  and  constraint  values. 

The  comparison  between  multilevel  and  conventional  approaches  would  be  even  more  lopsided  if  table  1 compared 
the  number  of  constraint  function  evaluations  required  to  converge  to  a global  minimum.  The  conventional 
approach  tends  to  follow  constraint  boundaries  and  therefore  converges  very  slowly  as  more  and  more  constraints 
become  active.  Multilevel  approach,  on  the  other  hand,  minimizes  the  constraint  violation  for  each  subproblem. 
Thus,  the  system  level  optimization  begins  far  from  most  constraint  boundaries  and  has  considerable  freedom  to  set 
the  system  level  design  variables.  This  is  one  reason  why  the  multilevel  optimization  converges  much  faster  than 
the  conventional  approach. 

Figures  6-8  contain  detaUed  convergence  histories  of  the  three  problems.  Objective  (Obj)  and  maximum  constraint 
value  (Gmaxsmu  g.)  are  plotted  against  number  of  constraint  function  evaluations.  Notice  that  the  conventional 

approach  perfonns  weU  when  the  initial  design  is  in  the  feasible  domain  (figure  8)  and  performs  poorly  when  the 
initial  guess  is  far  fix>m  the  feasible  domain  (figure  7).  On  the  other  hand,  multilevel  approach  performs  equally  well 
from  any  starting  point. 


CONCLUDING  REMARKS 

In  conclusion,  multilevel  optimization  can  be  implemented  using  a global  sensitivity  matrix.  This  formulation  is 
easy  to  code  because  each  subproblem  is  very  similar  and  because  all  the  coupling  information  is  preserved  in  the 
sensitivity  matrix.  This  formulatron  extends  the  usefulness  of  multilevel  optimization  to  a much  wider  range  of 
multidisciplinary  design  problems  because  decomposition  is  simplified  if  behavior  variables  are  allowed.  This 
method  is  particularly  well  suited  to  problems  with  large  numbers  of  design  variables  and  with  computationally 
expensive  constraints.  The  recent  tests  suggest  that  multilevel  optimization  converges  much  more  rapidly  than  the 
conventional  approach  for  such  problems. 
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A.  Test  Problem  Characteristics 

Initial  conditions 

infeasible 

infeasbie 

feasible 

Design  Variables 

50 

50 

66 

Constraints 

33 

33 

46 

Behavior  Variables 

0 

4 

10 

B.  Mulblevel  Results 

.51 

.38 

.15 

Gmax 

.05 
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.00 

C.  Conventional  Results 

Obj 

.83 

JS4 

.31 

Gmax 

.25 

11.10 

.00 

L 

Table  1.  Comparison  of  test  problem  results. 


Figure  1.  Schemadc  of  a three-level  optimization  problem. 
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Figure  2.  Envelope  function  used  as  cumuladve  constraint  measure. 


y3  v2 

Figures.  Global  sensitivity  mantt  used  for  internally  cou^ 
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Conventional  Optimization  Multilevel  Optimization 


Figure  6.  Comparison  of  optimization  results  (no  behavior  variables) 

Conventional  Optimization  Multilevel  Optimization 


Figure  7.  Coenpuison  of  optunizauoa  results  (4  behivior  variiblcs) 

Conventional  Optimization  Multilevel  Optimization 


Figures.  Owpurisoo of optiiiii?*»n results (10 betevkrvuri^^ 
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ABSTRACT 

In  recent  years  there  have  been  several  hierarchic  multilevel  optimization  algorithms  proposed  and  implemented  in  design  * 
studies,  l^uality  constraints  are  often  imposed  between  levels  in  these  multilevel  optimizations  to  maintain  system  and 
subsystem  vari^le  continuity.  Equality  constraints  of  this  nature  will  be  referred  to  as  coupling  equality  constraints.  In 
many  implementation  studies  these  coupling  equality  constraints  have  been  handled  indirectly.  This  indirect  handling  has 
been  accomplished  using  the  coupling  equality  constraints'  explicit  functional  relations  to  eliminate  design  variables 
(generally  at  the  subsystem  level),  with  the  resulting  q>timization  taking  place  in  a reduced  design  space.  In  one  multilevel 
q)timization  study  where  the  coupling  equality  constraints  were  handled  directly,  the  researchers  encountered  numerical 
difficulties  which  prevented  their  multilevel  optimization  from  reaching  the  same  minimum  found  in  conventional  single 
level  solutions.  The  researchers  did  not  explain  the  exact  nature  of  the  numerical  difficulties  other  than  to  associate  them 
with  the  direct  handling  of  the  coupling  equality  constraints. 

In  this  paper,  the  coupling  equality  constraints  are  handled  directly,  by  employing  the  Generalized  Reduced  Gradient  (GRG) 
method  as  the  optimizer  within  a multilevel  linear  decomposition  scheme  based  on  the  Sobieski  hierarchic  algorithm.  Two 
engineering  design  examples  are  solved  using  this  approach.  The  results  show  that  the  direct  handling  of  coupling  equality 
constraints  in  a multilevel  optimization  does  not  intr^uce  any  problems  when  the  GRG  method  is  employed  as  the  internal 
optimizer.  The  optimums  achieved  in  this  study  are  comparable  to  those  achieved  in  single  level  solutions  and  in  multilevel 
studies  where  the  equality  constraints  have  been  handled  indirectly. 


INTRODUCTION 

Recent  studies  (1-8)  in  the  area  of  multilevel  optimization  have  shown  that  it  is  a viable  method  for  solving  large  non-linear 
design  problems.  In  multilevel  optimization,  the  main  design  problem  at  the  top  level  is  decomposed  into  a hierarchical  tree 
consisting  of  subproblems  at  the  lower  levels.  A coordination  problem  is  introduced  to  preserve  the  coupling  among  these 
subproblems.  The  advantage  of  the  decomposition  is  that  it  allows  the  subproblems  to  be  analyzed  and  optimized 
independently  with  the  coupling  providing  continuity  between  the  levels. 

In  many  multilevel  optimization  schemes  one  component  of  this  coupling  is  achieved  by  placing  equality  constraints  on 
various  design  variables  between  successive  levels.  In  several  implementation  studies  these  equality  constraints  are 
eliminated  explicitly  and  handled  in  some  indirect  fashion.  Sobieski  et  al.  (2,3)  in  their  portal  frame  example  implicitly 
enforced  the  equality  constraints  by  eliminating  variables  at  the  lower  levels.  This  is  possible  when  an  explicit  relationship 
between  local  level  and  global  level  variables  exists.  Haftka  (7)  used  two  inequality  constraints  to  replace  the  equality 
constraints  in  his  multilevel  approach  to  the  same  portal  frame  problem. 

Thareja  and  Haftka  (6)  encountered  numerical  difficulties  when  handling  equality  constraints  directly  in  a multilevel 
optimization.  The  numerical  difficulties  prevented  their  multilevel  optimizing  algorithm  from  reaching  the  same  global 
minimum  found  in  single  level  solutions.  In  an  effort  to  avoid  equality  constraints  Thareja  and  Haftka  (8),  have  extended 
Haftka's  earlier  technique  (7)  in  their  single-level  approach  to  hierarchical  problems.  The  method  provides  a decoupling 
technique  to  form  a single  level  problem  which  avoids  equality  constraints.  The  method  is  proposed  for  structural 
optimization.  This  decoupling  may  not  always  be  an  alternative  in  more  complex  engineering  problems. 

The  objective  of  this  paper  is  to  demonstrate  the  utility  of  the  Generalized  Reduced  Gradient  (GRG)  method  for  handling  the 
coupling  equality  constraints  directly  in  a multilevel  optimization.  The  GRG  method  is  used  as  the  optimizer  for  both  the 
system  and  subsystem  optimizations  within  a multilevel  optimization  based  on  the  Sobieski  hierarchic  algorithm  (1-3).  The 
coupling  equality  constraints  imposed  between  system  and  subsystem  variables  are  handled  directly  by  the  GRG  optimizer.  Two 
engineering  design  examples  are  solved,  one  being  a two  level  study  of  the  portal  frame  problem  (2,7)  and  the  second  being  a 
two  level  study  of  the  speed  reducer  example  (4,5,10-13).  Numeric^  results  are  compar2i)Ic  with  published  results  for  both 
examples. 


SOBIESKI  HIERARCHIC  ALGORITHM  WITH  THE  GRG  OPTIMIZER 

Jaroslaw  Sobieski  of  NASA  Langley  Research  Center  proposed  a linear  decomposition  scheme  (1)  for  hierarchic  multilevel 
optimization  in  1982.  The  algorithm  has  since  been  implemented  in  both  two  and  three  level  design  formulations  (2,3).  The 
algorithm  requires  an  internal  optimizer  at  both  the  system  and  subsystem  levels.  In  the  Sobieski  test  studies  (2,3)  the 
CONMIN  (16)  optimizer  was  employed  as  the  intern^  optimizer,  where  the  coupling  equality  constraints  were  enforced 
indirectly  through  variable  elimination  prior  to  optimization. 

In  this  study  OPT3.2,  a FORTRAN  implementation  (14)  of  the  GRG  method  is  employed  as  the  internal  optimizer,  with 
the  coupling  equality  constraints  being  handled  direedy.  In  general  a user  can  input  equality  constraints  directly,  when 
employing  a GRG  optimizer.  In  its  optimization  routine  the  GRG  method  divides  the  vector  of  design  variables  into  two 
classes,  nonbasic  and  basic  variables,  and  employs  the  implicit  function  theorem  to  formulate  a reduced,  unconstrained 
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problem  in  the  noiri}asic  variables.  This  problem  is  then  c^timized  using  a linear  measure  of  the  gradient  of  nonbasic 
variables  (generalized  reduced  gradient).  An  important  feature  of  the  GRG  method  is  that  it  can  actively  make  variable  basis 
changes  when  required  during  (^timization.  This  differs  from  the  fixed  choice  inherent  to  an  explicit  variable  elimination. 

A brief  (tesmpdon  of  the  Sobieski  hierarchic  algorithm  for  a two  level  formulation  is  presented  in  this  section.  In  a two- 
level  optimization,  the  original  overall  system  design  problem  (standard  form)  is  decomposed  into  a single  problem  at  the 
system  level  and  one  sul^roblem  for  each  element  at  the  lower  level.  In  general  some  of  the  system  variables  (global)  are 
functions  of  the  subsystem  variables  Oocal).  At  the  system  level  only  the  global  variables  are  used  in  the  overall  system 
optimization.  A linear  approximation  of  the  subsystems  (eq.  4)  is  monitored  at  the  system  level  in  order  to  preserve  inherent 
coupling.  The  gloM  variables  being  optimized  at  the  system  level  serve  as  design  parameters  for  the  subsystems.  Therefore 
the  subsystem  design  space  consists  of  only  its  own  local  variables,  with  the  global  variables  fixed  at  the  sublevel  and  acting 
as  parameters. 


At  the  subsystem  the  relationships  between  global  and  local  variables  arc  maintained  and  take  the  frum  of  coupling  equality 
constraints  linking  tire  variables  (eq.  9).  The  constraints  of  the  original  problem  are  divided  between  the  system  and 
mbsystems  (Stated  in  part  by  the  variable  restructuring  (i.e.,  global  vs.  locaQ.  At  the  subsystem  level  these  constraints  are 
inoHporated  into  m objective  function  referred  to  as  a cumulative  constraint  function  (eq  8).  The  goal  in  the  subsystem 
problem  is  to  minimize  the  cumulative  constraint  function  in  terms  of  the  local  variables  for  a given  global  variable  stare 
After  optimizing  a given  subsystem,  parameter  sensitivity  derivatives  (15)  are  calculated  for  both  the  local  variables  and 
cumul^ve  constraint  function.  These  sensitivity  derivatives  are  used  at  die  system  level  in  a Taylor  series  extrapolation  to 
form  linear  approximations  of  both  the  cumulative  constraint  and  the  local  variables.  System  constraints  are  formed  which 
insure  that  the  linear  approximations  of  the  subsystem's  cumulative  constraint  function  and  of  the  local  variables  do  not 
exceed  their  respective  bounds  (eq  4,5).  These  linear  approximations  are  of  course  functions  of  the  global  variables  only. 
Move  limits  of  ±10%  are  imposed  on  the  global  variables  (eq.  6)  to  maintain  the  sensitivity  derivative  accuracy.  The 
algorithm  lotqis  through  the  system  and  subsystems  in  an  iterative  fashion  until  a converged  solution  is  obtained.  The 
standard  form  of  a two  level  optimization  can  be  represented  as  detailed  below: 


SYSTEM  LEVEL: 

Minimize:  /(x)  (1) 

subject  to: 

gSj(x)aO  j=l,2,3 J (2) 

hyx)=0  k=l,23......K  (3) 

(KS°+  (dRS/dx)”^*  (Ax))g  S 0 e=l,2,.NE  (4) 

or  achieve  a 50%  improvement  if  KS°  is  positive  (ref.  17) 

4 ^ [y (d Y/dX)g)'T]  S y%  e=  1 ,2,..NE  (5) 

ABS(Ax)  S (0.10)*  ABS(x*)  (6) 

X*  S X S x“  (7) 

where: 

x=[xj,X2*X3,*..Xjj]*  \ecior  of  global  variables 

8*  system  inequality  constraint  vector 

system  equality  constraint  vector 

KS  subsystem  cumulative  constraint  function 

dKS/dx=[dKS/dxj dKS/dxJ^ 

vector  of  KS  sensitivity  derivatives 
y=[y  I *y2*y3— -yj]^  vector  of  local  variables  (subsystem) 

dY/dX={dYj/dXn)  (n  x i)  matrix  of  y sensitivity  derivatives 

Axs[ Ax  j *Ax2* AXjj]  * vector  of  global  variable  change 

subscript  e refers  to  specific  subsystem  element(s) 

superscript  o refers  to  current  value(s)  at  subsystem 

superscripts  I & u refer  to  lower  and  upper  limits 

^ total  number  of  subsystems 

superscript  « refers  to  initial  values 


SUBSYSTEM: 

Minimize:  KS(x*,y)  = (l/p)*ln[Sje’^^j^*  (8) 

subject  to: 

= 0 k=  1 ,2 (9) 

where: 

X current  global  variable  vector  (fixed) 

gj(x*,y)  local  inequality  constraint  j=  1,2,...  J 

normally  stated  as  g(x*,y)  ^ 0 

A(x*  ,y)  coupling  equality  constraint  vector 

KS(x  ,y)  Kreisselmeier-Steinhauser  function  (11) 
used  as  a cumulative  constraint  function 

p weighting  factor  in  KS 

subscript  k particular  coupling  equality  constraint 
coupling  equality  constraints  at  subproblem  "e" 
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DIRECT  HANDLING  OF  COUPLING  EQUALITY  CONSTRAINTS 

This  lesearch  focuses  on  the  direct  handling  of  the  equality  constraints  (eq.  9)  which  are  used  to  maintain  local  variable  (y) 

continuity  with  the  current  system  level  variable  state  (x*).  In  the  Sobieski  implementation  studies  (2,3),  these  equality 
constraints  have  not  been  handled  directly  but  are  enforced  implicitly,  using  variable  elimination.  This  implicit  enforcement 
results  firom  using  the  coupling  equality  constraints  to  eliminate  local  design  variables  by  expressing  them  in  terms  of 

the  fixed  global  variables.  The  resulting  subsystem  optimization  then  takes  place  in  a reduced  local  design  space  without  the 
equality  constraints.  This  technique  is  not  general  and  can  only  be  used  when  an  explicit  relationship  foe  variable  elimination 
exists. 

Although  the  Thareja  and  Haftka  study  (6)  used  a different  multilevel  optimization  approach,  we  will  discuss  their  work  at 
this  point.  In  their  study,  the  subproblem  opdmization  is  based  on  minimizing  the  sum  of  the  squares  of  the  coupling 
equality  constraints,  where  the  coupling  equality  constraints  have  the  same  form  as  equation  (9).  Their  subsystem  inequality 
constraints  are  then  imposed  directly.  They  conclude  that  the  direct  use  of  these  equality  constraints  introduces  numerical 
difficulties  which  prevent  a "true"  optimum  from  being  achieved.  In  fact  their  multilevel  optimum  was  approximately  fifty 
percent  larger  than  the  optimum  found  in  single  level  solutions,  Thareja  and  Haftka  did  not  explain  the  exact  nature  of  the 
numerical  difficulties  other  than  to  associate  them  with  the  direct  handling  of  the  coupling  equality  constraints. 

The  Sobieski  formulation  at  the  subsystem  (cq.  8,9)  can  be  handled  directly  when  using  the  GRG  method.  In  this  study  the 
coupling  equality  constraints  (eq.  9)  are  not  eliminated,  and  no  loss  of  optimality  is  observed.  It  should  be  noted  that  the 
GRG  method  does  not  require  that  the  equality  constraints  be  explicit  functions.  Therefore  the  use  of  the  GRG  method 
allows  for  the  most  general  implementatiwi  of  the  Sobieski  algorithm. 

In  the  Sobieski  algorithm,  when  equality  constraints  arc  handled  directly  (eq,  13),  the  optimizer  must  be  able  to  handle 

infeasible  starting  points.  This  results  from  the  fact  that  after  a system  level  optimization  is  completed  (new  x ),  the 
subsystem  coupling  equality  constraints  (eq.  9)  are  likely  to  be  in  violation.  Most  GRG  method  implementations  allow 
infeasible  starting  points. 

In  this  study,  the  linear  estimates  of  the  local  variables  (eq.  5)  are  returned  to  the  subproblems  and  used  as  the  initial  starting 
point  for  optimization.  These  linear  approximations  of  local  variables  will  tend  toward  satisfying  the  equality  constraints  and 
serve  as  an  improved  starting  point  for  the  subsystem  optimization.  Details  of  the  GRG  performance  in  finding  a feasible 
starting  point  and  of  its  optimizing  performance  are  provided  in  the  following  engineering  examples. 


PORTAL  FRAME  EXAMPLE 

The  portal  frame  example  which  served  as  the  test  case  for  the  Sobieski  algorithm  is  recoded,  and  solved  using  the  GRG 
code,  OPT3.2  as  the  internal  optimizer,  and  leaving  the  coupling  equality  constraints  in  explicit  form.  The  portal  frame 
shown  in  Figure  1 consists  of  three  I-beams.  The  frame  is  designed  subject  to  two  loading  conditions  with  the  system  level 
design  problem  being  to  minimize  mass  subject  to  frame  displacement  constraints.  The  global  variables  for  each  beam  are 
the  cross  sectional  area,  "A"  and  area  moment  of  inertia,  "I."  These  terms  are  incorporated  in  the  system  level  design  vector 
X.  For  each  individual  beam  (i.e.,  subproblem)  the  cumulative  constraint  function  KS,  is  minimized  (for  local  stress  and 
buckling  constraints),  using  the  respective  local  design  vector  y,  at  each  subsystem.  These  local  variables,  y are  the  cross 
sectional  dimensions  of  each  I-beam. 

The  coupling  equality  constraints  imposed  at  the  subproblems  require  that  the  current  system  values  of  area  and  inertia  be 
maintained  as  explicit  functions  of  the  local  y vectors.  This  constrains  the  y variables  to  those  combinations  which  produce 
the  current  x values  (i.e.,  area  and  inertia).  Formal  details  of  the  deflection  and  local  stress  constraints  imposed  on  the  frame 
can  be  found  in  ref.  2.  Additional  details  of  this  research's  implementation  of  the  Sobieski  algorithm,  with  the  GRG 
optimizer  can  be  found  in  ref.  17. 

The  multilevel  optimization  of  the  portal  frame  using  the  GRG  method  as  the  internal  optimizer  produced  numerical  results 
which  are  improved,  as  compared  to  the  Sobieski  test  case  results.  Table  1 details  the  optimized  portal  frame  dimensions  and 
system  volume  in  comparison  to  Sobieski's  results.  It  should  be  noted  that  the  minimized  volume  achieved  in  this  study  is 
only  slightly  smaller  than  the  result  reported  in  the  Sobieski  test  case.  The  differing  optimums  most  likely  represent  two 
different  local  minimums  for  this  highly  non-linear  problem. 

Figure  3 details  the  convergence  history  of  the  portal  frame's  volume,  where  each  node  represents  the  system  c^timum  as 
found  by  the  GRG  optimizer  during  iterations  of  the  Sobieski  algorithm.  At  convergence  the  algorithm  tends  to  cycle  about 

a portal  frame  volume  of  90,000.  cm^  level.  The  minimum  volume  reported  is  simply  the  feasible  minimum  which  occurs 
during  th^  final  cycles  (see  ref.  17  for  additional  details  on  cycling  of  the  Sobieski  algorithm).  Figure's  4a  and  4b  detail  the 
GRG  optimizer's  typical  iteration  history  at  the  subsystems  in  the  feasible  start  trial.  The  GRG  optimizer  was  able  to  fully 
optimize  the  subsystem  problems  taking  on  average  only  6 GRG  iterations  per  cycle  of  the  Sobieski  algorithm.  An  upper 
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limit  of  12  GRG  iterations  was  imposed  at  these  subproblems  and  was  reached  in  only  a few  cases.  This  upper  limit 

c u-  optimum  from  being  reached  for  those  few  cases.  This  did  not  seem  to  impact  the  performance 

of  the  Sobieski  algorithm. 


As  not^  initial  starting  point  passed  to  the  subsystems  from  the  system  is  generally  infeasible,  excluding  the 

m^nal  inibaliz^on.  The  infeasibility  results  from  the  coupling  equality  constraints  being  in  violation.  In  this  study  the 
uKG  (^mizer,  during  its  phase  1 search,  was  able  to  generate  a feasible  starting  point  for  all  but  4 of  the  132  subsystem 
(^imzati^  (i.^,  the  locations  of  the  "zero"  GRG  iterations  shown  in  figures  4).  In  these  cases  the  last  point  generated  in 
the  phase  1 is  pass^  back  to  the  system  level  along  with  limited  sensitivity  information.  This  approach  proved 
adequate,  as  the  GRG  optimizer  was  able  to  generate  a feasible  starting  point  in  the  subsequent  subsystem  optimization. 

The  average  of  only  6 GRG  iterations  per  subsystem  optimization,  along  with  the  success  of  generating  feasible  starting 
pomte,  can  be  considered  "good  peifmnance,"  and  clearly  indicates  the  effectiveness  of  the  GRG  method  in  handling  the 
coupling  equality  constraints  imposed. 


GEAR/SPEED  REDUCER  EXAMPLE 

This  example  was  originally  modeled  by  Golinski  (10,1 1)  as  a single  level  optimization.  Several  other  optimization 
scheiriM  have  ^ applied  to  the  problem  including  those  by  Lee  (12)  and  Datseris  (13).  More  recently  Azarm  and  Li  (4,5) 
»ivcd  the  problem  using  a multilevel  optimization  scheme  incorporating  global  monotonicity  analysis.  In  their 
o^mposiuon  the  variabjes  being  optimized  at  a given  level  are  not  explicitly  related  to  those  at  other  levels  and  therefore 
coupling  equality  constraints  are  not  required.  In  complex  laige  design  problems  it  may  not  be  possible  to  decompose 
problems  such  that  variables  are  independent  at  different  levels. 

S^ic^algorithm  which  allows  for  interdependent  variables  between  levels  is  applied  to  the  speed  reducer  problem  in 
mis  ^dy.  The  decomposition  applied  in  this  study  involves  variables  which  are  explicitly  linked  between  levels  and 
^timiOT*^*^**™*  constraints  are  imposed.  These  coupling  equality  constraints  are  enforced  directly  using  the  GRG 

shows  a schemauc  of  the  speed  reducer,  which  has  been  optimized  for  minimum  mass  subject  to  shaft  deflection 
consents  and  ro  gear  teeth  stress/design  constraints.  The  problem  is  decomposed,  with  the  system  level  problem 
bemg  to  minimize  mass  subjwt  to  only  shaft  deflection  and  shaft  stress  constraints  in  a reduced  design  space.  At  the 

frt  ina ^ Stress/design  constraints  are  minimized  in  a KS  function  while  applying  the  coupling  equality  constraints 
lo  maintain  vanaole  continuity.  r » -a  j 


The  variables  at  ihe  subsystem  or  gear  level  are: 

y j = 6=  face  width  of  the  gear  teeth 
y2  - ^ teeth  module  or  the  inverse  of 
diametrical  pitch 
y3  = Z = number  of  pinion  teeth 


Ihe  global  variables  for  the  system  are  defined  as  fnllnwc; 

X|=  /|=  shaft  length  1 (between  bearings) 

X2=  /2=  shaft  length  2 (between  bearings) 
shaft  dia.  1 
X4=d2=shaftdia.2 

xj=  partial  gear  volume  (explicit  function  of  subsystem  variables) 

Xg=  transmitted  gear  force  (explicit  function  of  subsystem  variables) 

Where  the  coupling  equality  constraints  for  this  formulation  are; 

X5=0.7854  y,y2^(3.333  y3^+ 14.9334  yj-  43.0932)  -1.5079(x32+x,2)y  jv 

X6=940007(y2y3)  ^j2) 

Note  that  the  partial  gear  volume,  X5  which  is  dependent  on  all  three  subsystem  variables  (gear  dimensions)  is  reduced  to  a 
single  measure  of  that  volume  at  the  system  level.  The  transmitted  gear  force,  xg  which  depends  on  the  gear  dimensions  is 

I’’®  (>c-.  mass)  is  minimized  at  the  system 

level  using  the  shaft  dimensions  and  xj  (partial  gear  volume).  This  system  level  optimization  is  subject  to  shaft  strew  and 

deflection  constraints,  where  the  stress  and  deflection  are  caused  by  the  transmitted  force,  xg.  At  the  subsystem  (gear  level) 

constrs^ts  Md  three  gear  sizing  constraints  are  incorporated  into  a KS  function.  The  KS  function  is 
^1.^®^  to  two  coupling  equality  constraints  which  restrict  the  y vector  (gear  dimensions)  to 

combinations  which  maintain  the  current  Xj  and  Xg  values.  Details  of  the  decompositioi  used  in  this  research  can  Ite  found 

in  ref.  17,  where  the  constraint  equations  and  system  level  functions  are  patterned  after  those  formulated  by  Lee  (12). 
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Figure  6 details  the  two  level  structure  of  the  speed  reducer  optimization,  where  the  decomposition  brcata  the  design  along 
the  lines  of  shaft  and  gear  design.  Table  2 details  the  results  of  using  the  GRG  method  as  internal  optimizer  within  the 
Sobieski  algorithm.  One  sees  the  results  are  similar  to  those  found  in  the  single  level  approach  by  Lee,  the  heuristic 
decomposition  of  Daiseris’s  and  the  multilevel  study  of  Azarm  and  Li's.  Figure  7 details  the  convergence  history  of  the  speed 
reducer's  volume  during  the  multilevel  optimization  implied  in  this  study. 

The  Sobieski  hierarchic  algorithm  is  based  on  monitoring  linear  measures  of  the  subsystem  at  the  system  level.  The  lin^ 
2q)proximations  in  this  coding  are  based  on  sensitivity  derivatives  calculated  using  the  Lagrange  muldplier  eq^tions  (15). 
The  inputs  to  the  Lagrange  equations  were  calculated  using  analytic  first  and  second  order  derivative  information  along  with 
Ugrange  multiplier  estimates  from  OPT3.2.  These  analytic  inputs  result  in  highly  accurate  sensiuvity  derivaUves.  T^e 
impact  of  the  accurate  sensitivity  derivatives  can  be  seen  in  the  GRG  method's  performance  at  the  subsystem.  Figure  s sa  an 
8b  detail  the  iteration  history  of  the  GRG  optimizer  OPT3.2.  at  the  subsystem  for  trials  1 and  2 rwpectively.  In  tlwse  plots 
the  "zero"  iteration  points  do  not  represent  the  GRG  method's  inability  to  generate  a feasible  starting  point  as  in  Figures  4 of 
the  portal  frame  example.  Instead  "zero"  iterations  indicate  that  the  linear  extrapolations  of  the  susbsystem  variables  retimed 
from  the  system  were  feasible  and  optimal  upon  arrival  to  the  subsystem.  The  Sobieski  cycles  requinng  only  one  0^-2 
iteration  at  the  subsystem  represent  the  case  where  the  linear  extrapolation  returned  from  the  system  is  infeasible,  and  the 
feasible  point  generated  in  the  phase  one  search  of  OPT3.2  is  optimal.  Cycles  requiring  two  or  more  OPT3.2  iterauons 
represent  an  infeasible  extrapolation  from  the  system,  followed  by  a phase  one  search,  with  a subsequent  optimizauon  using 
the  GRG  method.  This  example  highlights  both  the  robusmess  of  the  Sobieski  hierarchic  algonthm  and  the  ability  of  the 
GRG  method  to  handle  coupling  equality 


Multilevel  optimization  methods  are  being  considered  for  the  design  of  increasingly  complex  systems.  These  rriultilevel 
methods  decompose  large  design  problems  into  a hierarchical  organization  of  smaller  subproblems.  The  subproblems  can  be 
optimized  independently  with  a coordination  problem  being  introduced  to  handle  system  coupling.  In  the  most  genera 
decomposition  it  is  likely  that  variables  between  levels  will  be  functionally  related.  The  multilevel  optirnirauon  schemes 
based  on  handling  this  type  of  decomposition  intfoduce  coupling  equality  constraints  to  maintain  the  variable  relaurasnips. 
In  some  implementation  studies  these  coupling  equality  constraints  have  been  handled  indirectly  through  variable  eliminauon 
(23).  This  elimination  is  only  possible  when  an  explicit  functional  relationship  between  the  variables  exists.  Another 
implementation  study  (7)  suggests  that  the  direct  use  of  equality  constraints  may  introduce  numerical  difficulties  which 
prevent  convergence  of  the  optimizer.  The  ability  to  handle  et^uality  constraints  directly,  avoids  the  problem  of  variable 
elimination.  In  addition  it  also  reduces  the  need  to  develop  algorithms  which  avoid  coupling  equality  constraints. 


This  research  demonstrates  that  coupling  equality  constraints  can  be  handled  directly  by  using  the  GRG  meth^  as  the 
internal  optimizer  in  a multilevel  optimization  based  on  the  Sobieski  hierarchic  algorithm.  The  two  engineering  design 
examples  presented  illustrate  the  GRG  methods  general  utility  for  handling  coupling  e<iuality  constraints.  These  ^mts  are 
important  in  light  of  the  fact  that  as  multilevel  optimization  is  applied  to  larger  and  more  complex  problems  variable 
elimination  may  not  always  be  possible.  We  should  note  that  this  success  may  not  be  exclusive  to  the  GRG  optimizer. 
Other  optimizing  algorithms  which  are  robust  in  their  handling  of  equality  constraints  may  also  work. 
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FIGURE  2.  TWO  LEVEL  STRUCTURE  FIGURE  3:  PORTAL  FRAME  CONVERGENCE 


NOTE;  The  initial  rise  of  the  infeasible  start  case  can  be 
attributed  to  the  10%  move  limits  imposed  on  global 
variables  at  the  system  level.  These  move  limits  artificially 
restrict  the  system  level  search  for  a feasible  point 
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figure  4a:  SUBSYSTEM  1 ITERATIONS 


O Syftcm-Subsjstcm  Iterations 
(Sobieski  Algorithm) 


FIGURE  4b:  SUBSYSTEM  2 ITERATIONS 
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FIGURE  5:  SPEED  REDUCER  SCHEMATIC  TABLE  2 
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FIGURE  8b:  GEAR  LEVEL  (TRIAL  2) 
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'9"  complex  built-up  structures  that  are  made  of  truss  beam 

DroJI?rtu"t’  f*''®  different  kinds  of  design  variables:  material 

p perty,  sizing,  shape,  configuration,  and  topological  variables  Previou*;  rpcoarz-h  ho 

^own  that  the  improvement  in  performances  obtSTrSe% 

MmponenB  can  be  much  more  significant  than  those  obtained  when  the 
Woe-  'S  assumed  to  be  fixed  (Refs.  1-4).  Using  the  variational  approach  a unifieri 

vlri?ble?"a^rhfl^1f  developed  in  Ref.  5 for  the  first  three  kind^of  design 
variables,  and  has  been  further  extended  recently  in  many  structural  anaiv«ti<r  nrnhinm 
fn^?hie^^  nonlinear,  structural  dynamics,  and  frequency  response  analysis  (Refs.  6-8) 

f.  P®P®*^>  ® continuum  design  sensitivity  analysis  method  is  developed  for  the 
configuration  design  variable  of  built-up  structures.  ‘^®''e'opea  tor  the 

analvsis^s1hP^oritnttr^'^®h®"°®®  between  the  shape  and  configuration  design  sensitivity 
Hfieirtn  ^ design  component  can  be  viewed  as  a dynamic  process  of  movinn  thp 

S or??eS  ">«»<>".  ar.d"  sha^'^Sn  SThreo 

sKe  tlnliion  «^®  design  Smponen^ 


Figure  1 Configuration  Design  Change  of  a Une  Design  Component 


It  is  shown  in  Ref.  9 that  a translation  of  the  design  component  does  not 
contribute  to  the  design  sensitivity  result  of  a performance  measure.  Therefore,  the 
configuration  design  sensitivity  result  can  be  obtained  by  adding  contributions  from  the 
shape  variation  and  rotation  of  each  individual  design  component  in  the  built-up 
structure. 

For  shape  variation,  a unified  shape  design  sensitivity  analysis  method  has  been 
developed  in  Ref.  5 using  the  material  derivative  idea  of  continuum  mechanics.  The 
domain  shape  variation  can  be  viewed  as  a dynamic  process  of  deforming  a continuum 
medium  from  £1  to  Q.t=  Tq(Q,x),  with  t playing  the  role  of  time.  A shape  design 

velocity  fieid  is  considered  as  the  perturbation  of  the  shape. 

Suppose  the  displacement  is  a smooth  solution  of  the  boundary  value 

problem  on  the  perturbed  domain  £2.^.  The  existence  of  pointwise  material  derivative 
at  X € £2  is  shown  in  Ref.  5.  If  has  a regular  extension  to  a neighborhood  of  the 
closure  £2.^,  then  the  partial  derivative  exists  and  commutes  with  the  derivative  with 
respect  to  Xj  as  shown  in  Eq.  (5).  The  pointwise  material  derivative  of  displacement  is 
obtained  in  terms  of  the  partial  derivative  and  the  shape  design  velocity  field  as  shown  in 
Eq.  (4).  Using  the  material  derivative  formulas  of  Ref.  5,  the  first  variation  of  a 
general  functional  due  to  the  domain  shape  variation  is  obtained  in  Eq.  (7). 


Material  Derivative  for  Domain  Shape  Variation 


Figure  2 Domain  Shape  Variation 
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a Shape  Variation,  the  process  of  orientation  change  can  be  viewed  as 

a dynamic  process  of  rotating  a continuum  medium  from  Q to  a,  = %(a,x)!Zith  x 

playing  the  role  of  time.  An  orientation  design  velocity  field  Vg  is  considered  as  the 
perturb^ion  of  the  orientation,  and  is  normal  to  the  domain  of  the  design  component. 
Suppose  the  displacement  z^(x^)  is  a smooth  solution  on  the  perturbed  domain 

The  pointwise  derivative  at  x e £2  due  to  the  orientation  change,  if  it  exist,  is  defined 
by  Eq.  (10).  where,  a regular  extension  of  is  defined  as  z,(x)  s z^(x^).  if  x = x + 
rVg.  As  shown  in  Eq.  (13).  very  much  like  z;^  in  Eq.(5).  z^  commutes  with  the 
derivative  with  respect  to  Xj.  In  Eq.  (10).  A is  the  rotational  transformation  matrix  and 

Vy,  contains  derivatives  of  the  orientation  design  velocity  field,  and  they  are  written  in 
Eqs.  (11-12)  for  the  line  design  component.  The  same  derivation  can  be  applied  to  a 
surface  design  component  with  different  A and  Vy^.  Using  the  regular  extension  of  a 
displacement  function,  and  the  fact  that  the  determinant  of  the  Jacobin  is  independent  of 
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Figure  3 Orientation  Change  of  a 
Line  Design  Component 
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The  variational  form  of  a boundary  value  problem  of  the  built-up  structure  is 
given  in  Eq.  (15).  Taking  the  first  variation  of  both  sides  of  Eq.  (15)  and  noting  z = 

+ Zy^,  Eq.  (16)  is  obtained.  Using  the  fact  that  z € Z and  a^  (z,z)  = ^^(z),  Eq.  (16) 
becomes  Eq.  (17). 

Consider  a performance  measure  in  a general  form  as  in  Eq.  (18).  Taking  the 
first  variation  of  Eq.  (18),  we  can  obtain  Eq.  (19).  In  the  direct  differential  method, 

Eq.  (19)  is  solved  for  z with  the  given  design  velocity  fields  Vjj  and  V^.  Once  the  original 

response  z and  the  first  variation  z are  obtained,  the  configuration  design  sensitivity 
expression  in  Eq.  (19)  can  be  evaluated.  In  the  adjoint  variable  method,  an  adjoint 

equation  is  defined  in  Eq.  (20)  and  is  solved  for  the  adjoint  response  Since  z is  in  the 

space  of  kinematically  admissible  displacements,  Eq.  (20)  can  be  evaluated  at  A=  zand 

Eq.  (17)  at  z=A.,  to  obtain  Eq.  (21).  Once  the  design  velocity  fields  are  defined,  with 
the  original  response  z and  the  adjoint  response  \,  the  configuration  design  sensitivity 
expression  in  Eq.  (21)  can  be  calculated. 

Configuration  Design  Sensitivity  Analysis 
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A swept  wing  model  shown  in  Fig.  4 is  considered  for  the  study  of  configuration 
design  sensitivity  analysis.  This  wing  model  consists  of  the  truss  and  membrane  design 
components.  The  wing  is  made  by  aluminum,  and  is  subjected  to  a uniform  pressure 
(0.556  psi)  acting  on  top  of  the  skin  panels.  An  established  finite  element  code  ANSYS  is 
used  to  create  the  finite  element  mesh.  Because  of  the  symmetry  of  the  structure  and 
loading,  only  half  of  the  wing  box  is  analyzed.  The  finite  element  model  consists  of  60 
truss  elements  (STIF  8)  and  130  membrane  elements  (STIF  41). 

For  a configuration  design  change,  the  tip  of  the  swept  wing  is  moved  forward  as 
shown  in  Fig.  4.  The  design  velocity  fields  are  defined  so  that  all  ribs  (shear  panels) 
that  are  parallel  to  the  y axis  remain  parallel  while  moving.  The  layout  of  the  spars 
(shear  panels)  and  the  skin  panels  will  then  be  rotated  accordingly.  The  displacement  at 
the  tip  of  the  wing  and  several  stress  performance  measures  are  specified.  The 
configuration  design  sensitivity  analysis  is  carried  out  using  the  finite  element  results 
obtained  from  ANSYS.  Results  presented  in  Fig  5 show  an  excellent  agreement  between 
the  predictions  vy’  and  actual  changes  Avy,  where  is  obtained  by  the  central  difference. 

Configuration  DSA  of  Swept  Wing  Model 


Figure  5 Configuration  Design  Sensitivity  •.> 


48 


In  summary,  a unified  configuration  design  sensitivity  analysis  of  built-up 
structures  has  been  developed.  The  configuration  design  change  is  identified  by  the 
translation,  rotation,  and  shape  variation.  The  material  derivative  idea  of  continuum 
mechanics  is  used  to  account  for  the  shape  variation.  In  this  paper,  a design  sensitivity 
analysis  method  to  treat  orientation  change  of  a design  component  has  been  developed. 

The  numerical  implementation  of  configuration  design  sensitivity  analysis  is  carried  out 
by  using  the  results  of  an  established  finite  element  code.  The  results  show  that  the 
method  leads  to  an  accurate  and  efficient  configuration  design  sensitivity  analysis  of  the 
built-up  structure. 


REFERENCES 

1 . Topping,  B.  H.  V.,  "Shape  Optimization  of  Skeletal  Structures:  A Review,"  ASCE 
Journal  of  the  Structural  Division.  Vol.  109,  1983,  pp.  1933-1952. 

2.  Saka,  M.  P.  and  Attili  B.,  "Shape  Optimization  of  Space  Trusses,"  The  proceedings  of 
the  International  Conference  on  the  Design  and  Construction  of  Non-conventionaJ 
Structures  (Ed.  B.H.V.  Topping),  Civil-Comp  Press,  London,  1987,  pp.  115-121. 

3.  Felix,  J.  and  Vanderplaats,  G.  N.,  "Configuration  Optimization  of  Trusses  Subject  to 
Strength,  Displacement,  and  Frequency  Constraints,"  ASME  Journal  of  Mechanisms. 
Transmissions,  and  Automation  in  Design.  Vol.  109,  No.  2,  June  1987,  pp.  233- 
241 . 

4.  Sandgren,  E,  Lee,  H,  and  El-Sayed  M.,  "Optimal  Design  of  Mechanical  Components 
with  Sizing,  Configurational  and  Topological  Consideration,"  The  1989  ASME  Design 
Technical  Conferences  - 15th  Design  Automation  Conference,  Canada,  Sept.  17-21, 
1989,  Advances  in  Design  Automation.  Vdl.  2,  1989,  pp.10l-ll0. 

5.  Haug,  E.  J.,  Choi,  K.  K.,  and  Komkov,  V..  Design  Sensitivity  Analysis  of  Structural 
System.  Academic  Press,  New  York,  1986. 

6.  Choi,  K.  K.  and  Santos,  J.  L.  T.,  "Design  Sensitivity  Analysis  of  Nonlinear  Structural 
Systems  - I,  Theory,"  International  Journal  for  Numerical  Methods  in  Engineering, 
Vol.  24,  1987,  pp.  2039-2055. 

7.  Choi.  K.  K.  and  Lee,  J.  H.,  "Sizing  Design  Sensitivity  Analysis  of  Dynamic  Frequency 
Response  of  Vibrating  Structures,"  The  1989  ASME  Design  Technical  Conferences  - 
15th  Design  Automation  Conference,  Canada,  Sept.  17-21,  1989,  AdvancsS-iP 
Design  Automation.  Vol.  2.  1989,  pp.  257-265. 

8.  Choi,  K.  K.  and  Wang  S..  "Design  Sensitivity  Analysis  of  Structural  Dynamic 
Response  Using  Ritz  Sequence,"  AIAA  31  th  Structures,  Structural  Dynamics  & 
Materials  Conference,  Long  Beach,  CA,  April  2-4,  1990,  pp.  385-393. 

9.  Lee.  H.  G..  Choi,  K.  K.,  and  Haug.  E.  J..  "Shape  Optimal  Design  of  Build-up 
Structures,"  Technical  Report  No.  84-12,  Center  for  Computer  Aided  Design  , The 
University  of  Iowa.  Iowa  City,  1984. 


49 


N94-71423 


P. 


BIFURCATIONS  AND  SENSITIVITY  IN 
PARAMETRIC  NONLINEAR  PROGRAMMING* 

Bruce  N.  Lundberg  and  Aubrey  B.  Poore 

Department  of  Mathematics  Department  of  Mathematics 

Grand  Canyon  University  Colorado  State  University 

3300  W.  Camelback  Fort  Collins,  CO  80523 

Phoenix,  Arizona  85017 


1.  Introduction.  The  parametric  nonlinear  programming  problem  is  that  of  determining  the  behavior  of 
solution(s)  as  a parameter  or  vector  of  parameters  varies  over  a region  of  interest  for  the  problem 

n n Minimize 

^ j.  “)  : «)  = 0.  g(x,  a)  > 0}, 

where  / : and  g : ^ are  assumed  to  be  at  least  twice  continuously 

differentiable.  Some  of  these  parameters  may  be  fixed  but  not  known  precisely  and  others  may  be  varied  to 
enhance  the  performance  of  the  system.  In  both  cases  a fundamentally  important  problem  in  the  investigation 
o{ global  sensitivity  of  the  system  is  to  determine  the  stability  boundaries  of  the  regions  in  parameter  space 
which  define  regions  of  qualitatively  similar  solutions.  The  objective  in  this  work  is  to  explain  how  numerical 
continuation  and  bifurcation  techniques  can  be  used  to  investigate  the  parametric  nonlinear  programming 
problem  in  a global  sense.  Thus  we  first  convert  the  problem  (1.1)  to  a closed  system  of  parameterized 
nonlinear  equations  whose  solution  set  contains  all  local  minimizers  of  the  original  problem.  This  system, 
which  will  be  represented  as  F{z,a)  = 0,  will  include  all  Karush-Kuhn-'Ricker  and  Fritz  John  points,  both 
feasible  and  infeasible  solutions,  and  relative  minima,  maxima,  and  saddle  points  of  (1.1).  The  local  existence 
and  uniqueness  of  a solution  path  (r(or),a)  of  this  system  as  well  as  the  solution  type  persist  as  long  as  a 
singularity  in  the  Jacobian  D,F{z,a)  is  not  encountered.  Thus  we  first  characterize  the  nonsingularity 
of  this  Jacobian  in  terms  of  conditions  on  the  problem  (1.1)  itself.  We  then  describe  a class  of  efficient 
predictor-corrector  continuation  procedures  for  tracing  solution  paths  of  the  system  F(z,  o)  = 0 which  are 
tailored  specifically  to  the  parametric  programming  problem.  Finally,  these  procedures  and  the  obtained 
information  wUl  be  Ulustrated  within  the  context  of  design  optimization. 

2.  Systems  Formulation  and  Bifurcation  Problems.  If  A/  = diag{jn,. . . ,/i,)  is  a diagonal  matrix 

and  £ = /ip+,/(x,a)  - J2J=i  M$gi(^,oi)  is  the  Lagrangian,  then  any  solution  of  the  Fritz 

John  or  Karush-Kuhn-'I\icker  first  order  necessary  conditions  is  a solution  of  the  closed  system  [8] 


V,£(z,q) 

« _ 

(2.1) 

r(z,a)  = 

-A(z,a) 

-Mg(x,a) 

= 0,  where  z = 

X 

A 

* This  work  was  partially  supported  by  the  Air  Force  Office  of  Scientific  Research  through  Grant  # 
AFOSR-88-0059. 
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and  /3o  is  a fixed  constant.  In  the  presence  of  a smooth  F,  a necessary  condition  for  the  existence  of 
multiple  solution  branches  to  the  system  F(z,a)  = 0 in  each  neighborhood  of  a solution  (zo.Qo)  is  that 
the  Jacobian  D,F{zo,ao)  be  singular.  Since  solution  type  (minimum,  maximum,  saddle  point;  feasible  or 
infeasible  point)  can  change  only  at  such  a singularity,  we  now  give  necessary  and  sufficient  conditions  for 
D,F  to  be  nonsingular. 

Theorem  2.1.  [8]  Let  (zq,  oto)  be  a solution  of  F(z,  a)  = 0,  defined  by  2.1,  where  f , g &nd  h are  C* , (<:  > 2), 
in  a neighborhood  of(zo,  oo).  Define  two  index  sets  A and  A and  a corresponding  tangent  space  f by 

A = {i  ■ 1 < i < P,9i(^o,0‘o)  = 0}>  A=  {i€A.  p°  0} 

T = {y  € : f?rh(xo,ao)v  = 0.  f5*y<(xo,<»o)y  = 0 (i  € .4)} 

Then  a necessary  and  sufficient  condition  that  D,  F(zo,  t»o)  be  nonsingu/ar  is  that  each  of  the  following  three 
conditions  hold: 

a)  A = A; 

b)  S :=  {V,ffi(xo,ao)}.e>lU{V,/i;(xo,ao)}J=i  is  a linearly  independent  collection  ofq  + \A  vectors  where 
1^1  denotes  the  cardinality  of  A; 

c)  The  Hessian  of  the  Lagrangian  V^C  is  nonsingular  on  the  tangent  space  T at  (xo.  «o)- 

Having  stated  this  theorem,  several  commcnte  are  in  order.  If  xo  is  a Fritz  John  or  Karush-Kuhn-Tucker 
point,  then  condition  (a)  is  called  strict  complementarity  (yi(xo,ao)  = 0 implies  is  positive)  and  condition 
(b)  is  the  linear  independence  constraint  qualification.  Furthermore,  if  in  addition  to  conditions  (a)  and  (b), 
the  Hessian  of  the  Lagrangian  is  positive  definite  on  the  tangent  space  f,  then  xo  is  a local  minimizer  at  oo- 
An  equivalent  and  more  computationally  efficient  method  for  tracing  solution  path  segments  of  (2.1) 
along  which  D.F  is  nonsingular  is  to  use  an  “active  set”  strategy  in  which  a purely  equality  constrained 
problem  is  considered,  with  active  inequality  constraints  playing  the  role  of  additional  equality  constraints. 
This  amounts  to  deleting  inactive  inequality  constrsunts  and  corresponding  (zero)  multipliers  from  the  def- 
initions of  £ and  F and  replacing  the  components  -piQi  of  F by  -yj  for  each  t € A.  In  case  a multiplier 
for  an  active  inequality  constraint  changes  sign  along  a path  segment  one  has  passed  a suigular  point  on 
the  path  due  to  a violation  of  a)  in  Theorem  2.1.  Paths  branching  from  such  a point  correspond  to  various 

choices  of  the  active  set. 

3.  Numerical  Continuation  and  Bifurcation  Methods.  Since  the  subject  of  numerical  continuation 
and  bifurcation  methods  has  a formidable  literature  and  since  excellent  introductions  to  this  subject  area  can 
be  found  in  the  books  of  Allgower  and  Georg  (2],  KeUer  [5]  and  Rheinboldt  [9],  our  objective  in  this  section 
is  to  briefly  introduce  these  techniques  and  show  how  they  can  be  tailored  to  the  parametric  programming 
problem. 

To  describe  the  predictor-corrector  continuation  methods,  let  in  = (r,  ot)  so  that  the  problem  is  that  of 
tracmg  solution  paths  of  an  underdetermined  system  of  nonlinear  equations  F(u;)  = 0 where  F :'R 
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. Assume  that  F{w)  = 0 is  continuously  differentiable,  has  a smooth  solution  path  P = {u;  G : 

w = 't(s),  5 G /}  where  / is  an  interval  of  real  numbers,  and  that  the  path  is  nonsingular  in  that  [Du,F\u,^p] 
is  of  full  rank.  Most  path  following  algorithms  generate  a sequence  where  u;*  is  a point  on  or 

neau  the  path  and  u;o  is  a known  solution  of  F{w)  = 0.  To  go  from  a point  Wk  to  a point  one  uses 

current  and  previous  information  to  obtain  a predicted  point,  say  iypjfe^.x,  which  becomes  the  starting  point 
for  a Newton-like  correction  iteration  which  terminates  with  a solution  Wk^\. 

Given  a point  Wk  on  the  path,  one  predicts  a new  point  by  using  a predictor  of  the  form  wpt^i  = 
xvk  + Asd(As).  The  prediction  direction  d is  typically  chosen  to  be  an  oriented  unit  tangent  T*,  which  is  a 
solution  to  [Du;F(wk)]Tk  = 0.  However,  a more  robust  and  efficient  prediction  strategy  which  uses  current 
and  previous  tangents  has  been  developed  by  the  authors  [6]  and  will  be  used  below.  Once  a predicted  point 
is  obtained,  the  correction  back  to  the  path  can  be  based  on  a Newton-like  solution  of  the  augmented  system 


(3.1) 


G(u;)  = 


F{w) 

N{w)  = (ly  — )^d(  As 

which  confines  the  correction  to  a hyperplane  orthogonal  to  the  prediction  direction  d{As). 

It  follows  from  this  brief  description  that  the  two  main  computational  problems  in  a predictor-corrector 
step  are  the  determination  of  Newton  corrections  Aw  for  the  system  (3.1)  and  the  computation  of  the  tangent 
vector  (The  computation  of  the  tangent  is  essentially  free  after  one  computes  the  Newton  correction.) 

We  now  describe  how  to  compute  these  in  a way  specifically  tailored  to  the  parametric  programming  problem. 
In  light  of  the  comments  at  the  end  of  section  2 it  suffices  to  consider  the  case  of  an  equality  constrained 
problem.  For  this  case  the  techniques  presented  below  reduce  the  matrix  algebra  in  a continuation  step 

■ vie 

-D,h  0 , 


associated  with  the  nonlinear  programming 


to  that  of  the  Lagrangian  matrix  W = 
problem. 

To  solve  the  system  [Du,G(ty)]Au/  = ^G{w)  for  a Newton  correction  Aty,  we  give  a variant  of  the 
bordering  algorithm  of  Keller  [5] , which  also  accounts  for  the  presence  of  the  additional  augmenting  equation 
+ /ij  — /?o  = 0 in  (2.1)  and  (3.1).  Let  y,  u,  u G be  solutions  of 


(3.2)  Wy  = 


V*£(z,a) 


Wv 


__  Vrfiz.a)] 

■ I 0 J 


and 


Wu 


da  [ —h(x,a) 


respectively.  Furthermore,  let  l,y,v  and  u be  vectors  in  defined  by  / = 


Then  it  can  be  shown  [7]  that  a Newton  correction  step  for  (3.1)  is  given  by 


(3.3) 


Au;  = y-hsvH-tu,  where 


<Fv 


__  + 

- AT  + d»'yJ- 


If  the  vectors  f,y,  v and  u are  computed  at  (or  some  approximation  to  the  tangent  at  Wk^\ 

can  be  computed  via 


(3.4) 


Tk+i  = ± [(<^t))w  - /||(/^v)u  - (/^u)v||j. 
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The  sign  depends  on  orientation  and  is  changed  when  a fold  point  is  encountered  along  the  path. 

The  nonsingularity  of  is  also  characterized  by  conditions  a),  b)  and  c)  given  in  Theorem  2.1;  the 
nonsingularity  of  D^G  and  of  the  2x2  matrix  in  (3.3)  follow  from  the  nonsingularity  of  as  long  as  the 
prediction  direction  d is  not  orthogonal  to  the  null  space  of  Du,F,  The  latter  is  the  case  for  our  predictor  as 
long  as  As  is  not  too  large.  Fold  points  or  bifurcation  points  along  the  path  are  indicated  by  a singularity 
in  W,  and  may  be  detected,  distinguished  and  handled  by  methods  discussed  by  Keller  [5]  together  with 
methods  we  now  describe. 

The  methods  for  solving  the  linear  systems  in  (3.2)  can  be  based  on  various  linear  algebra  techniques 

in  nonlinear  programming,  modified  to  account  for  the  possibility  that  VlC^  maybe  indefinite  on  some 

segments  of  the  path.  One  must  also  adapt  these  linear  algebra  techniques  to  determine  sign  changes  in 

three  important  sets  which  determine  critical  point  type  at  regular  points:  (A)  sign  gi{x,a)  ior  i £ {1, . . . ,p}, 

(B)  sign  Pi  for  i € {1, . . . ,p+  1}  and  (C)  the  signs  of  the  eigenvalues  of  the  restriction  of  the  Hessian 

of  the  Lagrangian  to  the  tangent  space  of  the  active  constraints.  To  see  how  one  may  monitor  and  detect 

changes  in  the  signature  of  VjCf  in  the  course  of  using  a generalized  null  space  method  for  solving  (3.2), 

assume  conditions  a),  b)  and  c)  of  Theorem  2.1  hold.  Then  the  ifc  x n matrix  | t 1 is  of 

t F>r9i  leA) 

full  rank.  In  a null  space  method  one  first  computes  matrices  Y G and  Z G of  full  rank 

such  that  [Y:Z]  is  nonsingular,  A^y  = I and  A^Z  = 0.  In  the  course  of  solving  (3,2)  by  such  a method  one 
must  form  and  factor  the  (n  — A)  x (n  — i)  matrix  Z^V^jCZ,  whose  signature  is  the  same  as  that  of 
Given  that  Z^Vj£Z  may  be  indefinite  in  the  continuation  process,  one  generally  would  compute  the  LDL^ 
factorization  of  this  matrix  by  using,  e.g.,  the  Bunch-Kaufman  algorithm  [3,  § 4.4].  Here,  the  matrix  D is 
a block  diagonal  matrix  with  1x1  and  2x2  blocks  whose  signature  is  easily  computed  and  is  the  same  as 
that  of  Z^VlCZ. 

Once  a change  in  a sign  in  (A-C)  is  detected,  a singularity  is  detected  which  one  must  deal  with 
appropriately,  reversing  the  orientation  in  the  case  of  a fold  point  or  switching  branches  at  a bifurcation  point. 
One  particulairly  easy  aspect  of  this  problem  is  the  case  associated  with  a loss  of  strict  complementarity: 
to  switch  branches,  one  simply  activates  or  de-activates  a constraint.  Further  analysis  and  classification  of 
these  fold  and  bifurcation  points  as  well  as  methods  for  detecting  them  numerically  can  be  found  in  [8,10] 
and  in  a forthcomming  paper  [7]. 

4.  A Numeriesd  Example.  As  a simple  illustration  of  the  above  procedures  we  consider  the  following 
problem  from  design  optimization  [4] 

(4.1)  - ^dE(d,h;p)  = 0,  A <1.5,  A>0} 

where  E{d,h,p)  = -pd  + (yr+Tf  - yi  + (h  - and  p is  a parameter.  This  problem  is 

used  to  model  the  determination  of  the  unloaded  height  A of  a simple  two  bar  planar  truss  with  semi-span 
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1 which  minimizes  the  displacement  d under  a fixed  load  p.  The  solution  paths  z{p)  of  (2.1)  were  tracked 
using  our  continuation  method.  The  following  plot  gives  the  displacement  d as  p varies. 

Fig  4.1:  Feasible  Solutions  of  (2.1) 

legend 

O Fold  • Bifurcation 


Minimizers  Maximizers 
t d,  displacement 


p,  load  ’ 

This  plot  represents  a projection  of  the  feasible  solutions  of  (2.1)  into  the  (p,d)  plane,  and  the  dot 
labeled  with  e,f  and  g indicates  three  distinct  bifurcation  points  with  p = d = 0 and  A = 0,  1.41  and 
1.5  respectively.  Bifurcation  points  a,c,  e and  g result  from  a loss  of  strict  complementarily  in  which  an 
inequality  constraint  becomes  weakly  active.  The  path  of  maximizers  branching  from  point  a corresponds 
to  A < 1.5  active  and  pi  < 0,  and  changes  type  at  the  singular  point  g,  becoming  the  path  of  minimizers 
labeled  G.  The  other  path  branching  from  point  a passes  through  /,  across  which  the  one  eigenvalue  of 
VlCf  changes  sign.  At  / there  is  a change  in  type  resulting  in  the  path  of  maximizers  labeled  F. 

Extreme  sensitivity  of  the  solution  of  (1.1)  to  variations  in  p occurs  at  the  fold  points  6 and  d{p  — i.3704) 
at  which  there  is  a loss  of  linear  independence  in  the  active  constaint  gradiento,  and  pj  = 0.  This  is  also  the 
case  at  the  bifurcation  point  e,  where  in  addition,  strict  complementarily  is  violated.  One  cannot  compute 
near  or  past  these  poinU  without  the  normalization  B{X,p)  = A’*A  + p^p  -0^  = 0,  since  near  these  points 
an  unnormalized  multiplier  is  unbounded.  When  the  system  is  at  a state  near  these  points,  small  variations 
in  load  p can  result  in  very  large  changes  in  the  solution,  or  the  loss  of  (local)  existence  of  a solution.  The 
latter  case  is  illustrated  near  b where  increasing  the  parameter  past  p = .3704  results  in  the  loss  of  the 

solution  and  a “snap  through"  of  the  truss  to  a state  represented  by  path  D.  Similar  behavior  occurs  near  d 
&nd  e. 

Not  pictured  above  are  branches  of  infeasible  solutions  of  (2.1)  emerging  at  o,c,e  and  j (A  > 1.5  or 
A < 0).  (In  some  problems  such  paths  may  provide  the  opportunity  for  further  branching  to  other  feasible 
paths.)  A path  of  feasible  singular  points  with  p = d = 0 branches  from  e through  / to  y,  and  can  be 
parameterized  by  pj.  The  solutions  to  (4.1)  need  only  be  stationary  pointo  of  the  potential  energy  E(d,  A;p). 
However,  all  path  segments,  exclusive  of  the  segments  from  d to  e and  from  c to  A,  do  correspond  to  physical 
states  of  the  system  (where  E is  minimized). 
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In  thb  paper  we  have  described  how  continuation  techniques  can  be  tailored  to  the  parametric  nonlinear 
programming  problem  and  used  to  investigate  the  global  dependence  of  the  solution  on  a parameter.  The 
use  of  the  system  (2.1),  including  the  norm2dization  .B(A,p)  = 0 enables  the  computation  to  proceed  through 
singular  points  where  solution  type  may  change  and  branching  and/or  sensitivity  of  solutions  of  (l.I)  occurs. 
Computing  paths  of  maximizers,  saddle  points  and  singular  points  enables  one  to  locate  regions  of  sensitivity, 
multiple  operating  states,  and  disconnected  paths  of  minimizers. 

We  think  that  these  methods  have  great  potential  to  facilitate  parametric  study  in  nonlinear  program- 
ming  and,  for  example,  in  nonlinear  optimal  control.  Further  testing  and  development  of  the  numerical 
methods  on  some  tractable  model  problems  is  needed,  as  well  as  further  analysis  of  the  behavior  which  can 
be  expected  at  more  complex  singularities. 
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Introduction 

Optimum  design  parameter  sensitivity  analysis  has  become  an  important  topic  in  recent  years.  The 
principal  reasons  for  obtaining  optimum  design  sensitivity  information  with  respect  to  various  problem 
parameters  are  (1)  to  predict  revised  optimumdesigns,  associated  with  specified  perturbations  of  the  problem 
parameters,  without  re-optimizing  the  problem  and,  (2)  to  provide  sensitivity  information  in  multilevel 
optimization  strategies.  Methods  for  calculating  these  derivatives  have  been  proposed  by  several  authors 
(see  Refs.  1-5).  The  most  important  drawback  in  estimating  parameter  sensitivities  by  the  current  methods 
is  that  they  do  not  allow  for  changes  in  the  active  constraint  set  Changes  in  the  active  constraint  set  produce 
discontinuities  in  the  optimum  design  sensitivities,  and  therefore,  a correct  formulation  has  to  be  cast  in 
terms  of  directional  derivatives  (Refs.  6-7).  This  paper  addresses  optimum  design  parameter  sensitivity 
analysis  in  terms  of  directional  derivatives  so  as  to  include  possible  discontinuities  and  it  also  presents  a 
method  for  estimating  optimum  design  sensitivities  using  finite  differences. 


Problem  Formulation 

The  general  optinuzation  problem  considered  in  this  work  has  the  following  form 

Min  f(Y,P) 
r 

s.t  gj{Y,P)^0  y = l,...,m  (1) 

where  Y = (Tj, . . .,  TJ  is  the  vector  of  design  variables  andP  = (P„ . . .,P,)  is  the  vector  of  design  parameters. 

It  is  assumed  that  for  a fixed  set  of  parameters  P,  the  optimization  problem  has  been  solved,  so  that 
the  vector  of  optimum  design  variables  Y" (P)  is  known,  and  that  this  optimal  solution  satisfies  the  first 
order  Kuhn  Tucker  conditions  given  by 


Vyf{Y\P),P)  -iXj  (P)  gj  (y*  (P),P) = 0 

Jm\ 

(2a) 

Xj(P)g^(Y{P),P)  = 0 y = l,...,m 

(2b) 

g.(Y\P),P)^0  j = \,...,nt 

(2c) 

Xj{P)>0  y = l,...,m 

(2d) 

* This  research  was  supported  by  NASA  Research  grant  NSG  1490. 
Postdoctoral  Research  Associate. 
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where  MP)  denotes  the  vector  of  Lagrange  multipliers  at  the  optimum  design  y* (P)  for  the  given  vector  of 
parameters  P. 

If  the  vector  P is  perturbed,  the  set  of  active  constraints  for  the  new  optimum  will  change  depending 
on  the  direction  of  move  for  P.  This  change  induces  discontinuities  for  the  sensitivities  of  the  optimal 

solution,  or  in  mathematical  terms,  the  derivatives  are  not  unique.  References  6 and  7 prove  that  even 

if  the  derivatives  are  not  unique,  the  directional  derivatives  exist  In  what  follows  the  optimal  sensitivity 
problem  is  formulated  in  terms  of  directional  derivatives,  defined  as 


Ysr  (P)  = 


Y(P  + tbP)-Y(P) 

t 


(3) 


where  5P  represents  a unit  vector  (|  5P  | = 1 ) in  a prescribed  direction  of  change  for  the  vector  of  parameters 
P. 


Sensitivity  Using  Kuhn  Tucker  Conditions 

If  the  vector  of  parameters  P is  perturbed  by  fSP,  t > 0,  the  Kuhn  Tucker  conditions  (Eq.  (2))  must 
remain  satisfied.  Moreover,  since  the  sensitivities  are  obtained  when  r — > C on  ly  first  order  approximations 


for  Y and  X in  terms  of  t are  required,  and  only  linear  terms  in  t should  be  retained. 

Using  the  approximiidons 

Y{P  + f 5P)  = Y(P)  + 1 Y^  (P)  (4a ) 

X(P  + f 6P)  = X(P)  + rX^(P)  (46) 

Eq.  (2)  for  the  perturbed  problem  becomes 

VyfiYiP)  + tY^(P),P+t8P)-l  (Kj  (P)  + 1 X'y  (P)) (Vy gj  (Y(P)  + tYn,(P),P  + tbP)  = 0 (5a) 

(X^(P)  + f X;j,(P))(g^(y(P)  + rKa*(ni*+'5P))  = 0 y = l,...,m  (56) 

g^  (y(P)  + f yy.(P),P  + r8P)^0  y = l,...,m  (5c) 

\,(P)  + t'Kj^(P)>0  y = l,...,m  (5d) 

Expanding  gj  in  first  order  Taylor  series  and  retaining  only  linear  terms  in  f,  Eqs.  (5b)-(5c)  become: 

(P)  [gj  (XiP),  P)  + 1 C^rSi  (XiP).  n yir  (^  + Vrfy  (y(P).  pm  + 1 XL.  (P)  gj  iY(P).  P)  = 0 (6a ) 
g^  (Y(P),  P)  + 1 {7ygj  (Y(,P),  P)  y^p  (P)  + V,  gj  (y(P),  P)  8P)  ^ 0 (66 ) 

Xy(P)  + tX;s^(P)^0 

Several  special  cases  arise  from  these  previous  equations  when  t —^0*: 


(6c) 


(active  constraint,  degenerate  case) 


(1)  XjiP)=o,  gjinnn^o 

Vy  gj  (nn  P)  (P)  + gj  (YiP),  P)  5P  ^ 0 (7a ) 

(2)  Xj  (P)  > 0,  gj  (K(P),  P)  = 0 ( active  constraint,  non  degenerate  case ) 

Vyg/F(P),  P)  Y^  iP)  + V,  gj  (Y(P),  P)  5P  = 0 (7b) 

Xjff  (P)  has  no  sign  constraint 

(3)  Xj  (P)  = 0,  gj  (Y(P),  P)  > 0 (not  active  constraints) 

Vyg^(7(P),  P)  Y^  (P)  + V,  gj  (Y(P),  P)  5P  has  no  sign  constraint  (7c ) 

Xjfp  (P)  has  no  sign  constraint 

Equations  (7)  show  that  only  degenerate  active  constraints  are  allowed  to  leave  the  set  of  active 
constraints,  and  that  non  active  constraints  can  only  become  degenerate  active  constraints.  Therefore,  it 
is  not  necessary  to  include  passive  constraints  in  the  sensidvi^  analysis.  Since  the  Kuhn  Tucker  conditions 
are  satisfied  for  the  unperturbed  problem  (Eq.  (2a)),  the  expansion  of  Eq.  (5a)  in  first  order  Taylor  series, 
leads  to 

vJyL(y(P),P)y^(P)  + v^,L  (y(P),p)8P-  i J^j^P)Vygj(Y(P),P)=o  (8) 

where 

L (y(P),P)  =/(y(P),P)  - i Xj(P)  gj  (y(P),P)  (9) 

y-l 

is  the  Lagrangian  function  and  V\y  L = [ and  Vj,  L = [ 

Equations  (7)  and  (8)  are  the  conditions  that  the  directional  derivatives  must  satisfy  for  the  perturbed 
problem.  Since  only  the  active  constraints  are  to  be  considered,  these  equations  lead  to  the  following 

conditions  which  must  be  satisfied  by  and  (P): 

vJ^L(y(P),P)ys,,(P)+v^^,L(y(P),P)ap-  i x'j,^P)  v^/y,p),p) 

/•A 


- I X'y  (P  Vy  gj  (Y(P),P)  = 0 (10a) 

Vyg/y(P),P)y;,(P)+Vrf/y(P),p)5P=o  ye/,  d06) 

Vyg,(y(P),P)ys;.(P)+Vrf^.(y(P),p)5P^o  ye/^  dOc) 

Xjif(P)^0  j G J2  (lOd) 
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where  the  sets  of  indices  /j  and  are  given  by 

= gj(y(P),P)=o} 

A = OI^(i*)  = 0,  gj{Y{P),P)  = Q} 

It  is  easily  seen  that  if  all  active  constraints  are  non-degenerate  (/j  = i e.  the  set  /j  is  empty),  then 

the  set  of  active  constraints  remains  invariant  and  no  discontinuities  exist  Therefore,  if  the  strict  com- 
plementary condition  holds  at  the  optimum,  the  Kuhn  Tucker  based  methods  presented  in  Refs.  1 and  2 
will  give  the  correct  optimum  design  sensitivities. 

The  solution  of  Eq.  ( 10)  for  (P)  and  (P)  is  easily  obtained  if  it  is  observed  that  these  equations 

(Ref.  7)  correspond  to  the  Kuhn  Tucker  conditions  for  an  optimization  problem  where  the  objective  function 
is  the  quadratic  approximation  of  the  Lagrangian  and  the  constraints  are  the  linearized  active  constraints. 
Thus,  the  set  of  conditions  given  by  Eq.  (10)  is  equivalent  to  the  solution  of  the  problem 

Min  \z^V\yL(X{P),P)Z  + V\^L{Y{P),P)bP 
z L 

S.L  V^g.(T(P),P)Z  -H  Vrf.(K(P),P)6P  = 0 ye/i  (11) 

Vyg.{YiP),P)Z  -t-  Vrf.(y(P),P)8P^0  ye/j 

If  the  optimal  solution  for  this  problem  is  denoted  by  Z*  with  the  associated  Lagrange  multipliers  represented 
by  y*,  then 

= (12a) 

^(^  = Y*  (126) 

To  further  illustrate  the  concepts  revealed  by  the  foregoing  analysis,  consider  the  following  one 
design  variable,  single  parameter  example  from  Ref.  4. 

Min  /(y,P)  = 2y^-2yP+P*  + 4T-4P 
r 

S.L  g(Y,P)  = Y + 4P^0 

Figure  1 shows  the  optimal  solution  y*(P),  the  optimal  functions /(y*,  P)  and  g(Y*,P)  and  the 
Lagrange  multiplier  X*  (P)  as  a function  of  the  parameter  P.  For  P < j,  the  constraint  g is  active  and  the 

Lagrange  multiplier  X is  positive,  but  for  P > ^ the  constraint  becomes  passive  and  X = 0.  At  P = 5 the  strict 

complementary  condition  does  not  hold  and  therefore  the  derivatives  are  not  unique.  At  this  point  only 
directional  derivatives,  which  in  this  case  correspond  to  the  left  and  right  derivatives,  exist  For  this  simple 

example  problem  (at  P = 5 ) the  quadratic  problem  given  by  Eq.  (1 1)  leads  to 


Case  5P  = 1 (right  derivative) 


Min  2Z^-2Z 


s.t  Z + 4^0  =>  Fm.(2/9)=^,  Xi/.(2/9)  = 0 

Case  5P  = -1  (left  derivative) 

Min  2Z*  + 2Z 

s.t.  Z-4^0  =>  yj,.(2/9)  = 4,  X„(2/9)  = 18 

When  numerical  techniques  are  used  to  determine  the  optimal  solution  F* (P)  and  the  corresponding 
Lagrange  multipliers  X (F)  for  problem  (1),  the  condition  Xj  = 0,  for  an  active  constraint,  requires  further 
analysis.  The  Kuhn  Tucker  conditions  (Eq.  (2a)),  show  that  the  gradient  of  the  objective  function  can  be 
written  as  a non-negative  linear  combination  of  the  gradients  of  the  active  constraint  at  the  optimum. 
Assuming  that  the  gradients  of  the  active  constraints  are  linearly  independent  (normality),  then,  if  one  of 
the  Lagrange  multipliers  is  zero,  this  implies  that  the  associated  constraint  gradient  does  not  contribute  to 
the  non-negative  linear  combination  of  gradients  in  terms  of  which  V/  is  expressed.  Therefore,  the  set  of 

indices  Jj  should  include  all  constraints  such  that  is  less  than  or  equal  to  a prescribed  threshold. 


Finite  Differences 

An  alternative  procedure  for  obtaining  the  optimal  design  sensitivities,  (Ref.  4)  is  to  use  finite  dif- 
ferences for  small  perturbations  of  the  parameter  P.  Since  only  directional  derivatives  are  sought,  the 
direction  5P  is  prescribed  and  therefore,  perturbations  for  t rather  than  for  P must  be  considered.  The  first 


order  Kuhn  Tucker  optimality  conditions  for  the  perturbed  problem  are  given  by 

Vyf(X(P  + t^,P  + t^-  lXj(P  + t5P)V,gj(Y(P  + tSP),P+tSP)  = 0 (13a) 

Xj(P  + tbP)gj(Y(P  + t5P),P+tbP)  = 0 y = l,...,m  (13b) 

gj(YiP  + t5P),P  + tbP)  ^ 0 j = (13c) 

Xj(P  + tSP)  ^ 0 y = l,...,m  (13d) 


In  a finite  difference  scheme,  the  new  optimum  Y(P  + t SP)  and  the  associated  Lagrange  multipliers 
X(P  + t 5P)  are  to  be  found  such  that  the  conditions  imposed  by  Eqs.  (13)  are  preserved.  If  the  original 
functions / and  gj,j  = l,...,/n  are  replaced  by  approximate  explicit  functions  / and  gj  in  terms  of  Y, 
j = 1,  ...,m,  then  Eqs.  (13)  correspond  to  the  Kuhn  Tucker  conditions  of  an  approximate  problem  of  the 
form 

/(Z,F-hf5F) 

m 


s.t  gj(Z,P+tbP)^0  y = l,.... 


(14) 


If  the  optimal  solution  for  this  problem  is  denoted  by  T and  the  associated  Lagrange  multipliers  are 
represented  by  y*.  then 


z*-y*(P) 

t 


y-MP) 

t 


(15a) 

(156) 


Examination  of  £q.  (13a)  shows  that  the  approximate  functions /andgy.y  = should  be  accurate 

not  only  for  the  function  values  but  for  gradients  as  well.  Also,  from  the  formulation  of  the  approximate 
problem  given  by  Eq.  (14),  it  is  cleu-Iy  seen  that  these  approximations  are  needed  only  with  respect  to  the 
variables  Y and  not  with  respect  to  P. 


Quadratic  Approximations 

A natural  choice  for  approximating  the  function  and  its  first  derivatives,  is  to  use  a second  order 
Taylor  series  expansion  with  respect  to  Y.  For  a generic  function,  h,  this  approximation  about  F* (P)  has 
the  form: 

h (Z,P  + r 5P)  =h  (Y(P),P  + t5P)  + Vyh  (Y(P), P + 1 5P)  iZ - Y(,P)) 

+ i (Z - Y(P)f  Vlyh(Y(P),P+t  5P)  (Z - F(P))  (16) 

and  the  approximate  problem  becomes 

Min  /(F(P),  P + r 5P)  + ^ (Z  - Y(P)f  V\yf{Y{P),  P + r 5P)  (Z  - F(P)) 

Z L 

s.t.  g;  (F(P),  P + f 5P)  + g . (F(P),  P + r 5P)  (Z  - F(P))  (17) 

+i(Z-F(P))''V"^g^(F(P),P  + r8P)(Z-F(P))  ^ 0 y = l,...,m 

which  corresponds  to  the  second  order  approximation  of  the  original  problem  about  F* (P),  at  the  optimum. 
This  is  similar  to  the  second  order  method  given  in  Ref.  4. 


Numerical  Results 

The  methods  presented  in  this  paper  are  demonstrated  for  the  10-bar  truss  structure  shown  in  Fig. 
2.  The  cross-sectional  areas  of  the  members  are  the  design  variables  and  the  objective  function  to  be 
minimized  in  the  total  weight  Constraints  are  imposed  on  the  stress  of  each  member.  The  allowable  stress 
is  25,000  Ib/in^  for  all  members  with  the  exception  of  member  9.  Side  constraints  are  such  that  0.1  in^ 

^i4.^25in^l  = 1,...,10. 
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Figure  3 shows  the  response  ratios  for  the  stress  constraints  (onjnembers  2, 9 and  10)  as  a function 
of  the  aUowable  stress  in  member  9 (a,).  It  is  observed  that  when  o,  < 30,000  the  stress  constraint  m 

member  10  is  passive  while  for  a,  > 30, 000,  this  constraint  becomes  active.  The  opposite  effect  is  observed 

for  the  lower  bound  side  constraint  on  member  10 from  active  to  passive),  pe  change  in  the  set  of  active 
constraints  produces  discontinuities  for  the  optimum  design  sensitivities  at  a,  = 30,000  Ib/in^. 

Tables  1 and  2 show  the  right  and  left  derivatives  for  the  optimum  design  with  respect  to  a,.  The 

first  column  correspond  to  the  exact  sensitivities  using  the  Kuhn  Tuckw  conditions.  The  second  and^ 
columns  correspond  to  the  approximate  derivatives  computed  via  finite  differences  using  a second  onto 
approximation.  For  the  third  column  only  diagonal  second  order  terms  were  retained.  For  both  cases  the 

step  was  set  to  500. 

As  expected,  the  sensitivities  are  not  continuous,  and  the  Kuhn  Tucker  formulation  gives  the  correct 
directional  derivatives.  The  finite  difference  results  show  a strong  agreement  with  respect  to  the  exact 
solution,  even  when  only  second  order  diagonal  terms  are  retained. 

Conclusions 

Ageneralprocedurefor  calculating  thesensitivityofaoptimizeddesign  to  various  problem  parameter 

has  been  presented.  The  method  is  based  on  the  first  order  Kuhn  Tucker  conditions  and  possible  discon- 
tinuities in  the  derivatives  are  taken  into  account  A finite  difference  approach  is  also  presented  based  on 
second  order  information.  The  quadratic  method  proved  to  be  ve^  accurate  in  estimating  the  optimum 
sensitivities.  This  method  is  particularly  attractive  since  no  distinction  has  to  be  made  between  degenerate 
and  non  degenerate  active  constraints. 
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Table  1 

Right  Derivative  of  the  Optimum  Values  of  A,  with  Respect  to 
Allowable  Stress  in  Member  9 


Sensitivities  (in^/psi  x 10^)  | 

Variables 

Optimal 
Solution  (in^) 

Kuhn 

Tucker 

Quadratic 

FuU 

Quadratic 

Diagonal 

7.936 

-0.400 

-0.399 

-0.405 

A2 

0.100 

0 

0 

0 

A, 

8.078 

0.400 

0.399 

0.405 

Ai 

3.929 

-0.400 

-0.399 

-0.405 

A$ 

0.100 

0 

0 

0 

A, 

0.100 

0 

0 

0 

An 

5.758 

0.566 

0.563 

0.573 

A% 

5.558 

-0.566 

-0.564 

-0.573 

A, 

4.634 

-15.932 

-15.871 

-16.132 

1 ^.0 

0.100 

0.570 

0.568 

0.537 

Table  2 

Left  Derivative  of  the  Optimum  Values  of  A,-  with  Respect  to 
Allowable  Stress  in  Member  9 


Sensitivities  (in^/psi  x 10^)  | 

Optimal 

Kuhn 

Quadratic 

Quadratic 

Variables 

Solution  (in^) 

Tucker 

FuU 

Diagonal 

7.936 

0.167 

0.149 

0.151 

A2 

0.100 

0 

0 

0 

A^ 

8.078 

-0.167 

-0.175 

-0.176 

A, 

3.929 

0.167 

0.172 

0.172 

A^ 

0.100 

0 

0 

0 

A^ 

0.100 

0 

0 

0 

A? 

5.758 

-0.235 

-0.298 

-0.298 

^8 

5.558 

0.235 

0.245 

0.247 

4.634 

15.656 

16.242 

16.244 

Aio 

0.100 

0 

0.064 

0.065 
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Figure  1.  One  Design  Variable  Problem. 
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Figure  3.  Changes  in  Active  Constraints  for  Ten  Bar  Truss  Example. 
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Abstract 

An  identification  procedure  proposed  by  Shen  and  Taylor  [1]  to  determine  the  crack  charac- 
teristics (location  and  size  of  the  crack)  from  dynamic  measurements  is  tested.  This  procedure  was 
based  on  minimization  of  either  the  ’mean-square’  measure  of  difference  between  measurement  data 
(natural  frequencies  and  mode  shapes)  and  the  corresponding  predictions  obtained  from  the  com- 
putational model.  The  procedure  is  tested  for  simulated  damage  in  the  form  of  symmetric  cracks  in 
a simply-supported  Bernoulli-Euler  beam.  The  sensitivity  of  the  solution  of  damage  identification 
problems  to  the  values  of  parameters  that  characterize  damage  is  discussed.  A sensitivity  formula 
is  derived. 


Introduction 

Many  optimum  or  light-weight  designed  load-carrying  structural  systems  such  as  tubines, 
generators,  motors,  aircraft,  and  spacecraft  are  under  sever  operational  conditions.  One  form  of 
damage  that  could  lead  to  several  failure  of  the  system  if  undetected  is  cracking  structural  member 
of  the  system.  This  motivates  the  search  for  new  methods  of  crack  monitoring  which  are  not  only 
quicker,  and  cheaper,  but  also  capable  of  detecting  the  integrity  of  structural  members.  Most 
importantly,  these  crack  monitoring  schemes  could  even  be  performed  on  line. 

An  detection  procedure  was  developed  by  Shen  and  Taylor  [1]  to  determine  the  crack  char- 
acteristics (location,  xc,  and  size,  cr,  of  the  crack)  from  dynamic  measurements.  The  idea  of  this 
procedure  was  related  to  methods  of  structural  optimization.  Specifically,  the  structural  damage 
is  identified  in  a way  to  minimize  one  or  another  measure  of  the  difference  between  a set  of  data 
(measurements)  T^,  and  the  corresponding  values  for  dynamic  response  obtained  by  analysis  of 
a model  for  the  damaged  beam.  This  may  be  expressed  symbolically  as  the  following  optimization 
problem: 

min  norm(T^  - M^),  (1) 

Naturally,  the  minimization  represented  here  is  constrained  by  the  equations  which  model  the 
physical  system.  Moreover,  as  indicated  in  the  discussion  by  Shen  and  Pierre  [2-4],  one  can  note 
that  the  more  modal  information  used  for  crack  detection,  the  more  accurate  and  reliable  the  result 
that  can  be  achieved.  For  practical  purposes,  the  objective  of  Eq.  (1)  was  formulated  based  on  a 
certain  set  of  specific  modes;  specifically  the  first  M modes  are  considered  in  the  inverse  procedure. 

In  this  study  the  corresponding  to  the  mean-square  measure  of  the  norm  is  examined.  The 
identification  process  is  based  on  minimization  of  the  ’mean-square’  measure  of  difference  between 
measurement  data  (natural  frequencies  and  mode  shapes)  and  the  corresponding  predictions  ob- 
tained from  the  computational  model.  The  identification  procedure  is  tested  for  simulated  damage 
in  the  form  of  a simply-supported  Bernoulli-Euler  beam.  The  uniqueness  and  reliability  of  the  iden- 
tification process  is  confirmed  by  solving  several  crack  identification  examples  with  specified  crack 
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positions.  Without  knowing  the  damaged  location,  a restricted  region  in  initial  data  space  had  been 
found  for  which  there  will  be  a realistic  and  convergent  solution  from  the  identification  process. 
This  region  is  small,  and  can  be  expanded  if  modal  variables  are  well  approximated  and  initial  data 
corresponding  to  higher  modes  of  the  beam  are  included  in  the  process.  However,  for  practical 
reasons,  in  structural  dynamic  testing  only  a small  subset  of  the  eigenvalues  and  eigenvectors  can 
be  represented  in  the  measurement  data.  Futhermore,  even  if  substantially  more  modal  informa- 
tion would  be  available,  the  minimization  search  may  be  prohibitive  for  such  a large-dimensional 
feasible  domain  that  would  result. 

A concept  of  improving  the  above  identification  procedure  is  also  purposed  in  this  study.  A 
sensitivity  formula  is  derived  there.  Some  questions  related  to  the  selection  of  proper  modes  to  be 
used  in  the  optimization  process  is  also  discussed  in  this  study. 

A Brief  Review  of  Cracks  Identification  Procedures  [1] 

111  reference  [1],  the  mean  square  differences  between  measured  and  modeled  values  of  frequency 
and  mode  shape  are  employed  as  the  objective  function  in  the  variational  formulations  for  the 
identification  of  a cracked  beam  with  one  pair  of  symmetric  cracks  are  presented.  In  other  words, 
the  inverse  process  seeks  to  determine  the  crack  parameters,  xcand  cr,  in  the  mathematical  model  to 
minimize  the  mean  square  difference  between  the  test  data  and  analytical  predictions.  In  addition, 
the  identification  problem  was  treated  as  well  in  the  form  of  a min-ma.x  problem  in  [1].  For 
simplicity,  only  the  mean-square  problem  formulation  was  presented  in  form  consistent  with  having 


the  beam  deflection  data  stated  in  discrete  form.  These  problem  formulations  are 

W r 

^ “■'*'(>)  "h  ^ ~ ) ll'Vi ( ^/m  ) ) ])  ( 2) 

m=l 

subject  to  constraints  that  define  the  beam  response  Wa  (ie.,  the  equations  for  free  vibration),  and 
which  prescribe  appropriate  normalization  of  Wo  and  test  data  wto-  subject  to; 

I {EIQ{w'^{x))‘^  - u}\pA  wl{x)}dx  = 0 (3) 

Jo 

T-1 

^ ~ Vo3  ~ 0 (4) 

m=2 

(cr  -I-  a xc)  - < 0 (.5) 

cr  < cr  < (6) 

< xc  < xc  (7) 


where  q, A/,  a is  a weighting  factor  on  the  cr  and  xc,  R represents  the  upper  bound  on 
value  cr  + axe,  and  and  7f,cr  represent  the  upper  and  lower  bounds  of  the  crack  (damage) 

parameters  ic  and  cr,  respectively.  Here  cr  = represents  crack  ratio  (a  measure  of  crack 
depth),  and  xc  identifies  crack  position  (see  Fig.  1). 

The  effect  of  cracks  on  the  structural  properties  of  the  beam  is  reflected  by  factor  Q in  Eq.  (3), 
as  described  for  symmetric  surface  cracks  in  Shen  and  Pierre  [2]  and  in  Christides  and  Barr  [5], 
and  for  the  single  surface  crack  problem  in  Shen  and  Pierre  (3,4).  In  other  words,  the  optimization 
parameters  xc  and  cr  cited  in  Eq.  (2)  enter  the  problem  via  Q. 
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Numerical  Examples 

The  numerical  optimization  technique  set  forth  in  this  study  for  vibrating  cracked  beam  iden- 
tification problems  is  accomplished  using  the  VMCON  optimization  package  program  (this  imple- 
ments a sequential  quadratic  programming  method).  The  damage  properties  (cr  and  xc)  of  the 
simply  supported  cracked  beams  are  identified  by  direct  solution  of  the  optimallzation  problems 
described  in  the  previous  section. 

The  cracked  beam  model  to  which  the  identification  procedure  is  applied  is  shown  in  Fig.  1.  It 
is  a simply  supported  beam  of  length  / equal  to  18.11  of  it’s  thickness  d,  with  uniform  rectangular 
cross-section  area  >1,  and  a pair  of  symmetric  cracks  of  cr  = 0.5  located  at  mid-span  {xc  = 0.5). 
Examples  with  position  of  the  crack  (damage)  specified 

Consider  the  first  example  for  crack  identification,  the  simply  supported  cracked  beam,  for 
which  the  crack  position  xc  is  known.  In  other  words,  only  the  crack  ratio  cr  is  to  be  identified; 
therefore,  the  variables  in  this  problem  are  cr,  and  mode  shapes  u;o(x)  (x^  = {cr,^^»,  u;o(xt„^)}). 
Furthermore,  according  to  the  observations  in  Shen  and  Pierre  [2,3],  the  even  modes  of  a simply 
supported  beam  are  not  sensitive  to  a mid-span  crack;  therefore,  in  effect  only  first  and  third  mode 
(a  = 1,3)  information  is  used  to  represent  crack  damage. 

In  Table  1,  the  top  row  denotes  the  assumed  crack  ratio  and  corresponding  first  and  third 
eigenfrequencies.  The  symbol  ♦ denotes  the  expected  optimal  solution  through  the  identification 
process.  The  first  two  column  entries,  indicate  the  fundamental  and  the  third  frequencies 

corresponding  to  the  initial  crack  ratio  cr  which  is  given  in  the  next  column.  The  leist  three  columns 
give  the  final  values  corresponding  to  previous  entry  values.  These  final  values  are  obtained  at  the 
stage  where  computation  is  terminated  when  the  further  optimal  search  obtains  improvements  for 
criterion  F less  than  the  specified  tolerance  (lOE  — 5 was  adopted  in  the  present  study).  Recall 
that  for  an  uncracked  beam  cr  is  identically  zero.  Therefore,  in  this  example,  it  is  decided  to  start 
with  the  case  of  the  initial  value  cr  = 0.0  and  for  each  case  thereafter  the  cr  value  is  increased  by 
0.1. 

In  Table  1,  rows  5 to  11  present  the  results  for  cases  with  initial  cr  = 0.1  to  0.8.  The  corre- 
sponding final  point  values  listed  in  the  columns  4-6  show  that  these  cases  exhibit,  as  expected, 
similar  solution  characteristics  and  accuracy.  This  provides  a physical  understanding  of  the  geome- 
try of  the  solution  set:  for  the  inverse  cracked  beam  problem  with  specified  crack  position,  the  mean 
square  criterion  of  Eq.  (2)  is  a convex  function  and  it  is  bounded  by  the  constraints  of  Eqs.(3-7). 
Hence,  one  may  conclude  that  the  convergence  of  the  present  optimization  problem  is  obtained 
independent  of  the  initial  data  chosen.  In  other  words,  as  long  as  the  initial  data  is  selected  within 
the  problem’s  feasible  domain,  an  accurate  and  unique  solution  through  the  identification  process 
is  expected. 

Examples  with  simultaneous  identification  of  crack  position  and  depth 

The  second  numerical  example  deals  with  the  crack  identification  of  a simply  supported  cracked 
beam  with  unknown  crack  ratio  and  with  crack  position  unknown.  In  this  treatment,  the  variables 
in  the  optimization  problem  are  cr,xc,  and  mode  shapes  u;a(^)  (ii  = {cr,xc,^o,,  u^o(xem)})- 

Table  2 shows  that  almost  all  of  the  cases  have  unacceptable  final  estimates  of  xc  and  cr.  For 
instance,  if  the  initial  position  is  selected  as  xc  = 0.4  and  cr  = 0.4,  the  values  of  xc  and  cr  at  the 
final  iteration  are  0.99789  and  0.36289  which  are  approximately  98%  and  28%  different  than  the 
given  test  data.  In  other  words,  evidently  the  configuration  with  xr  = 0.99789  and  cr  = 0.36289 
is  able  to  provide  another  minimum  value  of  the  criterion  (besides  the  one  associated  with  the 
expected  result).  Except  for  the  case  with  initial  cr  = 0.4  and  xc  = 0.48  which  provides  less  than 
1%  estimation  error.  A number  of  similar  examples  can  be  found  in  reference  [1]. 

Questions  arise  concerning  the  conditions  under  which  the  identification  procedure  can  pro- 
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vided  a unique  solution.  As  discussed  in  Shen  and  Pierre  [2-4]  and  concluded  in  the  studies  of 
Gladwell  et.  al.  [6],  if  all  the  mode  information  is  used  in  the  identification  procedure,  then  the 
system  s properties  can  be  identified  uniquely.  However,  for  practical  reasons,  in  structuraJ  dy- 
namic testing  only  a small  subset  of  the  eigenvalues  and  eigenvectors  can  be  represented  in  the 
measurement  data.  Futhermore,  even  if  substantially  more  modal  information  would  be  available, 
the  minimization  search  may  be  prohibitive  for  such  a large-dimensional  feasible  domain  that  would 
result.  These  comments  are  intended  to  point  out  certain  limitations  inherent  in  the  identification 
procedures. 


Sensitivity  Analysis  of  the  Optimal  Solution  from  the  Damage 

Idnetification  Process 


Without  using  higher  modes  information,  a concept  of  improving  the  above  identification  pro- 
cedure IS  presented  in  this  section.  The  idea  is  first  to  obtain  the  optimal  solution  of  a damage 
identification  process  with  crack  position  specified.  The  actual  crack  position  can  then  be  deter- 
mined by  characterizing  the  sensitivity  of  the  solution  of  damage  identification  process  to  the  value 
of  assumed  damage  position.  In  other  words,  the  final  solution  from  damage  identification  process 
should  be  preserved  at  the  new  damage  position  xc*  = ic  -|-  ^ic.  It  is  clear  that  the  variables 
— 1 “ ^ot(3?(m )}  S’*"®  dependent  on  parameter  xc.  From  the  K-K-T  necessary  conditions,  a 

set  of  the  equations  can  be  written  for  new  variables  xj  and  new  damage  position  xc*.  In  order  to 
achieve  an  improved  solution  from  damage  identification  process,  dxc  ran  be  selected  such  that  the 
criterion  be  reduced  and  constraints  be  prevented  from  violations  a.s  well.  Therefore,  to  find  6xc 
and  X]  is  equivalent  to  find  a optimal  solution  of  the  following  problem  : 


subject  to  : 


min  ($(xl,xc)^ -|-$'(x:,xc))^xc 

oxc 


[0»  + + ^*^6xc]\*  < 0 

• dx* 

(<^i  + = 0 


(8) 


(9) 


(10) 


where  C)  = g|^,  and  (')  = g|:.  Functions  and  <p,  are  the  criterion,  inequality  constraints, 

and  equality  constraints,  respectively. 


Conclusions 

A general  method  for  crack  identification  of  a simple  beam  with  one  pair  of  symmetric  cracks  is 
presented.  The  method  may  be  useful  as  a component  of  an  on-line  nonintrusive  damage  detection 
technique  for  vibrating  structures.  A variational  formulation  is  e.xpressed  as  a direct  minimiza- 
tion problem  statement  with  a criteria  of  the  mean  square  differenro  of  natural  frequencies  and 
mode  shapes  between  test  measurements  and  corresponding  model  values.  The  crack  identification 
problem  is  reduced  to  finding  the  cracked  beam’s  damage  parameters  that  will  satisfy  appropriate 
constraints  and  minimize  the  mean  square  difference. 

The  uniqueness  and  reliability  of  the  identification  process  is  confirmed  by  solving  several  crack 
identification  examples  with  specified  crack  positions.  Without  knowing  the  damaged  location, 
a restricted  region  in  initial  data  space  has  been  found  for  which  there  will  be  a realistic  and 
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the  identification  process.  This  region  is  small,  and  can  be  improved  via’ 
process  of  sensitivity  analysis  of  the  optimal  solution  from  the  damage  idnetification  procedure. 
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cr 


ii 

1.0 

0.98841 

0.97217 

0.94815 

0.91032 

0.73638 

0.54574 

0.27233 


6 

81.0 

80.0769 

78.8135 

77.0062 

74.3024 

63.7848 

55.0511 

45.9316 


cr 

0.1 

0.2 

0.3 

0.4 

0.6 

0.7 

0.8 


ii 

0.84684 

0.84697 

0.84704 

0.84701 

0.84694 

0.84705 

0.84703 

0.84700 


6 

70.1348 

70.1346 

70.1347 

70.1348 

70.1347 

70.1348 

70.1348 

70.1347 


0.50033 

0.50019 

0.49998 

0.50007 

0.50024 

0.49962 

0.50034 

0.50009 


Table  1:  Numerical  results  based  on  mean  square  problem  statement  of  Eqs.  (2-7)  with  the  crack 
(damage)  specified  (xc  = 0.5). 


Test  Data:  ^i=0.84703,  ^3=70.1348,  cr~=0.5,  ic*=0.5 


Initial  Data 


^3 


cr 


xc 


Final  Data 


^3 


cr 


xc 


0.91806 

0.91371 

0.91158 

0.91056 

0.91063 

0.73472 

0.73711 

0.73617 

0.73929 

0.73909 

0.75452 


78.5161 

76.6365 

75.1335 

74.7464 

74.5157 

63.8062 

64.2643 

64.7619 

65.6727 

66.6112 

74.0109 


0.4 

0.4 

0.4 

0.4 

0.4 

0.6 

0.6 

0.6 

0.6 

0.6 

0.6 


0.4 

0.43 

0.46 

0.47 

0.48 

0.51 

0.52 

0.53 

0.54 

0.55 

0.6 


0.69639 

0.70007 

0.84610 

0.84711 

0.84704 

0.84704 

0.84704 

0.84704 

0.84705 

0.84702 

0.70040 


70.13.59 

70.1362 
70.1347 

70.1347 

70.1348 
70.1348 
70.1348 
70.1348 
70.1.348 
70.1348 

70.1363 


0.99789 

0.99440 

0.91029 

0.67125 

0.50554 

0.60027 

0.60083 

0.60141 

0.602.55 

0.99721 

0.99079 


0.36289 

0.39620 

0.53775 

0.49033 

0.49972 

0.50526 

0.50531 

0.50534 

0.49459 

0.24709 

0.59307 


Table  2:  Numerical  results  b2ised  on  mean  square  problem  statement  of  Eqs.  (2-7).  The  position 
of  the  damage  xc  is  a variable. 
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SIMPLIFIED  DETECTION  AND  CORRECTION  OF  CRITICAL  DATA 
FOR  ILL-CONDmONED  SYSTEMS 
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University  of  Bridgeport,  Bridgeport,  Connecticut  06601 

ABSTRACT 


ni-conditioned  systems  arising  in  analysis  and  optimization  can  display 
a high  sensitivity  to  numerical  precision  for  changes  and  errors  in  data  input. 
Such  data  may  be  in  the  form  of  system  parameter  input  or  desired  system 
response.  The  ill-conditioning  we  refer  to  generally  arises  from  the  lack  of 
sufficient  independent  data  to  define  a complex  system  or  the  weak 
sensitivity  of  response  to  source  input  parameters.  In  this  paper  we  shall 
show  how  small  errors  in  data  and  assumed  fixed  and  known  parameters  can 
lead  to  highly  erroneous  results  in  ill-conditioned  linear  algebraic  equations. 

A simplified  detection  and  correction  of  critical  input  data  arising  in  the 

coefficient  matrix  and  desired  response  (i.e.,  right  hand  side)  is  proposed 
herein. 


71 


INTRODUCTION 


Ill-conditioning  is  characterized  by  high  sensitivity  of  solutions  to 
small  changes  in  system  parameters  and  data  inconsistencies.  In  this  paper 
we  shall  trace  response  data  and  input  parameter  errors,  and  show  how  they 
can  create  significant  solution  contamination  for  ill-conditioned  systems. 

We  will  then  show  how  a simple  detection  of  these  inconsistencies  is 
possible  from  an  examination  of  the  zero  and  near-zero  eigenvalues  and 
eigenvectors  of  the  system.  This  will  be  followed  by  a correction  procedure 
which  can  be  used  to  identify  the  sensitive  data  and  to  correct  it  as  well  as 
indicate  how  to  correct  the  system  response  or  design  parameters  to  achieve 
reasonable  solutions. 


TECHNICAL  APPROACH 

A technical  statement  of  the  problem  is  as  follows:  Determine  the 
parameters,  (r),  which  will  deliver  a desired  performance  or  response,  {Y}, 
starting  with  a design  based  on  initial  parameters,  {ro),  which  deliver  a non- 
optimum response,  {Yq}. 

Assuming  the  elements  of  {r}  are  reasonably  close  to  the  desired  design, 
a Taylor  series  expansion  yields 

{Y}  = {Yq}  + [SHr-rol  + {R}  (D 


where  { R } are  the  remainder  terms  in  the  approximation  and  [ S ] is  the 
response  sensitivity,  given  by 


[S] 


a{Y} 


(2) 


3{r) 


r = ro 


The  usual  linearization  procedure  employed  for  such  problems 
involves  performing  a least  error-squared  minimization  of  the  remainder 
terms  which  results  in  the  symmetric  formulation 


[A]{x)  = {b)  (3) 

where 

[A]  = [STs] 

{b}  =[S]T  {Y-Yo)  (4) 
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{x}  = {r-ro) 


If  there  is  insufficient  independent  performance  data  { Y - Yq  } to 
uniquely  determine  the  system  parameters,  ( r },  [ A ] will  be  ill-conditioned 
and  a solution  of  Eqn.  (3)  for  the  system  parameters  { r ) will  be  difficult  to 
achieve. 

One  procedure  for  solving  Eqn.  (3)  if  [ A ] is  ill-conditioned  (i.e.,  [ A ] 
has  zero  or  near-zero  eigenvalues)  is  to  use  the  Singular  Value 
Decomposition  (SVD)  method.^  This  requires  that  the  analyst  obtain  all  the 
eigenvalues  and  eigenvectors  of  [ A ],  which  can  be  computationally 
expensive  if  the  size  of  [ A ] is  large  (e.g.,  300  by  300)  even  when  the  rank 
deficiency  of  [ A ] is  small. 

A more  efficient  procedure  is  to  use  Epsilon-Decompositions^  (E-D) 
which  only  requires  computing  the  zero,  near-zero  and  lowest  non-small 
eigenvalues.  This  is  reasonable  since  it  is  only  the  zero  and  near-zero 
eigenvalues  which  make  the  system  ill-conditioned.  In  this  paper  we  will 
show  how  to  detect  and  eliminate  critical  data  errors  and  parameter 
contamination  errors. 

CHARACTERIZATION  OF  ERRORS 

Let  us  replace  Eqn  (3)  by  its  approximate  version,  i.e., 

A'  X’  = b'  (5) 

where  we  have  dropped  the  brackets  surrounding  the  matrices  and  vectors 

A’  » A 
b’  - b 

but  x’X  X since  A is  ill-conditioned. 

The  approximations  in  A'  are  caused  by  system  parameter  and 
sensitivity  errors,  whereas  the  approximations  in  b'  are  due  to  response 
errors. 


Let  (j>i  be  the  normalized  eigenvectors  of  A and  X.i  be  its  corresponding 
eigenvalues.  Thus, 

AO  =OA 


O"^  = O^ 


(6) 
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where 


C>  = [ <|)^,  <|>2, ...  <t>ri  ] 

and 


A = 


The  approximation  to  the  eigenvalue  matrix,  A is  A’ 

where 

A’  = A + P 
i.e.,  Xi  = X’i  + pi 
We  shall  assume  that 


4>'  »o 


Therefore, 

<1>T[  A*]  <D  - A' 

Letting 

X*  » O c’ 
b’ » Op’ 

and  substituting  Eqn  (5)  and  (6)  into  Eqn  (4)  yields 


(7) 

(8) 


(Xi  + pi)ci’  = Pi'  (9) 

where  we  have  made  use  of  Eqn  (5)  and  (6). 

Subtracting  Xi  ci  = Pi  from  Eqn  (9)  and  rearranging  terms  yields 


1 

1 

xo 

Pici’ 

- - 

(10) 
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EFFECTS  OF  ILL-CONDmOMIMr: 

If  the  matrix  A is  ill-conditioned  then  there  will  be  one  or  more  very 

small  eigenvalues,  X'i.  Therefore,  errors  in  b',  as  reflected  by  ft'  - Pi,  can  have 

a significant  influence  on  errors  in  x,  as  reflected  by  ci’  - ci.  This  can  be  easilv 
seen  from  Eqn.  (10).  ^ 


Siirularly,  errors  in  the  sensitivities  and  input  parameters,  as 
characterized  by  the  pi,  can  also  influence  errors  in  x { or  cj’  - cj). " 

SIMPLIFIED  CORRECTION  OF  DATA  SENSITIVITY 

Since  the  large  error  source  in  x,  for  small  errors  i n A and  b,  are  caused 

by  the  very  small  eigenvalues,  X'i,  it  is  proposed  that  the  <|>j  associated  with 

these  Xj  be  computed  and  their  contributions  to  A’  and  b’  be  removed  as 
follows: 


b’  - b = £ ctj  <|)j 

where 

aj  = <|)jTb' 

and 

A’  - A » Z Xj'  [ (|>j  (}>jT  ] 

Thus,  the  A'  parameter  matrices  and  b'  response  vectors  are  changed 
only  as  they  affect  the  ill-conditioned  nature  of  the  problem.  Once  these 
critical  changes  are  proposed,  the  analyst  must  decide  if  these  potentially 

sensitive  changes  should  be  made  consistent  with  the  potential  error  sources 
in  the  data  obtained. 

j proposed  change  in  A'  and  b'  to  [S'] 

and  {Y  - Y q)  using  Eqn.  (4). 


(11) 

(12) 


L-UNCLUSmiM 


A simplified  detection  and  correction  of  critical  data  sensitivity  for  Ul- 
conditioned  systems  has  been  proposed.  It  requires  computation  of  the  zero 
and  near-zero  eigenvalues,  an  their  corresponding  eigenvectors,  for  the 
system  at  hand  Only  a theoretical  derivation  has  been  presented.  Numerical 
examples  will  be  treated  in  futiu-e  investigations. 
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Abstract 

In  this  paper  we  compare  three  optimization-based  methods  for  solving  aerodynamic  design  problenis. 
We  use  the  Euler  equations  for  one-dimensional  duct  flow  as  a model  problem,  and  compare  the  three 
methods  for  efficiency,  robustness,  and  implementation  difficulty.  The  smoothness  of  the  design  problem 
with  respect  to  different  shock-capturing  finite  difference  schemes,  and  in  the  presence  of  grid  refinement,  is 
investigated. 


1.  Introduction 


Most  of  the  effort  in  devising  schemes  for  solving  computational  aerodynamics  problems  has  focused  on 
the  forward,  or  analysis  problem:  given  the  shape  of  the  airfoil  (or  aircraft),  what  will  be  the  flow  of  air  over 
it?  Of  more  direct  use  in  designing  an  aircraft  is  the  solution  of  the  more  difficult  inverse,  or  design  problem: 
given  the  flow,  what  shape  will  produce  it?  Recently,  due  to  improved  methods  for  solving  the  analysis 
problem,  and  also  due  to  increases  in  available  computational  power,  there  has  been  renewed  interest  in 
attacking  the  design  problem. 

Many  different  approaches  to  solving  the  design  problem  have  been  developed;  these  are  nicely  sum- 
marized in  [1].  For  our  purposes,  these  approaches  can  be  separated  into  two  fundamental  classes.  In  the 
first  class,  one  attempts  to  solve  the  inverse  problem  by  (essentially)  manipulating  the  equations  governing 
the  geometry  and  the  flow  so  that  the  geometry  can  be  solved  for,  once  the  flow  is  specified.  In  the  second 
class,  a method  for  solving  the  forward  problem  is  used  iteratively,  employing  an  optimization  strategy  to 
vary  the  airfoil  shape  in  some  systematic  way  until  (close  to)  the  desired  flow  is  obtained.  The  second 
class  of  methods,  while  generally  much  more  computationally  intensive  than  the  first,  offers  more  promise 
for  handling  difficult  geometries  and  complex  flow  phenomena,  and  takes  advantage  of  existing  methods  for 
solving  the  associated  analysis  problems. 

The  objective  of  this  paper  is  to  compare  several  optimization-based  approaches  for  solving  the  design 
problem.  To  do  so,  we  introduce  a very  simple  model  problem.  The  analysis  problem  for  this  model  is  well- 
known  and  has  been  widely  used  for  testing  numerical  methods  for  flows  with  shocks;  it  is  the  problem  of 
determining  the  steady,  one-dimensional  flow  of  an  inviscid  fluid  in  a duct  with  a specified  spatially-variable 
cross-sectional  area.  The  design  problem  for  the  model  is  to  determine  the  duct  shape  from  the  flow  solution. 
Except  for  one-dimensionality,  the  flow  phenomena  exhibited  by  solutions  of  the  model  are  quite  similar  to 
those  in  two-dimensional  inviscid  flow  over  an  airfoil;  this  point  is  illustrated  in  Figure  1.  Thus,  we  may 
hope  to  gain  some  insight  into  the  nature  of  the  airfoil  design  problem  by  studying  the  vastly  simpler  duct 
flow  model. 

In  Section  2 below  we  present  the  model  analysis  and  design  problems.  In  Section  3 we  present  three 
distinct  optimization  methods  for  solving  the  design  problem,  and  discuss  the  relationships  between  them.  In 
Section  4 we  display  some  computational  results  using  the  three  methods,  and  discuss  the  tradeoffs  between 
them.  In  Section  5 we  present  our  conclusions. 
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2.  Model  Problem 


2.1  Continuous  Analysis  Problem 


The  steady  flow  of  an  in  viscid  fluid  in  a duct  of  variable 
Euler  equations 


cross-sectional  area  A{()  is  governed  by  the 


(1) 


where 


puA 

(pu^  + p)A 

^{pE  + p)uA^ 


( is  distance  along  the  duct,  p is  density,  u is  velocity,  E = e + \i} (1  where  c is  specific  internal  energy,  and 
p is  pressure.  Here,  the  subscript  ^ means  differentiation  with  respect  to  and  it  is  assumed  that  A{^)  is  a 
given,  differentiable  function.  The  pressure  p is  given  by  the  equation  of  state  for  a perfect  gas,  p = (7—  l)pc, 
where  7 > 1 is  the  gas  constant.  (For  air,  7 = 1.4.)  We  assume  supersonic  inflow  at  ^ = 0 and  subsonic 
outflow  at  ^ = 1.  Under  these  circumstances,  it  is  proper  to  specify  three  boundary  conditions  at  ^ = 0 and 
one  boundary  condition  at  ^ = 1 [2], 

In  [3]  we  show  how,  under  these  conditions,  (1)  can  be  reduced  to  a single  ordinary  differential  equation 
in  u.  This  equation  is 

A + 17  = 0 (2) 

where 

/(u)  =u+ii/u,  9{u,0=  ^(7«  - H/u), 

and  7 = (7—  l)/(7-|- 1)  and  H = 2Hy  are  given  constants.  Here,  H = j2  is  the  total  enthalpy,  which 

is  evaluated  at  the  inflow  boundary.  Equation  (2)  is  fully  equivalent  to  (1);  no  approximations  have  been 
made  in  the  derivation. 

Now  we  pose  our  analysis  problem,  specified  so  that  the  solution  contains  a single  shock  at  , is 
supersonic  for  0 < ^ < {,,  and  subsonic  for  f < 1. 

i4na/ysis  Problem 
Given: 

MO.  M>0  (3a) 


Find: 


' /e  + P = 0,  away  from  the  shock;, 

UL  • uji  = H and  ti£,  > u.  > at  the  shock; 

(36) 

Mi  = 1)  = 

^ and  other  technical  conditions 


u(^)  satisfying 


u(^  = 0)  = Uin  > u* 


Here,  u.  is  the  sonic  velocity  the  conditions  at  the  shock  are  the  Rankine-Hugoniot  jump  relation 
and  the  entropy  condition,  and  the  specified  boundary  values  are  the  inflow  and  outflow  conditions.  The 
technical  conditions  amount  to  certain  relationships  between  u,„  and  u^ut  that  must  hold  in  order  for  a 
solution  to  exist;  see  [3]. 
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2.2  Discrete  Analysis  Problem 

We  introduce  three  discretization  methods  for  (2)  to  be  used  in  solving  (3)  ; these  methods  differ  in 
their  degrees  of  continuity,  which  has  an  effect  on  the  results  obtained  with  the  design  optimization  methods 
presented  later. 

Let  the  ^ -coordinate  be  discretized  by  a uniform,  cell-centered  grid  with  centers  at  (j  = {j  — l/2)/i, 
= 1/J,  where  J is  the  number  of  unknown  grid  values.  Let  Uj  represent  a piecewise  constant  approximation 
to  u on  each  grid  cell.  Then,  a conservative  difference  scheme  for  (2)  is  given  by 


Wj 


fj+m  - fj-i/2 
h 


+ gj  — 0. 


(4) 


Here  the  source  term  gj  = g{uj  ,{A^/A)j)  and  we  assume  that  the  duct  shape  A(^)  is  given  by  a piecewise 
cubic  spline  described  in  the  B-spline  basis  [4]  with  coefficients  bm  for  m = 1,2,,..,  A/  and  that  >1(0) 
and  i4(l)  are  fixed.  {A^/A)j  is  obtained  by  evaluating  the  spline  and  its  derivative  at  The  boundary 
conditions  on  u are  uq  = u(^  = 0)  and  = 1). 

It  remains  to  prescribe  the  fluxes  /;+i/2  ^ functions  of  uj  and  Three  such  prescriptions  are 

/^i  and  corresponding  to  the  Godunov,  Engquist-Osher,  and  Artificial  Viscosity  methods  for 
numerically  approximating  hyperbolic  conservation  laws;  see  [3].  The  Godunov  flux  corresponds  roughly 
to  the  first  order  upwind  scheme  frequently  used  in  computational  aerodynamics,  and  is  a C®  function  of 
its  arguments.  The  Engquist-Osher  flux  is  a slight  perturbation  of  that  makes  it  The  artificial 
viscosity  flux  is  entirely  different,  and  is  The  abilities  of  these  schemes  for  sharply  representing 
computed  shock  waves  vary  somewhat  inversely  to  the  degree  of  continuity,  with  the  Godunov  scheme  having 
about  one  grid  cell  interior  to  a shock,  the  Engquist-Osher  scheme  two  cells,  and  the  Artificial  Viscosity 
scheme  many  cells.  Because  continuity  is  an  issue  later,  we  will  refer  to  these  schemes  as  the  C®,  and 
difference  schemes,  respectively. 

Once  the  discretization  has  been  made,  we  are  faced  with  solving  a system  of  nonlinear  algebraic 
equations.  The  system  is 

Disertit  Analysis  Problem 

Given:  bm^  m = 1, . . . , M (spline  coefficients  describing  A(^)) 

Find:  Uj  satisfying 

W{u)  = 0.  (5) 


Here  W is  the  vector  of  discretized  equations  (4)  for  j = 1,2, ...  ,J  and  the  boundary  conditions  on  u.  We 
will  refer  to  the  method  for  solving  the  analysis  problem  as  the  analysis  code.  The  actual  method  employed 
in  the  analysis  code  may  be  Newton’s  method  (or  a variant),  some  other  iterative  method  (c.g.,  multigrid), 
or  a time-marching  scheme  that  approximates  a time-dependent  differential  equation. 


2.3  Continuous  Design  Problem 

We  next  turn  our  attention  to  posing  the  design  (or  inverse)  problem:  given  the  flow  solution 
what  is  the  duct  geometry  A(^)?  In  other  words,  we  want  to  find  that  duct  geometry  A(^)  such  that  the 
solution  of  (3)  is  some  specified  function  u({).  Some  of  the  obvious  ways  of  stating  the  design  problem 
are  mathematically  improperly-posed;  see  [3].  Given  these  difficulties,  we  are  led  naturally  to  seek  a least 
squares  approximate  solution;  that  is,  we  want  to  solve 

Design  Problem 

Given:  u(f) 

Find:  A(^),  A^  > 0 such  that  u(^)  satisfies  (3b)  and  ||ti({)  — ti(Oll2  minimized. 

We  note  that  this  particular  objective  function  puts  a large  premium  on  getting  the  shock  located 
correctly,  and  that  precise  location  of  shocks  may  not  be  as  important  in  practiced  design  problems  for 
airfoils  or  aircraft. 
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2,4  Discrete  Design  Problem 

We  assume  that  a desired  (or  goal)  velocity  distribution  uj  is  given  for  each  computational  cell  in  the 
analysis  problem.  Then  we  have 

Discrete  Design  Problem 
Given:  uj,  j = If 

Find:  6m,  m = 1, 2, . . . , A/  (spline  coefficients  describing  A(())  such  that  (5) 
is  satisfied  and  ~ minimized. 

Later  we  will  consider  three  variations  on  this  problem  that  amount  to  leaving  unconstrained, 

requiring  A(  > 0,  and  requiring  have  the  “correct”  sign.  The  latter  two  translate  into  simple  linear 
constraints  on  the  B-spline  coefficients  6m- 


3.  Approaches  to  formulating  design  problems  using  optimization 

Most  of  the  recent  literature  on  the  aerodynamic  design  problem  features  specific  optimization  ap- 
proaches or  specific  design  problems.  In  this  section  we  present  a general  view  of  the  problem  of  optimal 
design.  In  particular,  we  consider  three  different  methods  for  formulating  the  design  problem  as  an  optimiza- 
tion problem.  Concepts  for  these  approaches  are  illustrated  by  their  application  to  the  duct  design  problem 
discussed  in  Section  2.  Except  for  these  illustrations,  this  section  is  independent  of  the  previous  material. 


3.1  The  Black*Box  Method 

The  black-box  method  is  the  most  direct  approach  to  optimal  design.  In  the  black-box  method  the 
analysis  code  is  repeatedly  invoked  as  the  design  variables  are  altered  by  the  optimization  code.  Since  the 
analysis  code  is  independent  of  the  optimization  code,  it  may  be  treated  ais  a black-box. 

If  the  design  is  characterized  by  a vector  xj)  of  design  variables  then  the  optimal  design  problem  is 

given  by  , . > 

minimize  i(xo)  , 

xx>  € R”®  (6) 

subject  to  C{xj))  > 0 , 

where  f(xu)  is  the  objective  function*  and  C{zd)  is  a vector  of  mo  constraint  functions.  In  the  black-box 
method,  eadi  evaluation  of  l(xx>)  requires  a solution  by  the  analysis  code. 

Often,  the  function  f will  be  formulated  in  terms  oi  flow  variables  xp.  The  flow  variables  are  the  physical 
variables  on  the  discretization  grid,  such  as  velocities  or  pressures.  For  example,  the  objective  for  the  duct 
design  problem  is  a function  of  velocities  on  the  grid  cells.  In  this  situation,  f is  dependent  on  the  design 
variables  x/>  in  an  indirect  manner.  That  is,  the  variables  xd  arc  linked  to  the  flow  variables  xp  via  the 
differential  equations  or  the  discretization  of  these  equations,  since  the  flow  variables  will  change  when  (for 
example)  the  geometry  is  altered.  In  general,  f will  have  both  a direct  dependence  on  xp  and  an  indirect 
dependence  on  xp,  due  to  the  dependence  of  xp  on  xp.  Thus,  one  could  consider  the  objective  function 
to  be  f(x/'(xp),xp).  The  term  xr(xp)  indicates  that,  given  xp,  the  value  of  xp  is  obtained  by  solving  an 
analysis  problem. 

The  constraints  C may  also  have  an  indirect  dependence  on  the  design  variables.  However,  they  will 
often  be  shape  constraints  formulated  directly  in  terms  of  xp.  For  example,  one  version  of  the  duct  design 
problem  requires  that  the  duct  area  increase  monotonically.  This  constraint  can  be  formulated  in  terms  of 
the  coefficients  of  the  piecewise  polynomials  that  define  the  area  function  -A(^). 

One  of  the  drawbacks  of  the  black-box  approach  is  high  computational  cost.  Typically,  efficient  op- 
timization codes  (see  c.g.,  [5])  for  solving  (6)  require  computation  of  Vpf  and  VpC  , the  gradients  of 
the  objective  function  and  constraints  with  respect  to  the  design  variables.  Computing  these  derivatives 

* Note  that  the  typewriter  font  i is  used  for  the  objective  function  to  distinguish  it  from  the  flux  function 
/ introduced  in  Section  2. 
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by  one-sided  finite  differences  requires  solving  no  analysis  problems,  where  each  problem  corresponds  to  a* 
perturbation  of  a different  component  of  zo-  One  mitigating  factor  is  that  solving  these  perturbed  analysis 
problems  should  be  considerably  cheaper  than  solving  arbitrary  problems,  at  least  when  the  analysis  code 
employs  an  iterative  solver.  This  is  due  to  the  availability  of  the  solution  of  the  ‘nearby’  problem  at  the 
nominal  value  of  zp  as  a starting  guess  for  the  iteration  at  the  perturbed  value  of  Z£).  In  the  next  section 
we  show  that  the  first  derivatives  for  the  design  problem  can  often  be  computed  by  another  method  for 
considerably  less  cost  than  solving  no  analysis  problems. 

An  advantage  of  the  black-box  approach  is  that  the  analysis  code  can  be  used  essentially  without 
modification.  Thus,  there  is  no  need  to  tamper  with  complicated  discretization  schemes  such  as  those  used 
in  most  advanced  computational  aerodynamics  codes. 


3.2  A Black-Box  Scheme  Using  an  Implicitly-Derived  Gradient 

In  this  section  we  describe  a method,  based  on  the  implicit  function  theorem,  for  “cheaply”  computing 
derivatives  required  in  the  optimization.  Similar  methods  are  mentioned  in  reference  [6]  and  the  citations 
therein.  For  simplicity,  the  unconstrained  version  of  (6)  is  considered.  However,  the  results  apply  to  the 
constrained  problem  as  well. 

Assume  that  the  analysis  problem  has  been  discretized  so  that  an  analysis  consists  of  solving  a system 
of  nonlinear  equations.  In  this  case  function  evaluations  for  the  black-box  method  are  computed  as  follows. 
Given  a design  specified  by  Z£>,  the  analysis  code  solves  W{xr)  = 0,  where  xp  \s  the  vector  of  np  flow 
variables  and  kF  is  a vector  of  nonlinear  equations.  Since  the  analysis  problem  is  an  implicit  function  of 
Z£?  it  can  be  viewed  as  solving 

W{xp,xo)^0  (7) 

for  xp,  given  a design  specified  by  z/>. 

Suppose  that  xp  and  xo  are  considered  as  subsets  of  the  np  no  vector  z given  by 

i = ( xp  (8) 

the  Jacobian  (first-derivative)  matrix  of  (7)  is  then 


J = 


Jf 


(9) 


where  J is  np  x Jp  is  the  np  x np  Jacobian  with  respect  to  the  flow  variables  and  Jo  is 

the  np  X no  Jacobian  with  respect  to  the  design  variables.  (The  partitioned  view  of  the  Jacobian  implies 
nr  > this  will  usually  be  the  case.)  Note  that  Jp  is  often  available  in  analysis  codes,  especially  those 
based  on  Newton’s  method  and  variants. 

Consider  the  function  l(zr,££>)«  where  i is  the  same  as  the  black-box  method  objective  function  f, 
except  that  xp  and  xo  are  considered  to  be  independent  of  each  other.  The  function  i{xp,zo)  is  then 
equivalent  to  the  black-box  method  objective  function  i{xp{xo)i^D)  only  when  (7)  is  satisfied.  Computing 
gradients  of  f is  considerably  simpler  thaui  computing  gradients  of  1.  This  is  due  to  the  fact  that  the  partial 
derivatives  of  1 with  respect  to  variables  in  z/>  can  be  computed  with  the  assumption  that  xp  is  fixed.  In 
contrast,  the  partial  derivatives  of  i with  respect  to  variables  in  zd  must  account  for  the  fact  that  xp  is  a 
function  of  zx). 

Usually  Vpi  and  Vpl,  the  gradients  of  f with  respect  to  the  flow  variables  and  the  design  variables, 
respectively,  are  available  as  an  analytic  expressions  or  can  easily  be  computed  by  finite  differences.  For 
example,  the  discrete  design  problem  for  duct  flow  has  (V/'l(z))^  = Uj  — Uj  and  Vx)i(z)  = 0.  However, 
the  black-box  method  requires  V/>1,  the  gradient  of  1 with  respect  to  the  design  variables  zx>.  The  theorem 
below  provides  an  efficient  way  to  compute  VdI,  given  Vpi  and  Voi\  the  proof  may  be  found  in  [3]. 

Theorem  If  W{xp^xo)  = 0 and  W{xp,xo)  is  in  a neighborhood  of  z = {xp,xo)t  Jf 
nonsingul^  at  x then 

Vz>  i{xo)  = V|,i(x)  - Jl  Jf  Vf  i(x) . (10) 
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(Here,  superscript  T indicates  transpose.) 

The  following  algorithm  could  be  used  for  computing  Vpf  using  equation  (10).  First  compute  Vfi 
and  V/>f , solve  Jjy  = Vpi  for  y and  then  compute  - J^y.  Thus,  computation  of  by  the 

implicit  method  requires  computing  Jo  and  solving  the  linear  system  J'fy  = V/’l.  Computation  of  Jo  by 
forward  finite  differences  requires  no  evaluations  of  W(xp,xo)^  Note  that  evaluation  of  W{xp,xo)  (some- 
times referred  to  as  “computing  the  residuals”)  is  usually  significantly  cheaper  than  solving  W{xF^  xo)  = 0, 
i.e.  solving  the  analysis  problem.  Solving  Jj>y  = V pi  is  trivial  if  the  analysis  code  computes  a factorization 
of  Jp,  However,  if  an  iterative  method  such  as  pre-conditioned  conjugate  gradient  is  used  in  the  analysis 
code,  then  the  iterative  solver  must  be  adapted  to  solve  the  transposed  system. 

Some  analysis  codes  do  not  provide  Jp  or  an  iterative  solver  for  systems  involving  an  example  is 
a time-dependent  code  where  the  steady  state  solution  is  found  by  stepping  through  time.  The  implicit 
gradient  scheme  can  still  be  used  in  this  case,  provided  that  Jp  can  be  computed  efficiently  using  sparse 
finite  differences  (see  e.g.,  [7]).  The  sparse  difference  approach  only  requires  that  the  analysis  code  provide 
the  values  of  W{xp,xo)  when  values  of  xp  and  xo  are  input;  most  codes,  if  not  already  in  this  form,  can 
be  easily  modified  to  produce  W . 

In  general,  computing  implicit  gradients  is  much  cheaper  than  computing  gradients  by  finite  differences. 
This  is  because  the  finite  difference  gradient  computation  requires  the  solution  of  analysis  problems.  In 
contrast,  computing  the  gradient  implicitly  requires  no  evaluations  of  the  flow  equations  W{xp^xo)  and  one 
solve  of  a linear  system  with  the  matrix  Jj.  A disadvantage  of  the  implicit  scheme  is  that  some  (perhaps 
substantial)  modification  of  the  analysis  code  is  required. 


3.3  The  All-at-once  Method 

In  deriving  the  implicit  gradient  method  the  objective  function  i and  the  discretized  differentia]  equa- 
tions W were  considered  to  be  functions  of  the  independent  sets  of  variables  and  Thus,  one  could 
consider  a design  method  where  both  xo  and  xp  are  treated  as  optimization  variables  and  the  flow  equations 
W(^xp fXo)  — 0 are  treated  as  equality  constraints.  This  alUai^onct  method  can  be  described  formally  as 

minimize  f(x/',xx>)  , 

X G 

subject  to  C{xp,xo)  >0, 

^{xpyXo)  = 0, 

where  x — (x/» yXo)  and  the  vector  C are  the  design  constraints  as  in  (6)  . An  iteration  of  the  optimization 
now  involves  simultaneous  modification  of  both  xp  and  xo-  A similar  approach  to  the  design  problem  is 
described  in  [8]. 

An  advantage  of  the  all-at-once  method  over  the  black-box  method  is  the  probability  of  requiring 
considerably  fewer  equivalent  solutions  of  the  large  discretized  system  W{x)  - 0.  This  is  because  the  black- 
box method  requires  the  solution  of  W[xp)  = 0 for  each  change  in  xo-  However,  in  the  all-at-once  method, 
each  change  in  xo  requires  the  computational  equivalent  of  only  one  step  of  a Newton  solver  for  W{xp)  = 0. 

Another  advantage  of  the  all-at-once  approach  is  that  it  does  not  require  the  existence  of  solutions  to 
the  analysis  problem  for  all  values  of  the  design  variables  generated  in  the  course  of  the  optimization.  All 
that  is  required  is  that  the  residual  of  the  system  W{xp,xo)  be  computable  for  the  values  of  xp  and  xo 

generated  by  the  optimizer.  However,  by  definition,  the  analysis  problem  must  be  analyzable  at  the  optimal 
value  for 

A big  disadvantage  of  the  all-at-once  method  is  that  the  optimization  code  is  not  isolated  from  the  anal- 
ysis code.  That  is,  since  the  optimization  code  must  simultaneously  change  the  analysis  and  design  variables, 
it  must  contain  all  the  specialized  software  required  for  an  analysis.  In  particular,  even  if  the  number  of 
design  variables  is  small,  the  optimizer  must  include  code  for  handling  large  analysis  problems;  for  example, 
sparse  matrix  factorization  codes  or  codes  that  compute  preconditioners  and  conjugate  gradient  iterations. 
Consequently,  the  all-at-once  optimization  code  may  have  to  be  modified  significantly  for  application  to  each 
new  analysis  problem. 
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Another  disadvantage  of  the  all>at>once  method  compared  to  the  black-box  method  was  discovered  in 
tests  on  the  duct  design  problem:  the  all-at-once  method  is  much  more  susceptible  to  derivative  disconti- 
nuities arising  from  finite  difference  schemes  designed  to  sharply  approximate  shocks.  This  is  because  the 
optimization  in  the  black-box  method  sees  potential  discontinuities  only  if  shocks  move  to  different  grid  cells 
from  one  converged  analysis  to  the  next.  In  contrast,  the  all-at-once  method  has  potential  derivative  discon- 
tinuities if  shocks  move  to  different  grid  cells  for  consecutive  values  of  xp  in  the  optimization  iteration.  Since 
shock  locations  can  move  significantly  when  xp  is  far  from  an  analysis  solution,  this  type  of  discontinuity  is 
much  more  pervasive  with  the  all-at-once  approach. 


4.  Numerical  Results 

In  this  section  we  present  numerical  results  obtained  by  applying  the  design  methods  discussed  in  Section 
3 to  the  discrete  design  problem  for  duct  flow  described  in  Section  2.  The  testing  was  done  on  a Sun  SPARC 
workstation.  The  optimization  code  used  was  NPSOL,  a product  of  the  Systems  Optimization  Laboratory, 
Stanford  University.  NPSOL  is  an  implementation  of  a sequential  quadratic  programming  method. 

The  design  variables  (called  x/?  in  Section  3)  were  the  B-splinc  coefficients  describing  the  duct  geometry 
The  two  end  values  of  A were  fixed  at  A(0)  = 1.05  and  A(l)  = 1.745.  The  tests  were  run  for  the  case 
of  two  design  variables  (n/)  = 2)  and  ten  design  variables  {np  = 10).  The  results  for  = 2 are  found  in  [3] 

, and  those  (or  np  = 10  presented  here  in  some  detail.  The  linear  duct  shown  in  Figure  2a  was  the  initial 
design  for  each  run. 

Velocities  along  the  duct  were  the  flow  variables  (called  x/»  in  Section  3)  for  the  duct  design  problem. 
We  took  J = 40  grid  cells,  so  there  were  np  = 40  flow  variables.  The  boundary  conditions  were  uo  = 1.299 
and  U41  = 0.506.  The  flow  variables  resulting  from  an  analysis  of  the  linear  duct,  using  the  C®  difference 
scheme,  appear  as  crosses  in  Figure  2b. 

The  analyses  in  all  the  black-box  method  optimization  runs  were  “warm  started."*  That  is,  the  initial 
values  for  the  flow  velocities  were  taken  from  the  preceding  analysis.  The  initial  velocity  profile  for  the  first 
analysis  in  an  optimization  run  was  a linear  profile  connecting  the  boundary  conditions. 

The  velocities  uj  used  as  the  design  goal  were  the  evaluations  on  the  computational  grid  of  the  analytic 
solution  for  a duct  with  a cross-sectional  area  given  by  a sinusoidal  perturbation  of  the  linear  duct.  This 
velocity  profile  is  the  continuous  curve  in  Figure  2b. 

Figures  3-5  show  the  optimal  solutions  for  the  ri|>  = 10  duct  design  problem  using  the  C®,  and  C®® 
difference  schemes,  respectively.  The  = 10  case  allows  enough  degrees  of  freedom  for  “wavy"*  ducts  to 
be  generated  in  the  optimization  process.  It  is  clear  from  Figures  4 and  5 that  strangely  shaped  optimal 
ducts  result  from  the  higher  continuity  difference  schemes  that  allow  a “smearing”  of  the  shock.  This  is 
particularly  true  for  the  scheme. 

Table  1 gives  the  numerical  results  for  the  n/>  = 10  design  problem  with  no  constraints.  “Bbox  (fd 
grad)”  and  “Bbox  (impl  grad),”  respectively,  denote  the  black-box  scheme  with  finite  difference  gradients 
and  gradients  computed  using  the  implicit  method.  “Opt.  Found?  - Yes”  indicates  that  the  optimization 
code  converged  to  the  optimal  solution  (all  optimization  methods  converged  to  the  same  solution  for  a 
given  difference  scheme).  The  number  of  optimization  iterations,  number  of  function  evaluations  and  CPU 
time  are  indicated  in  the  “No.  Urns,"  “No.  Fcvals,”  and  “Time”  columns,  respectively.  The  number  of 
gradient  evaluations  is  approximately  the  same  as  the  number  of  function  evaluations.  The  “No.  Equiv. 
Newton  Steps”  column  indicates  the  number  of  times  the  optimization  method  requires  a computation 
that  is  is  equivalent  to  the  work  of  a Newton  step  on  the  discretized  analysis  problem,  solve  W{xp)  = 0. 
This  measure  of  computation  cost  is  used  because  this  cost  will  dominate  for  large  problems.  Inclusion  of 
equivalent  Newton  step  results  is  intended  to  provide  a more  meaningful  basis  for  performance  evaluation 
than  would  be  obtained  by  solely  considering  CPU  times  on  a small  problem. 

The  black-box  scheme  using  implicit  gradients  is  always  more  efficient  than  the  black-box  scheme  with 
finite-difference  gradients.  The  advantage  of  using  the  implicit  gradient  scheme  increases  as  the  number  of 
design  variables  increases.  This  is  to  be  expected  since  np  the  number  of  analyses  required  to  compute 
the  gradient  by  one-sided  finite  differences,  whereas  np  is  only  a secondary  factor  in  the  computation  cost 
for  the  implicit  gradient  method. 

In  results  not  shown  here,  we  found  the  all-at-once  method  to  be  susceptible  to  difficulties  due  to  low- 
continuity  finite  difference  schemes;  sometimes,  it  would  not  converge,  or  would  converge  to  an  undesirable 
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Table  1.  Test  Results  for  no  = 10,  no  constraints. 


Problem 

Difference 

Opt. 

No. 

No. 

No.  Equiv. 

Time 

Formulation 

Scheme 

Found? 

Urns 

Fevals 

Newton  steps 

(secs) 

Bbox  (fd  grad) 

c° 

yes 

31 

48 

1216 

105.4 

Bbox  (impl  grad) 

c° 

yes 

31 

48 

317 

all-aUonce 

c° 

yes 

19 

30 

19 

Bbox  (fd  grad) 

C‘ 

yes 

30 

46 

1143 

97.1 

Bbox  (impl  grad) 

yes 

28 

45 

315 

27.2 

ali-at-once 

C' 

yes 

19 

! 31 

1 19 

33.8 

Bbox  (fd  grad) 

coo 

yes 

28 

40 

998 

68.9 

Bbox  (impl  grad) 

coo 

yes 

29 

42 

257 

23.3 

all-at-once 

coo 

yes 

11 

12 

11 

18.2 

l^al  minimum.  However,  when  the  all-at-once  method  does  work,  as  in  the  C~  case,  it  is  much  more 
etticient  than  the  black-box  schemes.  This  is  particularly  true  in  terms  of  equivalent  Newton  steps. 

To  make  the  optimal  duct  design  more  physically  reasonable,  design  constraints  were  imposed.  Initially, 
hrst-derivative  positivity  (monotonicity)  constrainU  were  imposed.  The  optimal  duct  for  the  C°  sclieme  is 
unaffect^  by  the  monotonicity  constraint.  The  monotonicity  constraint  yields  an  acceptable  optimal  duct 
lor  the  C scheme.  The  optimal  duct  for  the  C“  scheme  with  monotonicity  constraints  is  considerably 
smoother  than  the  optimal  unconstrained  duct,  but  it  is  still  somewhat  ugly. 

In  addition  to  the  monotonicity  constraints,  second-derivative  constraints  were  imposed  which  required 
^e  duct  curvature  to  have  the  “correct”  sign.  The  second-derivative  constraint  has  little  effect  on  the  optimal 
scheme  ^ ducts.  However,  the  new  constraint  results  in  an  acceptable  optimal  design  for  the 

Table  2 compares  the  number  of  equivalent  Newton  steps  required  for  the  all-at-once  method  with 
ose  required  for  the  most  efficient  black-box  method,  on  problems  where  they  both  computed  the  optimal 
design.  The  all-at-once  method  has  a significant  advantage  in  the  unconstrained  case.  However,  adding 
design  constraints  reduces  this  advantage.  A partial  explanation  of  this  trend  is  that  the  optimization 

,WI  **'.  programming  problem  (QP)  at  every  iteration.  Since  the  all-at-once  method 

include  the  flow  variables  in  the  optimization  problem,  it  works  with  a much  larger  QP  than  the  black-box 
methods  Thus,  when  constraint  inequalities  enter  and  leave  the  active  set,  the  all-at-once  method  must 
per  orm  linear  algebra  computations  on  much  larger  problems  than  the  black-box  methods.  Despite  this 
disadvantap,  the  al  -at-once  method  always  required  many  fewer  equivalent  Newton  steps  on  C“  scheme 
problems  than  the  black-box  methods.  h ^ 

Based  on  the  duct  design  tests,  several  summary  statemento  can  be  made.' A general  trend  is  that 
increasing  the  continuity  of  the  difference  scheme  reduces  the  difficulty  in  the  optimization  runs,  but  increases 

constrained.  Summary  observations  comparing  the  three  problem 
t^wWl,  ^ compared  based  on  robustness,  computational  cost  and  the  extent 

to  whi^  they  allow  independence  of  the  optimization  and  analysis  codes.  (The  two  black-box  methods  tied 
tor  nrst  in  the  robustness  category.) 

The  tMt  results  indicate  the  desirability  of  improving  the  robustness  of  the  all-at-once  method  so  that  its 
efficiency  adi^tap  can  be  «ploited.  One  way  to  do  this  is  to  give  the  all-at-once  method  a very  good  initial 
“ “ate  of  the  ^lulmn  for  both  the  flow  and  design  variables.  This  idea  was  tested  on  the  no  = 10  design 
inkfil  "'"5  i difference  scheme,  with  both  monotonicity  and  curvature  design  constraints.  The 
Z tt  rl  were  taken  from  the  optimal  solution  computed  by  the  all-at-once  method 

orobfornTtr  The  dl-at-once  method  then  converged  to  the  optimal  solution  of  the 

th.  fin,l  Newton  steps.  The  total  cost  for  both  the  C“  initial  solution  and 

the  final  run  on  the  C problem  was  198  equivalent  Newton  steps.  This  is  an  improvement  over  the  315 
qui valent  Newton  steps  required  by  the  best  black-box  method. 

The  final  test  results  presented  here  relate  to  the  smoothness  of  the  optimal  design  problem.  For  this 
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Table  2.  Equivalent  Newton  Steps  for  Bbox  (impi  grad)  ns  All-at-once  Method. 


Constraints 

Avg.  ratio  of  equivalent  Newton  steps  for 
Bbox  (impI  grad)  over  all-at-once  method 

2 

none 

21.8 

10 

none 

18.9 

10 

1st  Deriv. 

2.2 

10 

1st  and 
2nd  Deriv. 

1.4 

Table  3.  Summary  Comparison  of  Design  Problem  Formulations. 


Problem 

Formulation 

Robustness 

Computational 

Cost 

Independence  of 
Optimization  and 
Analysis  Codes 

Bbox  (fd  grad) 

High 

High 

High 

Bbox  (impi  grad) 

High 

' Medium 

Medium 

all-at-once 

Low 

Low 

Low 

in  the  bill  r T ^ The  smoothness  plots  show  the  change 

betwL^  n i ^ "I  duct-defining  spline  coefficients  is  perturbed  over  a ranfe 

C*  ird  C~  s^em«  tT  ^i^ures  6-8,  respectively,  show  the  smoothness  plots  for  the  C®, 

Ai]  fk  ♦ .1  of  the  difference  schemes  is  clearly  reflected  in  the  test  results. 

.mnln  !.  ^ Computational  grid.  Many  analysis  codes 

employ  gnd-refinement  techniques  to  capture  the  details  of  flow  features,  such  as  shocks  Thus  it  is  of 
interest  to  consider  the  smoothness  of  the  design  problem  when  grid-refinement  is  used.  Figure  9 shots  the 

the  sL  tf  si^^alln  tr  ® t grid-refinement  case  were  run  using  an  objective  function  that  is 

goal  rocitir?lre^^  gnd  points  of  the  differences  between  the  computed  velocities  and  the 

fefilrtent  u ‘his  objective  function  using  the  C~  scheme  with  grid 

ittr^dltd  iif  Th  T ° difference  schemes.)  Considerable  discontinuity  is 

introduced  into  this  objective  function  by  grid  refinement. 

obiecTileTJh  lit  discussed  above,  a new  mte^ni/ objective  function  was  used.  For  this 

usiTSc  soLi  ThT^i;  i ” refined-grid  and  the  velocity  design  goal  were  interpolated 

th/J  ff  u objective  function  was  then  defined  as  the  numerical  integral  of  the  sum-of-squares 

whh  tbt  T-  r T smoothnei  plot  for  the  C®  s^m” 

new  objective  function  and  gnd  refinement.  (Similar  results  are  obtained  for  the  other  difference 
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schemes.)  Figure  11  indicates  that  the  combination  of  grid  refinement  and  the  integral  objective  function 
results  in  a smooth  design  problem,  even  for  the  C®  scheme. 


5.  Conclusions 

We  have  presented  three  methods  for  formulating  design  problems  as  optimization  problems.  The  first 
is  the  black-box  method  where  the  optimization  code  is  completely  separated  from  the  analysis  code,  and 
the  optimization  code  repeatedly  invokes  the  analysis  code  to  provide  values  of  the  flow  variables  that  are 
used  to  evaluate  the  objective  function  of  the  optimization.  Most  of  these  invocations  of  the  analysis  code 
are  made  by  the  optimization  code  in  order  to  evaluate  finite  difference  approximations  to  the  gradients 
of  the  objective  function  (and  constraints)  with  respect  to  the  design  variables.  In  general,  this  is  very 
costly.  We  therefore  presented  a modification  of  the  black-box  method  where  these  gradients  are  found  by 
an  algorithm  based  on  the  implicit  function  theorem.  This  black-box  method  with  implicit  gradients  inherits 
most  of  the  good  properties  of  the  black  box-finite  difference  gradient  method  (good  robustness,  considerable 
independence  of  the  optimization  and  analysis  codes),  while  substantially  reducing  the  computational  cost. 

The  black-box  method  with  implicit  gradients  can  be  retrofitted  to  most  existing  analysis  codes  to  turn 
them  into  design  codes.  The  amount  of  work  required  depends  on  the  solution  methodology  employed  in  the 
analysis  code.  The  largest  task  is  to  solve  linear  systems  with  a coefficient  matrix  that  is  the  transpose  of 
the  Jacobian  of  the  discretized  flow  equations  with  respect  to  the  flow  variables.  In  many  cases  (primarily 
in  schemes  based  on  Newton’s  method),  this  Jacobian  is  already  computed  by  the  analysis  code.  In  other 
cases,  it  can  readily  be  obtained  by  sparse  differencing.  In  all  cases,  a solution  method  for  the  transpose  of 
the  Jacobian  needs  to  be  provided.  While  this  is  trivial  if  a direct  factorization  of  the  Jacobian  is  employed 
in  the  analysis  code,  such  will  rarely  be  the  case  for  large  scale  (three  dimensional)  problems.  It  remains  to 
be  determined  how  iterative  methods  can  best  be  adapted  to  solve  transposed  systems. 

The  other  method  we  introduced  was  the  all-at-once  method  where  the  optimization  simultaneously 
varies  the  flow  and  design  variables,  and  the  discretized  flow  equations  are  viewed  as  equality  constraints  on 
the  optimization.  The  primary  difference  between  the  all-at-once  approach  and  the  black-box  approach  is 
that  the  discrete  flow  equations  are  not  required  to  be  satisfied  in  the  optimization  iteration  until  the  optimal 
solution  is  reached.  Obviously,  the  optimization  methodology  and  the  flow  equation  solution  methodology 
need  to  be  tightly  integrated  in  this  approach,  so  that  code  independence  is  sacrificed.  We  found  in  our  tests 
on  the  niodel  duct  flow  problem  that  the  all-at-once  approach  was  less  robust  than  the  black-box  approach, 
often  failing  to  converge  or  converging  to  an  undesirable  local  minimum.  This  was  especially  true  when 
difference  schemes  of  low  continuity  (those  giving  the  sharpest  shocks)  were  employed.  However,  when  the 
all-at-once  approach  succeeded,  it  was  dramatically  less  expensive  than  the  other  approaches.  Since  expense 
IS  a key  issue  for  large  problems,  further  investigation  of  how  to  increase  the  robustness  of  the  all-at-once 
method  seems  justified. 

The  issue  of  smoothness  of  the  black-box  design  problem  was  examined.  It  was  concluded  that  the 
optimal  design  problem  can  be  quite  smooth,  even  in  the  presence  of  low  continuity  difference  schemes  and 
grid  refinement,  provided  the  design  objective  function  is  appropriately  defined 
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DESIGN  OF  LAMINAR  FLOW  BODIES  IN  COMPRESSIBLE  FLOW  ' 

Simha  S.  Dodbele,  Research  Scientist 
Vigyan,  Inc.,  Hampton,  VA 

ABSTRACT 

An  optimization  method  has  been  developed  to  design  axisymmetric  body  shapes  such  as 
fuselages,  nacelles  and  external  fuel  tanks  with  increased  transition  Reynolds  numbers  in 
subsonic  compressible  flow.  The  method  involves  a constraint  minimization  procedure 
coupled  with  analysis  of  the  inviscid  and  viscous  flow  regions,  and  linear  stability  analysis 
of  the  compressible  boundary-layer.  Boundary-layer  transition  is  predicted  by  a "hybrid" 
transition  criterion  based  on  Granville's  transition  criterion  and  a criterion  using  linear 
stability  theory  coupled  with  the  e"-method.  A tiptank  of  a business-jet  is  used  as  an 
example  to  illustrate  that  the  method  can  be  utilized  to  design  an  axisymmetric  body  shape 
with  extensive  natural  laminar  flow.  On  the  original  tiptank  boundary  layer  transition  is 
predicted  to  occur  at  a transition  Reynolds  number  of  6.04  x 10®  on  the  original  tiptank.  On 
the  designed  body  shape  a transition  Reynolds  number  of  7.22  x 10®  is  predicted  using 
compressible  linear  stability  theory  coupled  with  e"-method. 

Luroduclion 

Recent  advances  in  airplane  construction  techniques  and  materials  employing  bonded 
and  milled  aluminum  skins  and  composite  materials  allow  for  the  production  of 
aerodynamic  surfaces  without  significant  waviness  and  roughness,  permitting  long  runs  of 
natural  laminar  flow  (NLF)  over  wings  in  subsonic  flow.  These  advances  lead  to  excellent 
opportunities  for  airplane  drag  reduction  by  increasing  the  extent  of  NLF  over  wings  [I]. 

As  compared  to  lifting  surfaces  laminar  flow  research  on  nonlifting  air-frame  surfaces, 
such  as  fuselages,  nacelles,  and  external  fuel  tanks  has  received  limited  attention  [2,3]. 

Reference  3 presents  a recent  overview  of  incompressible  transition  experiments  on 
axisymmetric  bodies.  References  4-6  presented  results  of  mostly,  incompressible,  under- 
water transition  experiments  over  bodies  of  revolution  with  varying  fineness  ratio, 
indicating  maximum  transition-Reynolds  numbers  of  about  20  million  for  low  fineness  ratio 
bodies. 

A recent  study  [7]  of  bodies  of  revolution  at  high  subsonic  speeds  without  supersonic 
regions  demonstrated  the  potential  for  tripling  the  length  of  sufficiently  stable  laminar 
flow  at  Mach  number  (M)  = 0.8  and  Length-Reynolds  number  (Rl)  = 40  x 10®,  in  comparison 
with  incompressible  speed  at  the  same  length  Reynolds  number.  A transition  experiment 
was  conducted  in  the  NASA-Ames  12-ft.  pressure  tunnel  by  Boltz  et  al.,  [8,9]  at  high  subsonic 
freestream  Mach  numbers,  measuring  the  transition  locations  on  two  ellipsoids  of  fineness 
ratios  (fj.)  of  7.5  and  9.14.  Transition  occurred  as  far  downsteam  as  80  to  88%  at  M = 0.90  to 

0.96.  Reference  10  presents  correlation  of  compressible  boundary-layer-stability  analysis 
done  for  several  of  the  experimental  results  reported  by  Boltz  et  al.  and  indicates  that 
integrated  T-S  linear  logarithmic  amplification  factors  (n-factors)  of  8-11  arc  obtained  at 
the  point  of  measured  transition  onset. 

The  transition  process  over  an  axisymmetric  body  shape  is  caused  by  large  amplitude 
growth  of  Tollmicn-Schlichting  <’T-S)  disturbance  waves  in  the  laminar  boundary-layer 
flow.  In  compressible  flow,  the  presence  of  density  gradients  in  the  boundary  layer  in  the 
direction  normal  to  the  wall  in  addition  to  the  velocity  gradients  can  result  in  a large 
reduction  in  the  spatial  growth  of  T-S  disturbances  in  the  laminar  boundary  layer.  The 
favorable  damping  effect  of  the  T-S  waves  in  compressible  flow  contribute  to  the 
achievement  of  increased  transition-Reynolds  numbers  (R|,.)  on  lifting  as  well  as 
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nonlifting  aircraft  surfaces  in  the  absence  of  strong  crossflow  [7].  This  favorable  effect  of 
compressibility  should  be  exploited  in  the  design  of  advanced  NLF  bodies  for  application  to 
general  aviation,  commuter,  transport  and  business  aircraft. 

This  paper  presents  a new  design  method  in  which  Granville’s  transition  criterion  and 
the  e"-mcthod  (originally  introduced  by  Smith  [11]  and  Van  Ingen  [12])  has  been 
incorporated  to  generate  body  shapes  with  increased  transition  Reynolds  numbers  at 
subsonic  compressible  speeds.  Design  calculations  for  a tiptank  in  compressible  flow  are 
presented  as  an  example  case. 

Optimization  Procedure  for  NLF  Body  Design 

The  design  method  developed  to  obtain  body  shapes  with  extensive  runs  of  laminar  flow 
is  illustrated  in  the  flowchart  (Fig.  1).  Initial  values  of  the  design  variables  describing  the 
body  shape  are  input  along  with  the  length  Reynolds  number,  Mach  number  of  the  free 
stream,  and  the  fineness  ratio  of  the  desired  body  shape.  The  axisymmetric  body  is 
described  by  design  variables  representing  the  body  ordinates  in  the  forcbody  section  and 
in  the  afterbody  section 

A constrained  minimization  method  (CONMIN)  [13]  is  coupled  with  analysis  of  the  inviscid 
and  viscous  flow  regions,  linear  stability  analysis  of  the  compressible  boundary-layer  and  a 
transition  prediction  method. The  aerodynamic  analysis  program  used  in  the  present 
optimization  procedure  is  based  on  a low-order  surface-singularity  method  (VS AERO)  [14].» 

Pressure  distributions  and  velocity  distributions  can  be  computed  by  this  method  which 
uses  surface  singularity  panels  to  represent  the  body  shape.  The  boundary-layer  profiles 

along  the  surface  of  the  body,  required  for  the  e” -method,  are  generated  by  a modified 
axisymmetric  boundary  layer  code  (HARRIS)  [15].  The  boundary-layer  finite  difference 
program  calculates  detailed  boundary-layer  velocity  and  temperature  profiles  along  with 
their  first  and  second  derivatives  normal  to  the  surface,  including  the  effects  of  transverse 
curvature.  Analysis  of  the  laminar  boundary-layer  stability  along  the  body  is  done  by 
using  compressible  linear  stability  theory.  The  COSAL  program  [16]  solves  the  finite- 
differenced,  boundary-layer  stability  equations  by  using  matrix  methods.  The  compressible 
T-S  eigenvalue  problem  is  solved  for  each  boundary -layer  station  along  the  body  surface 
giving  temporal  growth  rates  of  the  instability  waves  propagating  at  specific  wavelengths 
and  wave  angles.  The  temporal  growth  rates  are  transformed  to  the  spatial  growth  rates 
using  Caster's  phase-velocity  relationship  [17].  Boundary-layer  transition  is  predicted  by 
the  e“ -method  in  which  n,  usually  referred  to  as  n-factor,  is  obtained  by  integrating  the 
linear  growth  rate  of  the  T-S  waves  from  the  neutral  stability  point  to  a location 
downstream  of  the  body. 

The  correlation  of  a large  number  of  wind  tunnel  data  and  flight  transition  experiments 

with  linear  boundary-layer  stability  calculations  has  made  the  e** -method  a consistent 
transition-prediction  method  [18].  For  experiments  in  wind  tunnels  with  low  turbulence 
and  low  acoustic  levels  the  onset  of  transition  can  be  correlated  with  an  n-factor  of  9 to  11 
in  subsonic,  transonic  and  supersonic  flows.  In  the  case  of  flight  tests,  higher  h-factors  of 
the  order  of  12  to  15  have  ^cn  observed  to  correlate  transition.  In  the  present  design 
calculations,  the  n-factor  in  the  design  method  can  be  chosen  so  as  to  suit  a particular 
application-  e.g.,  to  design  a body  for  a wind  tunnel,  a flight  test  article,  or  an  under-water 
body. 

A number  of  geometric  and  aerodynamic  constraints  are  imposed  on  the  design 
parameters  to  generate  practical  and  realistic  body  shapes  for  given  design  conditions.  The 
geometric  constraints  will  be  that  the  design  variables  are  constrained  by  the  specified 
upper  and  lower  bounds.  Judicious  choice  of  the  upper  and  the  lower  bounds  for  the  design 
variables  will  accelerate  convergence  of  the  solutions.  The  level  and  the  location  of  the 
minimum  surface  pressure  along  the  body  surface  are  aerodynamically  constrained  by  the 
requirement  that  the  turbulent  boundary  layer  over  the  aft-portion  of  the  body  should  not 
separate  until  x=0.95  for  the  design  conditions.  The  objective  function  is  taken  to  be  a 
function  of  the  location  of  transition  predicted  by  the  following  "hybrid"  transition 
criterion. 


90 


(1) 


where  x,j(h)  = (xjf(g)+  x,r(c"))/2, 

*tr(8)  *s  *hc  transition  location  predicted  by  using  Granville's  transition  criterion  and 

*tr^®")*®  the  transition  location  predicted  by  using  e" -method  with  an  n-faclor  of  9.  But  for 

calculating  the  gradients  of  the  objective  function  Granville's  transition  criterion  is  used 
for  predicting  transition. 

The  objective  function  given  by  Eqn.  (1)  is  to  be  minimized  subject  to  the  constraints  on 
the  design  variables.  The  optimizer  computes  gradients  of  the  objective  function  using 
Granville's  transition  criterion  and  then,  using  either  a conjugate  direction  method  or  a 
method  of  feasible  direction,  determines  a linear  search  direction,  along  which  a new 
constrained  variable  is  constructed. 

An  improved  or  minimum  feasible  objective  functional  value  is  calculated  by  using  the 
hybrid  transition  criterion  given  by  Eqn.  (I)  and  a series  of  proposed  updated  design 

variables  are  calculated.  The  objective  function  and  the  constrained  function  arc  evaluated 

using  the  updated  design  variables,  interpolating  over  the  range  of  feasible  proposed 
design  variables  resulting  in  a minimum  value  of  the  objective  function.  The  results  arc 

tested  against  a convergence  criteria.  The  procedure  will  stop  if  the  convergence  criterion 
is  satisfied,  giving  a body  shape  with  maximum  transition  length  satisfying  the  separation 
constraint.  If  the  convergence  criterion  is  not  satisfied  the  design  parameters  go  through 
the  analyzer  again  resulting  in  a new  set  of  design  variables  and  the  procedure  is  repeated 
until  a final  body  shape  is  obtained. 

Details  of  the  Design  Method 

The  present  computational  procedure  is  used  to  design  axisymmetric  bodies  at  zero 
incidence.  At  zero  incidence,  the  growth  of  the  two-dimensional,  T-S  disturbances  is  the 
most  dominant  instability  mechanism  on  an  axisymmetric  body  leading  to  transition  in  the 
boundary  layer  if  laminar  separation  docs  not  happen  earlier  than  natural  transition.  For 
the  aerodynamic  analysis,  the  body  is  modelled  by  32  panels  in  the  axial  direction  and  8 
panels  in  the  circumferential  direction.  Using  the  VSAERO  panel  method  inviscid  pressure 
distributions  were  obtained  and  interpolated  at  200  axial  stations.  The  boundary-layer 
velocity  and  temperature  profiles  arc  obtained  with  101  points  in  the  direction  normal  to 
the  surface  and  90  stations  in  the  streamwise  direction.  Presently,  in  the  design  method  the 
boundary  layer  calculations  are  carried  out  for  adiabatic  wall  conditions  and  zero  suction 
through  the  wall. 

The  boundary-layer  stability  equations  for  the  example  considered  are  solved  at  every 
5th  streamwise  boundary-layer  station  starting  from  the  first  station.  The  boundary-layer 
stations  arc  skipped  from  the  point  of  view  of  reducing  the  computational  time.  In  the 
global  search  for  eigen  values,  the  sixth-order  stability  equation  is  solved  at  each  chordwise 
station  and  in  the  local  search  for  the  eigen  values  the  f^ull  eighth  order  stability  equation 
is  solved.  Prior  knowledge  of  the  critical  boundary-layer  disturbance  frequencies,  which 
are  functions  of  the  Mach  number  helps  to  identify  the  critical  frequency  spectrum  during 
the  course  of  the  design  optimization.  To  assess  the  effect  of  extending  the  length  of 
laminar  boundary-layer  flow  over  the  geometries  analyzed,  calculation  of  the  viscous  drag 
is  made  using  a modified  integral  boundary  layer  approach  [3]. 

Computational  Results  and  Discussions 

To  increase  the  speed  of  computations  the  design  program  is  run  with  the  initial  body 
geometry  using  Granville's  transition  criterion  to  obtain  a converged  body  shape.  The  final 
body  shape  obtained  by  using  Granville's  criterion  is  then  used  as  the  initial  geometry 
input  into  the  design  program  and  the  hybrid  transition  criterion  is  selected.  This 
procedure  greatly  reduces  computer  time  and  also  results  in  rapid  convergence  of  the 
design  variables. 


91 


Results  obtained  by  the  optimization  procedure  are  discussed  through  an  example.  All 
the  computations  were  done  on  a CRAY-2  computer.  A body  of  revolution  whose  maximum 
diameter  and  length  correspond  to  those  of  a tiptank  of  a representative  business  aircraft  is 
considered.  The  tiptank  has  a Fineness  ratio  of  8.00  and  the  design  flight  conditions 
considered  for  the  present  calculations  are  given  by  M=0.7  and  unit  Reynolds  number  (R') 

=1.28  X 10^/foot.  The  axisymmetric  body  is  modelled  by  a set  of  27  body  coordinates  with  12 
points  defining  the  forebody  section  and  15  points  defining  the  aftbody  section.  Twelve 
design  variables  representing  the  ordinates  in  the  forebody  region  are  allowed  to  vary 
within  the  set  of  specified  upper  and  lower  bounds  while  simultaneously  holding  the  tail 
section  aft  of  the  maximum  thickness  point  unchanged  during  the  design  iterations. 

The  final  body  shape  obtained  at  the  end  of  the  optimization  with  Granville's  criterion  is 
used  as  input  data  to  the  design  program  with  the  hybrid  transition  criterion.  In  the 
present  example,  since  the  axisymmteric  flow  is  subcritical  zero  TS  wave  angle  is  assumed 
in  the  design  calculations. 

The  original  tiptank  and  the  Final  body  shape  obtained  using  the  hybrid  transition 
criterion  along  with  the  results  of  stability  analyses  are  shown  in  Fig.  2 for  comparison. 

The  envelope  for  the  new  body  shape  has  a smaller  gradient  than  on  the  original  tiptank 
shape.  On  the  original  body,  the  critical  disturbance  characterized  by  a frequency  of  3500 
Hz  starts  growing  after  13%  of  the  body  length  from  the  nose  and  reaches  an  n-factor  of  9 

at  ^ coefFicient  (Cq)  of  0.0491  is  predicted  on  the 

original  tiptank  with  the  boundary-layer  transition  Fixed  at  x^f=0.33.  The  design  program 
took  2785  secs,  to  predict  the  Final  design  shape  with  the  hybrid  transition  criterion. 

On  the  designed  body  shape  the  transition  location  corresponding  to  n-factor  of  9 occurs 

at  = 0.39  ( Rtr(c")  = 7.22  x 10®).  Though  the  critical  frequency  leading  to  transition 

remains  at  3500  Hz  on  the  original  tiptank  and  the  designed  body,  boundary-layer 
transition  as  predicted  by  the  en-method  occurs  much  further  downstream  on  the  designed 
body.  A drag  coefFicient  (Cq)  of  0.0415  is  predicted  on  the  designed  body  shape  with  the 
boundary-layer  transition  fixed  at  x^f=0.39 


Conclusions 

An  optimization  procedure  has  been  developed  to  design  axisymmetric  body  shapes  with 
increased  transition  Reynolds  number.  The  new  design  method  involves  a constraint 
minimization  procedure  coupled  with  analysis  of  the  inviscid  and  viscous  flow  regions,  and 
linear  stability  analysis  of  the  compressible  boundary-layer.  Boundary-layer  transition  is 
predicted  by  a "hybrid"  transition  criterion  based  on  Granville's  transition  criterion  and  a 

criterion  based  on  linear  stability  theory  combined  with  the  e" -method.  A tiptank  of  a 

business-jet  is  given  as  an  example  to  demonstrate  that  the  method  can  be  used  to  design  an 
axisymmetric  body  shape  with  increased  transition  Reynolds  number.  Boundary-layer 

transition  is  predicted  to  occur  at  a transition  Reynolds  number  of  6.04  x 10®  on  the 

original  tiptank.  On  the  designed  body  shape  a transition  Reynolds  number  of  7.22  x 10®  is 
predicted  using  the  en-method,  an  increase  of  20%  in  transition  Reynolds  number. 
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Fig.  1.  Flow  Chart  of  design  procedure  for  NLF  fuselage 


Fie.  2.  Pressure  distributions,  predicted  compressible  T-S  disturbance  growth  curves  and 
transition*  locations  on  the  original  tiptank  and  the  final  design  shape  (optimization  by 
hybrid  transition  criterion) 
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Abstract  ^ 6 

An  approximation  for  dynamic  displacements,  which  captures  the  nonlinearities  associated  with 
resonMcc,  is  presented.  Tins  approximation  is  constructed  using  approximate  intermediate  response 
quantities.  When  dynamic  displacements  are  constrained  using  this  high  quality  approximation,  frequency 
constraints  are  no  longer  needed  to  keep  the  design  away  from  resonance. 


Introduction 

During  the  structural  synthesis  process  designs  that  have  natural  frequencies  near  the  forcing  fre- 
quencies of  the  applied  loads  may  be  generated.  This  produces  a resonance  condition  with  large  dynamic 
(hsplacc^ts  that  are  very  nonlinear  functions  of  changes  in  the  design  variables.  The  usual  approach  to 
^s  problem  is  to  place  frequency  constraints  on  the  design  to  keep  it  away  from  the  loading  frequencies. 
Choosmg  the  values  of  these  frequency  constraints  is  difficult  because  if  they  are  too  close  to  the  loading 
frequencies,  near  resonance  will  occur  and  if  they  are  too  far  away  the  design  may  be  overly  conservative, 
to  this  work  an  a^oximation  for  d^amic  displacements  is  developed  which  captures  the  nonlinear  effects 
of  resonance.  The  approxinwtions  introduced  here  allow  the  designer  to  forego  the  use  of  difficult  to  select 
frequency  constramts.  An  mportant  feature  of  the  approximations  presented  is  that  they  can  be  used  in 
uic  context  of  modal  analysis  for  dynamic  structural  response. 


Approximation  Concepts 

use  of  the  approximation  concepts  method  is  needed  for  efficient  structural  synthesis.  In  this 
method  “explicit  approximate  optimization  problem  is  formulated  and  solved  at  each  design  stage.  In 
toe  m^  1970  s approximate  represratations  for  constraints  and  objective  functions  were  generated  using 
irst  onto  Taylor  series  expan-ions  in  terms  of  direct  or  reciprocal  sizing  types  design  variables  (see  Refs. 
1 and  2).  More  ^urate  approximations  can  be  constructed  using  approximations  of  intermediate  response 
quantities,  wluch  were  introduced  in  Ref.  2.  The  intermediate  response  quantity  idea  has  been  applied  to 
stress  constramts  (Ref.  3),  frequency  constraints  (Ref.  4),  and  steady  state  harmonic  displacement  and  force 
constramts  as  well  as  complex  eigenvalues  constraints  (Ref.  5).  In  this  approach  simple  approximations 
A hybnd;  of  mtermediate  response  quantities  (e.g.  forces  in  the  case  of  stress  constraints 

and  modal  energies  m the  case  of  frequency  constraints)  in  terms  of  design  variables  can  be  used  while 
retainmg  the  explicit  nonlinear  dependence  of  the  ctmstraints  on  the  intermediate  response  quantities. 
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Mathematically; 

R,=m 

where  the  approximate  intermediate  response  {Rj)  is  a simple  function  of  the  design  variables  (X).  The 
approximate  value  of  the  constrained  response  iRc)  ts  then  calculated  as, 

Rc  = g(Ri,X)  (2) 

In  other  words,  given  the  design  vector  X,  the  approximate  value(s)  of  the  intermediate  response  (i?/)  is 
calculated  first  using  Eq.  1.  Then  the  constrained  response^c  corresponding  to^,  and  A"  is  evaluated  using 

Eq.2. 


Approximations  for  Dynamic  Displacements 
The  matrix  equation  of  motion  for  an  undamped  structure  is: 

[Af]  W + m {«}  = {/»} 


Assuming  a sinusoidal  loading  and  response  at  frequency  Q: 

{/*}  = {p}sinQr  W 

{«}  = {a}  sinftr 

Equation  (3)  can  be  transformed  into  the  frequency  domain; 

(rSf[M]  + [K]){a}  = {p)  (6) 

In  the  usual  approach  to  approximating  the  dynamic  displacements,  Eq.  (6)  is  solved  direedy  for  {a  } and 
the  derivatives  of  the  a,-  are  found  by  implicidy  differentiating  Eq.  (6): 


The  dynamic  displacements  are  then  approximated  as  direct,  reciprocal,  or  hybrid  (see  Ref.  6)  functions 
of  the  design  variables  so  that 

Uf  = di  sin  Qt  =f(X)  sin  ilr  (8) 

The  hybrid  approximation  uses  either  a direct  or  reciprocal  expansion  in  each  of  the  design  variables, 
selecting  term  by  term  the  alternative  that  is  most  conservative.  It  is  commonly  used  for  static  and  dynamic 
constraints  and  it  will  be  employed  here  to  construct  the  full  order  solution  for  comparison 

purposes. 

The  approximation  shown  in  Eq.  (8)  has  two  drawbacks.  The  first  is  that  it  is  based  on  the  direct 
solution  of  Eqs.  (6)  and  (7)  which  is  very  expensive  for  large  problems.  The  second  drawback  is  that  it  is 
a poor  sqiproximation  for  the  response  whenever  the  loading  frequency  (fit)  is  near  a natural  frequency  of 
the  structure,  because  of  the  strong  nonlinear  effects  of  resonance. 


In  order  to  determine  the  dynamic  response  of  large  structures,  modal  analysis  is  often  used  to  reduce 
the  order  of  Eq.  (6).  In  modal  analysis  the  response  of  the  structure  is  approximated  as  a linear  sum  of  an. 
orthogonal  set  of  basis  vector  that  is 

{a}=  i (9) 

M ■ 1 


where  the  z,  are  called  the  modal  participation  coefficients.  The  first  N natural  vibration  modes  of  the 
structure  (eigenvectors)  are  usually  chosen  as  the  basis  vectors  {<|>,}  and  that  is  the  approach  used  in  this 
work.  Substituting  Eq.  (9)  into  Eq.  (6)  and  pre-multiplying  by  [O]^  gives 


[Of  (-Q*[M]  + [/i:])[<D]{z}  = {/} 

(10) 

where 

{/}  = [Of  {p} 

(11) 

Defining  the  modal  potential  energy  matrix 

[t/]  = [Of  [Ar][0] 

(12) 

and  the  matrix 

[T]  = [Of  [M][0] 

(13) 

makes  it  possible  to  rewrite  Eq.  (10)  in  the  following  form 

(-D"[r]  + [C/]){Z}  = {/} 

(14) 

Note  that  the  order  of  Eq.  (14)  is  N which  is  much  smaller  than  the  order  of  the  full  system.  The  value  of 
N is  chosen  to  be  the  number  of  modes  needed  to  acciuately  represent  the  structural  response. 

When  the  basis  vectors  {({>,}  are  the  natural  mode  shapes  of  structure  they  are  orthogonal  to  both 
[AT]  and  [A/]  so  that  [U]  and  [T]  are  diagonal  matrices.  Equation  (14)  is  then  decoupled  and  the  individual 
z,  are  calculated  using  the  following  expression 


z 


(15) 
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where  NDV  is  the  number  of  design  variables.  Calculate  the  approximate  modal  participation  coefficients 
as 


z 


A 


(18) 


and  finally  the  approximate  amplitudes  of  displacement  as 

{J}  = [d>]{f}  (19) 

The  error  associated  with  this  approximation  is  small  and  comes  from  two  assumptions.  The  first 
is  that  the  displacements  can  be  represented  by  a truncated  set  of  modes  (AO-  This  is  the  error  associated 
with  the  analysis  and  it  can  be  controlled  by  choosing  a satisfactory  value  for  N,  The  other  assumption  is 
that  the  mode  shapes  are  invariant  with  changes  in  the  design  variables.  This  error  can  be  controlled  by 
putting  move  limits  (M.L.)  on  the  design  variables  at  each  design  stage.  In  the  example  section  of  this 
paper  it  is  shown  that  60%  move  limits  are  not  unreasonable. 

The  reason  for  the  accuracy  of  the  approximation  near  resonance  is  now  examined.  If  the  numerator 
and  denominator  of  the  right  hand  side  of  Eq.  (18)  are  divided  by  the  result  is 


f,rr^ 

0.rr,-ci^ 


(20) 


Note  that  is  the  Rayleigh  Quotient  Approximation  (see  Ref.  4)  for  the  structural  eigenvalue  (X.J 

corresponding  to  n“*  natural  mode.  Therefore,  Eq.  (20)  can  be  rewritten  as 


z.  - 


/,/T. 


(21) 


Note  that  as  the  structural  eigenvalue  for  mode  n 0^)  approaches  the  loading  frequency  (f2),  the  modal 
participation  coefficient  for  the  n*  mode  (f„)  becomes  very  large,  which  is  exactly  what  happens  at  reso- 
nance. The  full  order  approximation  in  Eq.  (8)  cannot  capture  this  effect 

It  should  be  recognized  that  an  approximation  based  on  the  direct  solution  of  Eq.  (6)  which  does 
capture  the  effect  of  resonance  was  presented  in  Ref.  7.  However,  this  approximation  cannot  be  employed 
when  modal  analysis  is  used  to  solve  for  the  dynamic  response  of  the  structure. 


Examples 

The  example  used  in  this  paper  will  be  the  mass  minimization  of  the  antenna  structure  shown  in  Fig. 
1,  The  structure  is  modeled  with  10  beam  type  finite  elements  has  24  degrees  of  freedoms,  and  five  modes 
are  used  for  the  modal  analysis.  The  elements  are  linked  to  produce  a symmetric  structure  with  five  design 
elements  (see  Fig.  1).  Each  design  element  cross  section  (see  Fig.  2)  has  2 design  variables  (r*  and  r^)  for 


V vanablcs.  The  response  of  node  7 in  the  y-direction  due  to  a 500  N load  applied  in  the 

y-(^non  at  node  9 with  vanous  forcing  frequencies  is  shown  by  the  solid  line  in  Fig.  3.  The  off  center 
load  will  excite  both  bending  and  torsion  in  the  structure.  Note  the  response  peaks  near  the  first  natural 
^uency  of  0.43  Hz  (first  bending  mode)  and  the  second  natural  frequency  of  1.04  Hz  (first  torsional 

example  problem  the  structure  is  loaded  at  0.7  Hz,  which  is  away  from  the  resonance 
amplitudes  of  nodes  5 and  7 in  the  y-direction  are  constrained  to  be  less  than  1 
IZ'  constraints  on  the  structure.  The  design  histories  and  error  in  the  displacement 

^phtude  approximuons  are  shown  in  Table  1 for  both  the  modal  and  direct  approximations  for  30%  and 
W%  d«ip  vanable  move  limits.  The  design  histories  are  plotted  in  Fig.  4.  Note  that  with  30%  move 
hnute  teth  aiyroximations  perform  reasonably  weU  with  60%  move  limits  the  modal  approximation  gives 
muc  astCT  design  convergence.  Also  note  that  the  modal  approximation  is  more  accurate  and  is  still 
accurate  when  60%  rriove  lirmts  are  used.  The  response  of  the  final  design  at  various  loading  frequencies 

shown  by  the  solid  line  in  Fig.  3.  In  the  final  design  the  constraint  on  node  5 is  active.  The  final  design 
IS  presented  in  Table  2. 

yhe  second  example  problem  is  the  same  as  the  first  except  the  loading  frequency  is  now  0 5 Hz 
whrch  is  near  resonance,  and  displacement  ampUtudes  of  nodes  5 and  7 in  the  y-direction  are  constrained 
to  tte  less  than  10  cm.  The  design  histories  and  error  in  the  approximations  are  shown  in  Table  3.  The 
esign  histones  are  plotted  in  Fig.  5.  Note  that  with  30%  move  limits  the  modal  approximation  converges 
r^idly  while  the  dir«t  approximation  overshoots  the  optimum  and  oscillates  with  designs  that  have  about 
7%  infeasibihty  with  respect  to  the  displacement  ampUtude  constraints.  Even  when  60%  m^  e limits  are 
used,  the  niodal  approximation  is  quite  accurate  and  a near  final  design  is  achieved  after  only  4 iterations 
At  the  final  design  the  constraint  on  node  5 is  active.  The  final  design  is  shown  in  Table  2. 

Conclusions  and  Recommendations 

The  modal  approximation  for  dynamic  displacement  response  is  quite  accurate  even  when  the  design 
is  near  resonance  and  large  move  limits  are  used.  ® 

The  approximation  presented  in  this  work  can  be  extended  to  damped  response  problems  when  modal 
analysis  is  used.  In  these  problems  the  quantities  a,,  z.,  C/,  and  T.  are  all  complex  but  the  devel- 

TUrT  similar.  Transient  response  of  damped  structures  can  also  be 

approximated  m the  manner  presented  in  this  work. 

Finally,  the  problem  of  disjoint  design  spaces  that  occurs  when  constraints  are  placed  on  dynamic 
splacemente,  observed  in  Ref.  8 and  explained  in  Ref.  9,  can  be  attacked  using  this  kind  of  approximation 
By  temporarily  setting  a particular  modes  participation  coefficient  equal  to  zero  the  design  wUl  be  able  to 

jump  across  the  resonance  peak  associated  with  this  mode.  This  may  help  the  design  process  converge 
to  a global  optimum.  ° 
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Tabic  1 

Design  Histories  for  Example  1 


Design 

Stage 


Mass  (kg)  [%  Error  in  Approximation]  | 

Modal 

(Intermediate 
Response) 
30%  M.L. 

Full  Order 
(Hybrid) 
30%  MX. 

Modal 

(Intermediate 
Response) 
60%  M.L. 

Full  Order 
(Hybrid) 
60%  M.L. 

4982 

5991  [0.0] 
5903  [0.3] 
5562  [0.3] 
5436  [0.1] 
5368  [0.1] 
5340  [0.1] 
5313  [0.0] 
5302  [0.0] 
5299  [0.1] 
5296  [0.2] 

4982 

5991  [0.6] 
5792  [2.8] 
5618  [2.2] 
5497  [0.6] 
5424  [0.6] 
5360  [0.2] 
5329  [0.2] 
5308  [0.0] 
5302  [0.0] 
5299  [0.0] 

4982 

5881  [0.2] 
5321  [0.3] 
5299  [0.0] 
5296  [0.0] 
5289  [0.1] 

4982 

5708  [4.5] 
5560  [2.0] 
5417  [0.1] 
5351  [0.2] 
5324  [0.1] 
5308  [0.1] 
5301  [0.0] 
5299  [0.0] 

Table  2 
Final  Designs 


Design 

Design 

Example  1 

Example  2 

Element 

Variable 

At  upper  bound 
At  lower  bound 
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Design  Histories  for  Example  2 


Design 

Stage 


Mass  (kg)  [%  Error  in  Approximation]  || 

Modal 

Full  Order 

Modal 

(Intermediate 

(Hybrid) 

(Intermediate 

Response) 

30%  M.L. 

Response) 

30%  M.L. 

60%  M.L. 

4982 

4982 

4982 

3749  [0.0] 

3749  [3.4] 

2508  [0.4] 

2898  [0.3] 

2995  [17.4] 

1368  [0.6] 

2245  [0.2] 

2344  [15.3] 

1180  [0.3] 

1748  [0.2] 

1835  [12.0] 

1175  [0.0] 

1401  [0.3] 

1472  [2.1] 

1171  [0.1] 

1219  [0.2] 

1264  [2.6] 

1170  [0.0] 

1129  [0.1] 

1181  [1.6] 

1169  [0.0] 

1169  [0.4] 

1163  [3.0] 

1168  [0.0] 

1155  [5.6] 

1165  [0.1] 

1137  [6.4] 
1146  [5.6] 

1137  [6.0] 
1140  [7.3] 
1125  [7.7] 
1140  [6.9] 
1127  [7.6] 

1138  [7.9] 
1123  [8.3] 

O node 

O analytia  •lemant 
Adasign  alajaant 


□ ® A (3 


Figure  1.  Antenna  Structure 
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Figure  2.  Beam  Element  Cross  Section 
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INTRODUCTION 

Effective  methods  of  approximate  eigensolution  reanalysis  of  modified  nonclassically 
damped  structures  are  developed  in  this  paper.  For  structures  with  passive  or  active 
discrete  damping  devices  or  with  damping  treatment,  the  system  becomes  non- 
propKjrtionally  damp>ed  and  the  computation  of  its  dynamic  responses  may  require  the  use 
of  complex  modes.  For  larger  systems,  the  computation  of  complex  modes  is  very 
expensive.  Thus  it  is  desirable  to  have  approximate  reanalysis  techniques  for  the  efficient 
evaluation  of  the  effect  of  design  changes. 

In  recent  years,  the  assumed  mode  reanalysis  method  has  been  successfully  applied  to 
minimum  weight  design  of  undamped  structures  with  naturcd  frequency  constraints  [1]. 
The  accuracy  of  the  assumed  mode  reanalysis  method  can  be  improved  dramatically  if  the 
global  approximation  function  includes  the  normal  modes  of  the  original  system  and  their 
derivatives  [2].  This  approach  has  been  demonstrated  to  be  effective  even  for  a system 
with  shape  changes.  In  this  paper,  the  approach  used  by  Noor  et  al.  [2]  for  eigensolution 
reanalysis  of  undamped  structures  will  be  extended  to  treat  a nonclassically  damped 
system. 


EIGENVALUE  PROBLEM  FOR  DAMPED  STRUCTURES 

Consider  a linear  structure  with  general  viscous  damping.  The  equations  for  free 
vibration  of  the  discrete  system  are 


Mq  + Cq  + Kq=0 

where  M,  C,  and  K are  mass,  damping  and  stiffness  matrices  respectively,  and  q is  the 
displacement  vector.  Assuming  these  matrices  are  symmetric,  the  system  of  second  order 
ordinary  differential  equations  can  be  expressed  as: 

Bix  - Aix  = 0 ^2) 

where 


and 
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f 

'V 

(4)  ^ 

(5) 


(6) 

(7) 

(8) 


provided  exists. 

Assuming  all  the  eigenvalues  of  Eq.  (6)  or  (7)  are  distinct,  then,  it  can  be  shown  that 
the  eigenvalues  satisfy  the  following  orthogonality  conditions: 

Uj7AiUi=  i^7BiUi=0 
for  i ^ j. 

It  should  be  noted  that  Eq.  (9)  is  true  since  Ai  and  Bi  are  symmetric  matrices. 

When  the  system  is  being  modified,  its  mass,  stifhiess  and  damping  matrices  are 
changed  by  AM,  AK  and  AC  respectively.  The  new  eigenvalue  problem  is  given  by 

^ b[  u; = a;  u; 

where 

/ 

Aj=Ai+AAi 


(12) 

(13) 

(14) 


For  an  n-degree  of  freedom  system,  the  eigenvalue  problems  of  Eqs.  (6)  and  (10)  are  of 
order  2n.  For  imderdamped  structures,  the  eigensolution  includes  n pairs  of  complex 
conjugate  eigenvalues  with  n pairs  of  eigenvectors  that  are  complex  conjugate  to  each 
other.  Assuming  L pairs  of  eigensolutions  are  computed  for  the  nominal  structure  (i.e.  Eq. 
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(6)),  the  reanalysis  problem  is  to  use  this  information  to  solve  the  eigenproblem  of  the 
modified  system  (Eq.  (10)). 


EFFICIENT  EIGENSOLUnON  REANALYSIS  METHODS 

For  undamped  structures,  efficient  reanalysis  has  been  studied  quite  extensively  by 
many  researchers  [1-4].  For  local  modification,  a receptance-based  reanalysis  method  for  a 
general  damped  system  has  been  developed  [4].  In  this  paper,  several  reanalysis 
approaches  based  on  the  classical  Bubnov-Galerkin  approach  will  be  presented. 

Substituting  Eqs.  (11)  and  (12)  into  (10)  the  following  equation  is  obtained  after  we 
split  the  operator: 

{Xi  Bi  - Ai)  Uj'  = -Xi'ABi  Uj^  + AA 

Let 

X.J  + A^i 

Equation  (15)  can  be  written  as 
X,(B,-A,)u:  = f| 

where 

fj  = - Xj  AB;i  Uj’  + AAj  u|  - AXi  B^  u[ 

It  should  be  noted  that  Eq.  (17)  is  the  exact  eigenvalue  problem  of  the  modified  system 
written  in  a different  form.  For  approximate  solution,  let  us  substitute  AXj  = A)q , 

Xj  = Xi  = Xi  + AXi , Uj  = Ui  into  f.  to  yield 


(15) 

(16) 

(17) 

(18) 


(Xj  Bj  - Aj)  u|  - ?i 


(19) 


where 

?i  = - Xj  AB j Uj  + AAj  Uj  - AXj  Bj  Uj 
It  should  be  noted  that  AXj  can  be  estimated  from 

AXj  = u^  (AAj  - Xj  ABj)  Uj 

and  the  eigenvectors  are  normalized  so  that 


(20) 


(21) 


uJ  B|  Uj  = 1 


(22) 


The  general  solution  of  Eq.  (19)  is  then 
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where  Auj  is  the  particular  solution  of  the  system  of  equations  (19).  It  should  be  noted  Auj 
can  be  interpreted  as  a derivative  of  the  eigenvector  uij  and  can  be  solved  by  several 

techniques,  such  as  Nelson's  method  [5]. 

f 

Equation  (23)  is  the  explicit  approximate  reanalysis  for  the  ith  eigenvector.  Once  u.  is 
available,  the  corresponding  eigenvalue  can  be  computed  from 


, Uj'^  Ai'uj' 

Another  approach  of  solving  the  reanalysis  problem  is  to  assume 


(24) 


ixj  = T Tli  (25) 

The  modified  eigenvalue  problem  then  becomes 

(26) 

where 

Bi  T (27) 


a[  Ai  T (28) 

The  accuracy  of  the  above  approach  depends  on  the  choice  of  basis  vectors  in  the  transfor- 
mation matrix  T.  The  simplest  choice  of  T would  be  a set  of  truncated  eigenvectors,  that  is 

T = [ui  U2  •••  ulI 

In  view  of  Eq.  (23) , one  may  incorporate  Aui  and  form  T as 
T = [ui  •••  Um,  Aui  •••  AulI 

Since  the  computation  of  Aui  by  Nelson's  method  is  quite  involved,  the  following  scheme 
may  be  used  to  find  an  approximate  uj  for  Aui.  Let  us  add  ctXiBiUi'  to  both  sides  of  Eq.  (17) 
and  then  evaluate  the  right  side  as  before  to  get  the  following  equations  for  Aui 

((1 +a)XiBi-Ai)AUi  = fi-aXiBiUi  (31) 

where  a is  a small  positive  number.  In  the  numerical  example,  a value  of  0.01  is  used  for 
a.  Note  that  Aui  is  an  approximation  to  the  eigenvector  derivative.  For  numerical 
stability,  the  contribution  of  lower  modes  to  Auj  should  be  filtered  out.  The  resulting 


vector  Auj  can  be  considered  as  a "residual  mode"  of  the  system.  The  transformation 
matrix  T can  then  be  constructed  as 

T = [ui...UL,  Aui...AuJ  (32) 


In  summary,  the  following  eigensolution  reanalysis  methods  are  available. 

I.  Explicit  Method 

Use  Eq.  (23)  to  compute  approximate  u[  and  then  use  Eq.  (24)  to  compute  . 

n.  Implicit  Methods 

* 

The  implicit  methods  involve  the  solution  of  Eq.  (26)  for  and  T|i  and  then  use  Eq. 

(25)  to  compute  uj.  Three  variations  are  available. 

(1)  Assumed  mode:  Use  Eq.  (29)  for  the  transformation  matrix.  This  method  is 
designated  as  Ai  in  Table  3,  where  i is  the  number  of  pairs  of  modes  used. 

(2)  Improved  assumed  method  using  Eigenvector  Derivatives:  Use  Eq.  (30)  for  the 
transformation  matrix.  This  method  is  designated  as  Ali  in  Table  3,  where  i is 
the  number  of  pairs  of  modes  used. 

(3)  Improved  assumed  mode  method  using  Approximate  Eigenvector  Derivatives: 
Use  Eq.  (32)  as  the  transformation  matrix.  This  method  is  designated  as  AAi  in 
Table  3,  where  i is  the  number  of  pairs  of  modes  used. 

The  above  methods  are  applied  to  a numerical  example  in  the  next  section. 


NUMERICAL  EXAMPLE 

The  ten  degree  of  freedom  mass-spring-damper  system  shown  in  Figure  1 is  used  to 
test  the  reanalysis  methods  proposed  in  this  paper.  Five  cases  are  studied.  They  are 
defined  in  Table  2.  These  cases  range  from  uniform  change  in  stiffness  and  damping 
properties  (Case  A)  to  more  severe  modifications  that  include  the  removal  of  one  of  the 
support  springs  (Case  D)  and  the  removal  of  all  dampers  (Cases  E). 

The  first  two  eigenvalues  of  the  modified  systems  are  summarized  in  Table  3.  These 
include  the  exact  solution  and  reanalysis  results  by  several  methods. 

For  Case  A and  C,  all  reanalysis  methods  perform  well.  For  cases  B and  E,  the 
assumed  mode  method  requires  the  use  of  two  pairs  of  modes  to  yield  reasonable 
estimates  of  the  fundamental  eigenvalue.  For  case  D,  which  involves  the  removal  of 
spring  No.  11  in  the  model,  the  assumed  mode  method  performs  poorly,  even  with  four 
pairs  of  modes.  On  the  other  hand,  the  improved  methods  yield  good  results  for  all  test 
cases  when  using  one  pair  of  modes  plus  the  associated  residual  modes. 
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CONCLUDING  REMARKS 

=rS;? " * 

eigenvalue  (i.e.  eigenvalue  with  positive  red^S^rrh!^^  ^ indicate  a bogus  unstable 
u^d  with  caufinn  Tha  Jrr,^  * "'[f  Thus,  the  reanalysis  method  should  be 

improvement  over  the  assumed  mode  meS^d  TThe^^  rMnd°^-^  provide  significant 
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Table  1.  Data  for  Numerical  Example 


i 

mi 

ki 

Ci 

1 

1 

1000 

5 

2 

2 

2000 

10 

3 

3 

3000 

10 

4 

4 

4000 

15 

5 

5 

5000 

15 

6 

2 

6000 

10 

7 

3 

7000 

5 

8 

4 

10000 

20 

9 

2 

30000 

25 

10 

5 

20000 

25 

11 

- 

30000 

0 

Table  2. 

Definition  of  Cases 

Case 

Modifications 

Mass 

Stiffness 

Damping 

A 

None 

Aki  = 0.25  ki 

Aci  = -0.3  Q 

B 

None 

Aki = 5000 
Ak6  = 10000 

Ac2  = 10 

C 

Ama  = 52 
Amp  = 208 

None 

None 

D 

None 

Akii  = - 30000 

Aci  = —0.3  Ci 

E 

None 

Aki = 5000 
Ake  = 10000 

Aci  = - q 

Table  3.  Summary  of  Results  for  Ten  Degree  of  Freedom  Example 


Eigenvalues 

<< 

W 

OJ 

N/A 

V/N 

N/A 

0.3011 
+35.8830  i 

-0.0278 
+29.6216  i 

-0.0349 
+29.8281  i 

-1.0771 
+32.0315  i 

u 

1 

0.0343 
+16.1286  i 

-0.0094 
+13.1863  i 

-0.0108 
+13.1901  i 

-0.1613 
+14.4693  i 

0.0005 
+13.3303  i 

-0.0008 
+13.3354  i 

-0.2682 
+14.0314  i 

CO 

<< 

Case  D 

-0.2845 
+19.2199  i 

V/N 

N/A 

V/N 

-0.6795  i 
+25.6470  i 

-0.2988 
+19.1666  i 

-0.2930 
+19.2004  i 

-0.2326 
+26.0879  i 

<< 

-0.0304 
+4.5219  i 

-0.0853 
+10.1106  i 

-0.2170 
+4.8847  i 

-0.1429 
+5.0390  i 

-0.1087 
+10.1478  i 

-0.2676 
+4.3441  i 

0.2884 
+4.5939  i 

0.5525 
+10.5834  i 

m 

<< 

CaseC 

-0.0382 
+8.2588  i 

V/N 

N/A 

N/A 

0.3967 
+12.0897  i 

-0.0613 
+8.4144  i 

-0.0898 
+ 8.4778  i 

0.2223 
+10.0760  i 

T— ' 

-0.0319 
+4.6353  i 

-0.0453 
+4.8547  i 

-0.0359 
+4.6323  i 

-0.0367 
+4.6329  i 

-0.0211 
+4.7237  i 

-0.0327  + 
+4.6376  i 

-0.0316 
+4.6383  i 

0.0166 
+4.7997  i 

cn 

CQ 

QJ 

-1.2569 
+29.6443  i 

N/A 

V/N 

N/A 

-0.8601 
+35.8799  i 

-1.2638 
+29.6410  i 

-1.2633 
+29.6476  i 

-1.9704 
+32.1478  i 

CA 

u 

-0.2329 
+13.3156  i 

-0.1301 
+16.1283  i 

-0.2298 
+13.1868  i 

-0.2306 
+13.1906  i 

-0.3388 
+14.4759  i 

-0.0.2328 
+13.3294  i 

-0.2329 
+13.3343  i 

-0.4784 
+14.0547  i 

C< 

cn 

r< 

< 

0) 

CO 

-0.8109 
+ 29.8325  i 

V/N 

V/N 

N/A 

-0.8373 
+29.8274  i 

-0.8113 
+29.8326  i 

-0.8110 
+ 29.8330  i 

-0.8093 
+ 29.8357  i 

u 

-0.1120 
+12.1852  i 

-0.1118 
+12.1852  i 

-0.1120 
+12.1860  i 

-0.1119 
+12.1852  i 

-0.1097 
+12.186  i 

-0.1119 
+12.1852  i 

-0.1120 
+12.1852  i 

-0.1093 
+12.1806  i 

O 

u 

ed 

S 

X 

< 

< 

< 

< 

< 

< 

< 

< 

< 
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I.  Abstract 

The  cost  of  implementing  new  technology  In  aerospace  propulsion  systems  is  becoming 
prohibitively  expensive.  One  of  the  major  contributors  to  the  high  cost  is  the  need 
to  perform  many  large  scale  system  tests.  Extensive  testing  is  used  to  capture  the 
complex  interactions  among  the  multiple  disciplines  and  the  multiple  components 
inherent  in  complex  systems.  The  objective  of  the  Numerical  Propulsion  System 
Simulation  (NPSS)  is  to  provide  insight  into  these  complex  interactions  through 
computational  simulations.  This  will  allow  for  comprehensive  evaluation  of  new 
concepts  early  in  the  design  phase  before  a commitment  to  hardware  is  made.  It  will 
also  allow  for  rapid  assessment  of  field-related  problems,  particularly  in  cases  where 
operational  problems  were  encountered  during  conditions  that  would  be  difficult  to 
simulate  experimentally.  The  tremendous  progress  taking  place  in  computational 
engineering  and  the  rapid  increase  in  computing  power  expected  through  parallel 
processing  make  this  concept  feasible  within  the  near  future.  However  it  is  critical 
that  the  framework  for  such  simulations  be  put  in  place  now  to  serve  as  a focal  point 
for  the  continued  developments  in  computational  engineering  and  computing  hardware  and 
software.  The  NPSS  concept  which  is  described  below  will  provide  that  framework. 

II.  Introduction 


The  traditional  design  and  analysis  procedures  applied  to  complex  systems  decomposes 
the  system  into  Isolated  disciplines  and  components  to  reduce  their  complexity. 
Consequently,  the  interactions  between  disciplines  and  components  is  limited  by  the 
amount  of  interaction  between  individuals  or  teams  working  the  problem.  When  severe 
demands  are  placed  on  the  size,  weight,  and  performance  of  the  system,  then  the  designs 
by  nature  become  highly  integrated  with  tight  coupling  between  disciplines  and 
components.  The  tight  coupling  can  result  in  unforseen  interactions  which  would 
produce  unsatisfactory  system  performance.  If  the  coupling  is  not  resolved  until  the 
system  has  been  built  and  tested,  then  the  system  must  undergo  redesign  and  retestinq 
Typically  several  iterations  of  the  design-build-test  cycle  are  required  before  desired 
performance  is  achieved.  This  is  an  extremely  costly  and  time  consuming  process.  As 
a result,  the  introduction  of  advanced  technology  takes  many  years  as  these  systems 
slowly  evolve.  Pressure  exists  to  reduce  the  time  and  cost  associated  with  introducing 
new  technology.  This  can  be  achieved  through  optimizing  existing  design  practices  and 
through  introducing  a higher  level  of  concurrent  engineering  into  the  design  process. 

NPSS  is  a top-down  systems  approach  which  would  provide  designers  with  a tool  to 
incorporate  the  relevant  factors  which  affect  system  performance  early  in  the  design 
and  analysis  process  when  changes  or  modifications  can  be  made  relatively 
inexpensively.  In  terms  of  a propulsion  system,  such  as  an  air-breathing  gas  turbine 
engine,  this  means  coupling  of  disciplines  and  components  computationally  to  determine 
system  attributes  such  as  performance,  reliability,  stability  and  life.  Since  these 
system  attributes  have  traditionally  been  obtained  in  the  test  cell,  NPSS  is  referred 

test  cell".  A complete  system  analysis  which  includes  multiple 
intensive  task  requiring  a high  performance  computing 
platform  including  massively  parallel  processors  and  a user  interface  consisting  of 
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expert  systems,  data  base  management  systems  and  visualization  tools.  These  essential 
elements  of  NPSS  are  depicted  in  Figure  1.  The  integrated,  interdisciplinary  system 
analysis  requires  advancements  in  the  following  technologies:  1.  interdisciplinary 
analysis  to  couple  the  relevant  disciplines  such  as  aerodynamics,  structures,  heat 
transfer,  chemistry,  materials,  controls;  2.  integrated  system  analysis  to  couple 
subsystems,  components  and  subcomponents  at  an  appropriate  level  of  detail;  3.  a high 
performance  computing  platform  composed  of  a variety  of  architectures,  including 
massively  parallel  processors,  to  provide  the  required  computing  speed  and  memory;  and 
4.  a simulation  environment  that  provides  a user-friendly  interface  between  the  analyst 
and  the  multitude  of  complex  codes  and  computing  systems  that  will  be  required  to 
perform  the  simulations. 

The  implementation  and  integration  of  these  technologies  is  a major  challenge.  The 
simulation  environment  and  integration  capabilities  are  depicted  in  Figure  2.  The  NPSS 
system  simulation  is  represented  by  the  horizontal  bar  to  signify  that  NPSS  integrate 
into  a system  simulation  the  advancements  that  will  continue  to  take  place  in  the 
single  discipline,  component  and  computing  fields.  In  this  way,  NPSS  will  provide  a 
focus  for  research  and  development  in  the  disciplines,  components  and  computing  fields. 
An  additional  challenge  in  NPSS  will  be  the  formation  of  interdisciplinary  teams  across 
NASA,  industry,  universities  and  other  government  agencies  to  develop  and  implement 
the  needed  technologies. 

This  paper  describes  the  approach  being  developed  at  the  NASA  Lewis  Research  Center 
to  address  the  issues  of  high-fidelity  propulsion  system  computational  simulations. 
The  focus  is  on  system  simulation,  interdisciplinary  analysis,  simulation  environments, 
and  parallel  computing. 


III.  Approach 


A.  System  Simulation 

The  computational  system  simulations  will  be  based  on  the  view  that  only  phenomenon 
that  affects  system  attributes,  such  as  life,  reliability,  performance  and  stability 
of  a propulsion  system,  is  of  interest  to  the  designer  or  analyst.  In  addition, 
detailed  analyses  of  an  entire  propulsion  system  will  be  so  complex  that  even  computers 
of  teraFLOPS  speed  will  not  be  sufficient  to  perform  cost  effective  computations. 
Consequently,  a framework  is  being  developed  that  will  allow  the  physical  processes 
resolved  from  a detailed  analysis  of  a component  or  subcomponent  to  be  communicated 
to  a system  analysis  performed  at  a lower  level  of  detail  for  purposes  of  evaluating 
system  attributes.  Conversely,  the  system  analysis  will  provide  the  ability  to 
evaluate  which  physical  processes  occurring  on  the  component  and  subcomponent  level 
are  important  to  system  performance.  This  will  allow  the  engineer  or  scientist  to 
focus  or  "zoom  in"  on  the  relevant  processes  within  components  or  subcomponents.  The 
zooming  concept  is  depicted  in  Figure  3.  In  this  particular  example,  a detailed 
analysis  of  the  fan  would  be  performed  to  study,  for  example,  the  effect  of  a new  blade 
design  on  system  performance.  The  inlet  and  compressor  would  be  modeled  a slightly 
lower  levels  of  fidelity  to  resolve  phenomenon  such  a inlet  distortion  or  upstream 
influences  of  the  compressor  blading.  The  combustor,  turbine  and  nozzle  would  be 
modeled  at  less  detail,  perhaps  to  determine  shaft  horsepower  and  thrust. 

The  implementation  of  the  zooming  approach  requires  a hierarchy  of  codes  and  models 
to  be  in  place  to  provide  a wide  range  of  capabilities  from  detailed  three- 
dimensional,  transient  analysis  of  components  to  time-  and  space-  filtered  analysis 
of  the  subsystems  and  systems.  Modeling  approaches  will  be  developed  for  communicating 
information  from  a detailed  analysis  to  a filtered  analysis.  This  will  require 
additional  research  in  understanding  the  mechanisms  by  which  phenomenon  on  different 
length  and  time  scales  communicate.  Research  already  underway  in  computational  fluid 
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dynamics  and  structural  mechanics  to  develop  this  modeling  approach  will  be  extended 
to  consider  processes  and  scales  appropriate  for  the  entire  propulsion  system. 

The  fluid  dynamic  simulation  model  that  will  serve  as  the  basis  for  the  integrated 
system  model  will  be  the  Adamczyk  [1]  average-passage  formulation  which  has  been' 
developed  for  multistage  turbomachinery  analysis.  The  average-passage  is  based  on  the 
filtered  forms  of  the  Naiver-Stokes  and  energy  equations.  This  model  was  designed  to 
resolve  only  the  temporal  and  spatial  scales  that  have  a direct  impact  on  the  relevant 
physical  processes.  The  effects  of  the  unresolved  scales,  which  appear  as  body  forces 
and  energy  sources  in  the  equations,  are  determined  through  semi-empirical  relations 
which  are  based  on  results  from  physical  experiments  or  high-resolution  numerical 
simulations.  The  results  from  the  lower  resolution  analysis  appear  as  boundary 
conditions  for  the  high-resolution  simulations.  This  model  is  currently  applicable 
to  time-  and  space-  averaging  of  phenomenon  on  the  scale  of  the  blade  passing  frequency 
and  passage  size.  Further  development  is  required  to  extend  the  model  for  filtering 
in  the  presence  of  multiple  scales  and  for  other  system  components. 

The  structures  modeling  will  be  aimed  at  developing  a comparable  computational 
capability  that  will  provide  a means  to  traverse  multiple  scales  of  spatial  resolution 
with  a minimum  number  of  variables  at  each  level.  In  this  way,  an  analysis  can  proceed 
from  a blade  to  a rotor  to  an  engine  core  to  the  complete  engine.  The  resulting  system 
will  have  a minimum  number  of  degrees  of  freedom  consistent  within  the  objectives  of 
the  analysis  and  will  minimize  the  computational  requirements.  The  methodology  will 
be  applicable  to  the  solution  of  linear  and  incremental  nonlinear  analysis  problems. 
This  capability  will  be  achieved  through  the  formulation  and  implementation  of  a 
progressive  substructuring  technique  [2]. 

B.  Interdisciplinary  Analysis 

Aerospace  propulsion  systems  are  complex  assemblies  of  dynamically  interacting 
disciplines.  The  traditional  approach  is  to  handle  the  interactions  by  single 
disciplines  in  a sequential  manner  where  one  discipline  uses  information  from  the 
preceding  calculation  of  another  discipline.  This  is  a lengthy,  tedious,  and  often 
times,  inaccurate  approach.  The  alternative  to  this  approach  is  using 
multidisciplinary  coupling  on  a more  fundamental  level.  A hierarchical  approach  will 
be  employed  that  will  reduce  the  dimensionality  of  the  system  while  still  retaining 
the  essential  system  behavior.  A variety  of  techniques  will  be  evaluated  for  coupling 
discipline  variables  for  selected  propulsion  system  subcomponents,  components  and 
subsystems.  These  include  the  traditional  sequential  iteration,  specially-derived 
matrices,  and  coupling  at  the  fundamental  equation  level.  All  three  methods  will  be 
applied  to  the  filtered  Naiver-Stokes  and  progressively  substructured  formulations  with 
space  and  time  scales  that  are  consistent  with  the  physics  of  the  phenomenon  being 
simulated.  This  approach  differs  from  the  classical  analytical  approach  which 
minimizes  the  number  of  variables  retained  in  the  governing  equations  by  using  formal 
applied  mathematical  techniques.  The  proposed  approach  retains  all  of  the  primitive 
variables  in  the  primitive  equations.  Sensitivity  relations  will  be  used  to  scope 
the  degree  of  coupling  and  to  decide  on  a solution  strategy.  Requisite  technology  base 
required  for  the  development  and  definition  of  sensitivity  relations  includes:  advanced 
methods  of  matrix  operations  for  integration,  differentiation,  inversion  and  eigen 
value  extraction,  adaptive  matrix  partitioning,  transfer  matrices,  and  symbolic 
operators. 

An  essential  element  of  complex  system  analysis  is  optimization.  Optimization  of 
complex  systems  involving  multiple  disciplines  and  components  require  streamlined 
algorithms  for  rapid  solutions.  Five  different  types  of  optimization  algorithms  will 
be  developed:  1)  hierarchical,  2)  multi-scale,  3)  multi-region,  4)  multi-objective, 
and  5)  adaptive.  The  hierarchical  algorithms  will  provide  the  capability  to  select 
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dominant  variables/disciplines/components  during  the  optimization  process.  These 
variables/disciplines/components  will  continually  change  as  the  optimization 
progresses.  The  multiscale  algorithms  will  provide  the  formalism  for  opitimizing  at 
different  scales  as  the  optimization  progresses.  These  algorithms  will  allow  local 
optimization  simultaneously  with  global  but  at  different  rates  and  with  different 
accuracy.  The  multi-region  algorithm  will  be  similar  to  that  for  multi-scale  but 
structured  for  regions  and  components.  That  is,  different  regions/components  can  be 
optimized  at  different  rates  while  the  rates  can  change  as  the  system  optimum  becomes 
more  sensitive  to  critical  regions/components.  The  multi -objective  algorithm  will 
handle  the  simultaneous  optimization  of  multidisciplinary,  multicomponent  problems. 
Formalisms  will  be  included  for  coupled  objectives  and/or  weighted  objectives  as  well 
as  discriminatory  selection  for  a critical  discipl ine/component.  The  adaptive 
algorithms  will  have  the  logic  to  progressively  monitor  dominant  conditions  and  to 
provide  the  hierarchical  algorithm  with  information  for  selecting  the  appropriate 
variables/disciplines/components  during  the  optimization  process.  The  technology  base 
to  support  development  of  these  optimization  algorithms  include  mathematical 
optimization  techniques:  linear,  nonlinear,  continuous,  discrete,  constrained, 
unconstrained, substructuring,  variable  linking  as  well  as  a variety  of  direct  nonlinear 
mathematical  and  optimality  criteria  search  methods  that  have  evolved  over  the  years 


C.  Simulation  Environment 

The  capability  for  users  to  simulate  propulsion  systems  which  include  complex 
analyses  on  high  performance,  massively  parallel  computers  will  require  extensive 
development  of  a user  interface  with  a parallel/distributed  computer  implementation. 
The  user  interface  will  shield  the  user  from  the  details  of  the  system  while  providing 
sufficient  guidance  and  assistance  to  perform  the  simulation  at  hand.  The  vision  is 
that  of  totally  "seamless"  environment.  The  environment  consists  of  the  integration 
of  physical  sciences,  computer  sciences,  computer  systems  software  and  computer  systems 
hardware  under  the  control  of  a global  simulation  executive.  The  computational 
simulation  of  multidiscipline,  multicomponent  problems  consists  of  a large  number  of 
variables  that  require  simultaneous  solutions  of  multiscale,  multiregion  problems  in 
local/global  database  environments.  These  types  of  problems  can  only  be  effectively 
solved  in  (massively)  parallel  processor  computers  and  networks  where  distributed 
parallel  programming  concepts  can  be  readily  implemented.  Logic  and  software  will  be 
developed  to  adaptively  allocate  solution  strategies  and  processors  for  a single 
discipline  and  for  interdisciplinary  analysis  of  both  the  local  and  global  levels. 
Construction  of  simulations  is  aided  by  a visual  simulation  editor  coupled  to  an  expert 
system  "trained"  in  the  use  of  the  simulation  codes.  Artificial  intelligence 
approaches,  including  expert  systems  and  neural  nets,  will  be  investigated  for 
assisting  the  user  in  making  appropriate  decisions  in  constructing  a simulation. 
Advanced  computer  graphics,  visualization  and  animation  complete  this  environment. 

An  important  feature  of  the  simulation  environment  is  that  it  provides  modularity 
and  flexibility.  Modularity  is  important  to  facilitate  the  coupling  of  disciplines 
and  components  at  various  levels  of  detail  and  to  facilitate  insertion  of  new  or 
proprietary  codes.  Flexibility  is  essential  to  efficiently  expand  the  simulator  with 
increasing  software  and  hardware  capabilities.  This  will  be  accomplished  through  the 
application  of  object  oriented  programming  techniques.  Consequently,  a series  of 
objects  appropriate  for  and  completely  describing  propulsion  systems  will  be  defined 
as  will  the  inter-relationships  between  these  objects.  From  this,  a series  of 
standardized  interfaces  will  be  developed  consisting  of  both  object  data  extraction 
and  manipulation  routines. 
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D.  Parallel  Computing 


6xpected  that  advancas  in  parallel  computing  will  make  the  integrated,- 
interdisciplinary  analysis  of  complex  systems  practical  in  design  and  analysis 
environments.  At  the  same  time,  it  is  expected  that  approaches  to  problem  formulation 
and  algorithm  design  will  have  to  change  to  be  able  to  exploit  the  new  parallel 
architectures.  Therefore,  NPSS  will  establish  a testbed  environment  so  application 
and  computer  scientists  can  work  closely  together  with  state-of-the-art  hardware  and 
software  tools  to  develop  algorithms  and  to  identify  the  appropriate  computing 
architectures  for  the  propulsion  system  applications. 

The  long-range  goal  of  NPSS  is  to  implement  the  shared  memory  model,  in  either 
hardware  or  software,  on  massively  parallel  platforms.  In  the  shared  memory  model, 
the  programmer  sees  a uniform  programming  platform  even  though  the  hardware  platform 
may  consist  of  a variety  of  architectures  such  as  cubes,  rings,  etc.  This  not  only 
simplifies  the  requirements  for  developing  new  code,  but  provides  the  easiest,  most 
flexible  platform  for  the  conversion  of  serial  FORTRAN  code  which  proliferates  the 
computational  engineering  community  today.  Much  of  this  code  is  now  and  will  continue 
to  be  useful  in  NPSS  applications.  While  the  shared  memory  model  is  a long  range 
objective,  other  technologies  will  need  to  be  evaluated  in  the  near  term. 

The  near-term  goal  for  the  testbed  development  is  to  acquire  a relatively  small 
parallel  processor  system  of  approximately  5 gigaFLOPS  peak  performance  and  20 
gigabytes  of  disk  storage.  The  initial  testbed,  planned  for  1992,  will  provide  a 
dedicated  platform  to  begin  the  parallelization  of  single  discipline  codes;  develop 
coupling  algorithms  and  interfaces,  and  to  develop  the  zooming  concept.  These 
activities  will  culminate  in  the  demonstration  of  a simulation  of  the  High  Speed  Civil 
Transport  propulsion  system.  The  testbed  is  expected  to  be  upgraded  in  1994  to  15 
gigaFLOPS  peak  performance  with  30  gigabytes  of  disk  storage.  The  upgraded  testbed 
will  be  utilized  to  perform  a high-fidelity  demonstration  of  the  High  Speed  Civil 
Transport  with  zooming  capability  on  multiple  components. 

Parallel  processing  activities  currently  at  the  Lewis  Research  Center  involve 
investigating  architecture  and  algorithm  compatibility  issues  on  the  Center's 
Hypercluster  Testbed,  porting  of  structural  mechanics  and  fluid  dynamics  codes  to 
shared  memory  machines  such  as  the  All iant-FX/80  and  the  Cray  YHP-8/464  and  configuring 
transputer  systems  for  use  with  structural  dynamics  codes.  The  Lewis  Research  Center 
IS  also  supporting  the  development  of  a 2-dimensional  grid  parallel  computing 
architecture  at  Mississippi  State  University,  Activities  are  underway  for  the  purchase 
of  two  Intel  iPSC/860  8 processor  machines  in  1990.  Additional  hardware  will  be 
identified  and  procured  in  1991  through  the  newly  formed  Advanced  Computing  Concepts 
Laboratory  within  the  Computer  Services  Division  at  Lewis. 


IV.  Sumnary 

The  Numerical  Propulsion  System  Simulation  is  a long  range  program  with  the  ultimate 
goal  of  developing  the  capability  of  reducing  the  cost  and  time  of  developing  advanced 
technology  propulsion  systems.  This  will  be  achieved  through  a cooperative  effort  of 
NASA,  industry,  universities  and  other  Government  agencies  to  develop  the  necessary 
technologies  to  integrate  disciplines,  components,  and  high  performance  computing  into 
a user-friendly  simulation  environment.  The  technologies  associated  with  the  physical 
sciences  must  include  model  development  that  reflects  an  understanding  of  the  relevant 
physical  processes  rather  than  brute-force  computational  analysis.  The  computational 
algorithms  must  be  developed  in  concert  with  the  computing  architectures  to  ensure 
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efficient  performance,  particularly  with  highly  and  massively  parallel  processors-  In 
addition,  a strong  and  effective  management  team  is  required  to  form  the 
interdisciplinary  teams  from  all  organizations  that  will  be  required  to  define, 
advocate,  and  implement  these  technologies. 
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Figure  1.  The  Numerical  Propulsion  System  Simulation  is  the  concept  of  a 
"numerical  test  cell". 
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Figure  2.  System  simulation  through  NPSS  will  involve  integration  of 
disciplines,  components  and  computing  hardware  and  soHware, 
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Figure  3.  Cost-effective  computations  of  complex  propulsion  systems  will 
require  the  ability  to  vary  the  detail  of  analysis  or  "zoom". 
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1.0  ABSTRACT 

The  objective  of  this  paper  is  to  present  results  from  investigating  the 
integrated  use  of  five  computer  programs:  ANALYZE , ASTROS , NASTRAN , OPTSTAT  and 
VAASEL  for  analysis  and  optimization  of  a given  structure.  The  structure 
designated  for  study  purposes  was  the  F-15E  vertical  tail.  The  concept  of 
integrated  use  is  limited  to  the  capability  of  using  a NASTRAN  structural  model 
to  run  each  of  the  other  specified  programs.  This  was  actually  accomplished  in 
practice  by  converting  a NASTRAN  model  of  the  designated  structure  into  an 
appropriate  analysis  model.  For  optimization  purposes, the  torque-box  of  the 
F-15E  vertical  tail  was  used. 


2.0  DESCRIPTION  OP  FINITE  ELEMENT  PROGRAMS 

2.1  NASTRAN 

Although  NASTRAN  (NASa  STRuctural  ANalysis)  is  not  a multidisciplinary 
analysis  program,  it  is  the  largest  general-purpose  finite  element  structural 
system  in  use  today  and  provides  effective  solutions  for  a wide  variety  of 
applications.  In  this  paper,  NASTRAN  was  used  to  obtain  nodal  deflections  and 
element  stresses  for  specified  static  loads  and  to  compute  natural  frequencies 
and  corresponding  mode  shapes  of  the  F-15E  vertical  tail. 

2.2  ASTROS 

ASTROS  (Automated  STRuctural  Optimization  System)  is  a finite  element  code 
written  primarily  for  preliminary  design  of  aerospace  structures.  The  basic 
objective  for  developing  ASTROS  was  "to  provide  a state-of-the-art  design  tool 
that  integrates  existing  methodologies  into  a unified  multidisciplinary  package" 
(Ref.l).  For  example,  it  adapts  NASTRAN  input  format  for  structural  analysis. 
Many  potential  analysis  capabilities  are  available  in  ASTROS.  Those  selected 
for  this  investigation  include:  (1)  Static  and  modal  analysis  of  the  F-15E 

vertical  tail  using  the  NASTRAN  finite  element  model,  and  (2)  User-selected 
optimization  of  boron/epoxy  skin  elements  for  one  surface  of  the  tail  model. 

2.3  ANALYZE 

ANALYZE  was  developed  to  analyze  aerospace  structures  using  only  membrane 
elements  (Ref. 2).  Thus,  only  translational  degrees-of-freedom  are  allowed. 

Since  rotational  motions  are  not  permitted,  element  representations  of  the 
structure  are  expected  to  be  stiffer.  Elements  used  in  this  code  include 
axial-force  bar  elements,  triangular  and  quadrilateral  constant  strain  elements, 
and  a shear-panel  element  to  reduce  the  possibility  of  overestimating  stiffness 
resulting  from  the  use  of  only  membrane  elements  for  webs.  The  User’s  Manual 
(Ref. 2)  docximents  a comprehensive  theoretical  background  for  the  program,  and 
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provides  necessary  information  for  both  preparation  of  input  data  and  interpre- 
tation of  results. 

2.4  OPTSTAT 

This  computer  code  was  written  by  the  same  authors  who  wrote  ANALYZE  (Ref. 2). 
It  was  developed  primarily  for  in-house  research  to  optimize  structural  designs 
subjected  to  static  loads.  As  OPSTAT  uses  the  same  types  of  element  as  ANALYZE, 
rotational  degrees-of-f reedom  are  not  allowed.  Reference  3 provides  the  theore- 
tical background  underlying  the  program.  OPTSTAT  optimizes  structures  by 
resizing  every  element  in  the  structural  model  using  allowable  stresses  as 
design  constraints;  thus,  it  does  not  permit  user-selected  optimization, 

2.5  VAASEL 

VAASEL  (Vulnerability  Analysisof  Aerospace  Structures  Exposed  to  Lasers) , as 
the  name  suggests,  has  been  designed  primarily  for  laser  vulnerability  analysis 
of  structures  and  has  multidisciplinary  analysis  capability  (Ref.  4).  This  code 
was  designed  to  maintain  maximum  compatibility  with  both  NASTRAN  and  ASTROS,  and 
utilizes  the  same  framework  as  ASTROS.  This  means  that  a given  problem  input 
data  deck  should  run  on  each  program  with  identical  output  results  expected. 


3.0  MODEL  FOR  ANALYSIS 

The  NASTRAN  structural  model  shown  in  Figure  1 consists  of  39  BAR  elements, 
1,529  ROD  elements,  and  1,160  SHEAR  elements,  with  673  nodes. 

The  vertical  tail  is  made  of  three  materials;  boron/epoxy  for  skins, aluminum 
for  the  honeycomb  core, and  titanium  for  the  fore  and  aft  spars  and  the  root  rib. 
A structural  model  was  first  constructed  and  converted  into  a NASTRAN  model,  and 
verified  with  the  McAir  model  (Ref. 5)  by  comparing  its  geometry , material  proper- 
ties, and  deflections  at  points  of  interest  under  the  given  loading  conditions. 
This  NASTRAN  model  has  served  as  a basis  for  developing  models  for  other  comp- 
uter programs.  After  verification  of  the  model,  the  torque-box  section  of  the 
F-15E  vertical  tail  was  isolated  and  used  for  analysis  and  optimization  instead 
of  working  on  the  full  model.  Integrated  use  of  other  computer  programs  was 

achieved  by  generating  an  input  data  deck  by  transformation  of  the  NASTRAN  bulk 
data.  Fortran  programs  were  written  for  this  purpose. 


3.1  LOADING  CONDITIONS  AND  TYPES  OF  COMPARISONS 

Static  analysis  was  performed  for  the  complete  vertical  tail  using  NASTRAN, 
ASTROS  and  ANALYZE  for  calculations  of  deflections  and  stresses.  First, 
a 400-pound  load  was  applied  at  the  tip  of  the  model,  followed  by  application 
of  the  maximum  panel  load  and  the  maximum  inboard  load  (Ref. 5).  Next,  the 
torquebox  was  isolated  from  the  complete  tail  model  and  run  under  three  loading 
conditions:  a 400-pound  tip  load,  the  maximum  panel  and  inboard  loads. 

For  dynamic  analysis,  NASTRAN  and  ASTROS  were  used  to  obtain  natural  freque- 
ncies and  mode  shapes. 

For  optimization  studies,  ASTROS  was  used  for  user-selected  elements  optimi- 
zation while  overall  optimization  was  achieved  by  OPTSTAT.  The  number  of  plies 
in  each  layer  of  the  skin  elements  was  computed  for  both  user  selected  and  over- 
all optimizations  and  compared  to  the  original  structure. 
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4.0  RESULTS  AND  COMPARISONS 


4.1  STATIC  ANALYSIS  COMPARISONS 

When  static  models  were  run,  NASTRAN  and  ASTROS  predict  identical  deflec- 
tions under  all  loading  conditions  mentioned  for  both  the  complete  and  torque- 
box  models.  Differences  occurring  in  shear  stresses  computed  by  each  program 
were  noted,  but  were  negligible.  Comparison  of  results  from  ANALYZE  with  the 
other  two  programs  show  that  ANALYZE  predicts  smaller,  but  very  close,  deflec- 
tions than  either  NASTRAN  or  ASTROS.  A typical  deflection  curve  along  SOS  chord 
line  is  shown  in  Figure  2,  where  ANALYZE  is  shown  to  predict  about  3 % less 
deflection  at  the  tip.  This  small  difference  is  caused  by  the  type  of  element 
used  in  the  ANALYZE  program.  The  model  is  cantilevered  with  nodes  points 
fixed  along  the  root,  and  therefore  elements  around  the  root  exhibit  stress 
concentrations.  Design  engineers  should  pay  close  attentioin  to  these  highly- 
stressed  elements. 

4.3  DYNAMIC  ANALYSIS  COMPARISONS 

For  dynamic  analysis  of  the  torque-box,  both  the  inverse  method  of  eigen- 
value extraction  (INV)  and  the  tridiagonal  reduction  method  (PEER)  were  applied 
in  running  the  NASTRAN  model.  In  ASTROS,  the  Given’s  method  of  tridiagona- 
lization  (GIV)  was  used.  The  ASTROS  predictions  of  the  first  five  frequences 
and  corresponding  mode  shapes  are  almost  identical  to  NASTRAN  results,  and  dif- 
ferences are  negligible. 

4.4  OPTIMIZATION  RESULTS 

The  finite  element  model  for  optimization  has  137  elements  for  the  skin, 
resulting  in  548  global  design  variables,  since  there  are  four  layers  in  each 
element.  The  skin  thicknesses  were  selected  as  design  variables  when  the 
torquebox  was  optimized  for  each  of  the  two  design  loads  (Ref.  5). 

Optimization  was  carried  out  in  two  ways:  user-selected  elements  optimization 
performed  by  ASTROS,  and  overall  optimization  using  OPTSTAT.  Representative 
results  are  presented  in  Figures  3 and  4,  and  Table  1.  Element  39  shown  in 
both  figures  was  selected  as  a typical  example  to  pictorially  illustrate  the 
optimization  results  for  the  torque-box  skin.  Figure  3 shows  that  the  original 
element  weight  of  0.1352  lbs  was  reduced  to  0.0728  lbs  after  optimization  for 
the  maximum  panel  load  and  to  0.0364  lbs  for  the  maximum  inboard  load. 

The  original  number  of  plies  in  0,  90,  f45,  -45  degree  directions  is  (10,  2,  7, 
7),  respectively.  Differences  are  expected  to  exist  between  user-selected  and 
complete  structural  optimizations  for  a given  design  loading  condition. 

For  example  in  Figure  4,  the  number  of  plies  in  each  direction  for  complete 
optimization  is  (12,  1,  1,  1)  for  the  net  panel  load  and  (10,  1,  2,  2)  for  the 
inboard  load.  This  set  of  results  differs  significantly  from  results  given  in 
Figure  3 for  user-selected  optimization,  where  the  number  of  resulting  plies 
are  (5,  1,  4,  4)  for  the  net  panel  load  and  (2,  1,  2,  2)  for  the  inboard  load. 

A complete  set  of  results  for  every  element  in  the  torque-box  is  given  in  Refe- 
rence 6.  Table  1 provides  a sample  of  these  results  for  elements  1 through  24. 
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5.0  CONCLUDING  REMARKS 


The  F-15E  vertical  tail  was  either  analyzed  or  optimized  using  five  finite 
element  computer  programs.  As  ASTROS  and  VAASEL  follow  the  same  algorithm  for 
static  structural  analysis,  identical  results  for  nodal  deflections  and  element 
stresses  were  computed  (Ref.  6).  ASTROS  and  NASTRAN  predicted  almost  identical 
results  in  both  static  and  dynamic  analysis.  Static  predictions  from  ANALYZE 
models  were  also  very  close  to  those  from  NASTRAN  and  ASTROS.  From  optimization 
studies  of  the  torque-box  model,  differences  exist  between  types  of  structural 
optimization  method  for  a specified  loading  condition,  and  between  design 
loading  conditions.  Therefore,  from  the  results  of  optimization,  one  can 
observe  the  potential  danger  of  arbitrarily  selecting  one  or  more  of  several 
design  load  conditions  and,  independently,  a type  of  optimization  to  arrive  at 
an  "optimized"  redesign  configuration.  Unless  all  critical  design  loading 
conditions  are  considered,  such  an  assumption  could  result  in  a totally 
inadequate  design. 
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D«ll«ctioQ 


Figure  3 - User-selected  Optimization  : Outside  Skin  Elements  Only 


Figure  4 - Overall  Optimization  Skin  Elements 
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Table  1 - Overall  Optimization  ( OPTSTAT  ) 


Elem. 

No. 

Load 

Ply  counts  in 
0 90  -^45  -45 

Kl 

INITIAL 

11 

2 

8 

8 

1 

PANEL 

E9 

1 

1 

1 

2 

INBOARD 

D 

1 

2 

2 

INITIAL 

10 

2 

8 

8 

3 

PANEL 

8 

1 

1 

1 

4 

4 

1 

1 

1 

INITIAL 

10 

2 

8 

8 

5 

PANEL 

5 

1 

1 

1 

6 

4 

1 

1 

1 

INITIAL 

10 

2 

8 

8 

7 

PANEL 

3 

1 

2 

2 

8 

ignggi 

2 

1 

3 

3 

INITIAL 

2 

8 

8 

9 

PANEL 

1st 

1 

1 

1 

10 

INBOARD 

B 

1 

1 

1 

INITIAL 

10 

2 

8 

8 

11 

PANEL 

7 

1 

1 

1 

12 

INBOARD 

5 

1 

] 

1 

INITIAL 

10 

2 

8 

8 

13 

PANEL 

6 

1 

1 

1 

14 

5 

1 

1 

1 

INITIAL 

fSi 

2 

8 

8 

15 

PANEL 

ill 

1 

1 

1 

16 

INBOARD 

B 

1 

1 

1 

INITIAL 

2 

8 

8 

17 

PANEL 

la 

1 

1 

1 

18 

INBOARD 

B 

1 

1 

1 

INITIAL 

10 

2 

7 

7 

19 

PANEL 

7 

1 

1 

1 

20 

ligngjgj 

5 

1 

1 

1 

INITIAL 

Bl 

2 

7 

7 

21 

PANEL 

HI 

1 

7 

7 

22 

liigiSS] 

B 

1 

6 

6 

INITIAL 

10 

2 

8 

8 

23 

PANEL 

7 

1 

4 

4 

24 

jjgjgg 

6 

1 

4 

4 

Load 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 

INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


INITIAL 

PANEL 

INBOARD 


structural  Optimization  With  Constraints  From  Dynamics  in 

LAGRANGE  NQ4-71433 

F.Pfeiffer,  G.Kneppe,  C.Ross  f 


Nomenclature 


a 

amplitude 

maximum  value  for  amplitude 

Q 

X 

vector  of  transformed  coordinates  / 
vector  of  design  variables  / 

c 

matrix  of  expansion  coefficients 

z 

element  of  x 

D 

damping  matrix 

Y 

transformation  matrix 

F 

tranformed  matrix  in  frequ.resp. 

V 

complex  displacemccnt  vector 

f 

vector  of  external  forces 

VLo 

Lanezos  starting  vector 

f 

assemblage  of  external  forces 

V 

eigenvector 

f 

eigenfrequency 

« 

criterion  vector  for  pursuing  mode 
shapes 

fi,max 

upper  bound  for  frequency 

Kronecker  symbol 

fiftnin 

lower  bound  for  frequency 

modal  damping  coefficient 

g 

constraint 

A 

eigenvalue 

K 

stillness  matrix 

n 

excitation  frequency 

Jcu 

normalization  coefficient 

lower  bound  for  excitation  frequency 

L 

Choiesky  decomposition  of  a matrix 

upper  bound  for  excitation  frequency 

M 

mass  matrix 

u 

angular  frequency 

m 

number  of  tranformacion  vectors 

indices 

rriii 

normalization  coefficient 

n 

number  of  degrees  of  freedom 

()T 

transpose  of  vector  or  matrix 

nb 

number  of  frequency  bounds 

n* 

value  in  ifc— th  iteration  step 

P 

number  of  feasible  frequency  intervals 

t 

6 


1 Introduction 

Structural  optimization  problems  are  mostly  solved  under  constraints  from  statics,  such  as  stresses,  strains  or  dis- 
placements under  static  loads.  But  in  the  design  process  dynamic  quantities  like  eigenfrequencies  or  accelerations 
under  dynamic  loads  become  more  and  more  important.  Therefore,  it  is  obvious  that  constraint  from  dynamics 
be  considered  in  structural  optimization  packages.  This  paper  addresses  the  dynamics  branch  in  MBB- LAG  RANGE. 
It  will  concentrate  on  two  topics,  namely  on  the  different  formulations  for  eigenfrequency  constraints  and  on  frequency 
response  constraints.  For  the  latter  the  necessity  of  a system  reduction  is  emphasized.  The  methods  implemented  in 
LAGR-ANGE  are  presented  and  examples  are  given. 


2 Eigenfrequency  Constraints 

The  main  reason  for  formulating  an  eigenfrequency  constraint  in  structural  optimization  problems  is  to  avoid  rang« 
in  the  frequency  spectrum  where  excitation  frequencies  are  known  to  occur  under  the  working  conaitions  oi  the 
structure. 

To  be  able  to  formulate  an  eigenfrequency  constraint  the  eigenfrequencies  have  to  first  be  computed.  Thus,  the 
eigenvalue  problem  of  the  undamped  structure 


{K  - XM)y  = o 

is  considered.  The  eigenfrequencies  / can  be  computed  from  the  eigenvalues  A of  (1)  by 


/ = 


(1) 


(2) 


Now  eigenfrequency  constraints  can  be  formulated. 


2.1  Upper  and  lower  bounds  for  the  t— th  eigenfrequency 

The  most  common  case  for  an  eigenfrequency  constraint  is  given  in  figure  1,  where  a lower  bound  fi,min  and  an  upper 
bound  fi,max  arc  given  for  the  i— th  eigenfrequency.  These  constraints  can  be  written  in  a normalized  form  as 
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Figure  1:  Common  eigenfrequency  constraint 


fi.^  ^ Q (3) 

/• 

ji,™.  = 1 - 7^  > "■  <“) 

The  optimization  algorithms  which  are  most  commonly  used  in  structural  optimization  (e  g.  SQP,  SLP)  require 
gradient  information.  By  differentiating  (3)  or  (4)  with  regard  to  a design  variable  r € x one  has 

dgi  _ dgi^df^d^  (5) 

dx  dfi  dXi  dx  ■ 

Thus,  for  computing  the  constraint  derivative  the  eigenvalue  derivative  ^ must  be  computed  which  is  given  by 


dXi 


EXAMPLE  1 A propulsion  stage  of  the  Ariane  launcher  was  discretized  by  a FE  model  with  ca.  2500 
freedom.  A lower  bound  was  given  for  the  lowest  eigei^equency.  The  weight  and 

figure  2.  The  initial  violation  of  the  frequency  constraint  of  ca.  3.8  % was  completely  eliminated.  The  eign 


Figure  2:  Weight  and  constraint  history  for  Ariane  propulsion  stage 


reduced  by  ca.  10  %.  ■ 

2.2  Formulation  of  a constraint  for  an  eigenfrequency  which  corresponds  to  a given 
mode  shape 

In  some  applications,  however,  the  formulations  (3)  and  (4)  for  a fixed  eigen&equency  index  “t""  are  not  sufficient. 
This  shall  be  expounded  by  the  following  example. 

EXAMPLE  i/I  A satellite  structure  according  to  figure  3a)  is  regarded.  In  the  imtial  analysis  it  was  found  that  a 
characteristic  axial  mode  shue  exists  for  the  inner  structure  (figure  3b)).  An  excitarion  of  this  initi^y  9th  mode  shape 
should  be  avoided,  however,  because  the  inner  structure  contains  measuremat  eouipment.  Th«efore,  « was  required 
that  the  eigeni^ueney  of  this  axial  mode  shape  should  be  greater  than  a given  Iow»  bound.  Some  initial  vanations 
of  the  structure  indicated  that  the  corresponding  mode  shape  Ranged  betwem  Ae  7th  and  the  10th  egwvector  due 
to  structural  changes.  Thus,  putting  a constraint  on  the  9th  eigenvalue  would  have  resulted  m a completely  wrong 
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Figure  3:  a)Satcllitc  structure  b)  9th  mode  shape  (initial  design) 


design  because  the  mode  shape  that  was  to  be  kept  under  control  had  changed  its  position  in  the  eigenfrequency 
spectrum  several  times.  ■ 

Therefore,  a strategy  to  pursue  the  given  mode  shape  in  consecutive  iteration  steps  was  developed.  The  strategy  is 
based  upon  the  Af  - or  if  - orthogonality  of  the  eigenvectors 

yjMVj  = rtiiiSij  yfiCyj  = kuSij.  (7) 

To  identify  the  »-th  eigenvector  of  the  k-th  iteration  step  in  the  {k  + l)-th  step,  the  following  vectors  are  defined: 


(8) 

(9) 


where  L is  the  C^Iesky  decomposition  of  either  K ot  M . The  required  index  “j”  of  the  eigenvector  in  the  (i+ l)-th 
Iteration  step  which  corresponds  to  the  i— th  eigenvector  of  the  th  step  is  determined  by 


> max 

I 


(10) 


Graphically  spoken,  equation  (10)  states  that  the  angle  between  the  vector  z*  and  has  a minimum  value  (i.e. 

a maximum  value  for  the  scalar  product  in  (10))  compared  to  the  angles  between  z*  and  any  of  the  vectors 
(/7tj)ofthe(h+l)-thstep.  ‘ ' 

EXAMPLE  i/LI  Using  this  algorithm  the  constrsint  for  the  satellite  (figure  3a))  was  formulated.  Pursuing  the  given 
described  strategy  turned  out  to  be  very  robust  and  gave  correct  results  for  other  structures  as 
well.  The  required  frequency  for  the  axial  mode  shape  was  obtained  accurately  while  simultaneously  minimizing  the 
neat  flux  between  the  outer  and  the  mner  structure  ([Kneppe89]).  ■ 


2.3  Multiple  constraints  for  the  x— th  eigenfrequency 

Another  formulation,  namely  prescribing  several  bounds  for  the  t— th  eigenfrequency,  may  occur  in  some  applications. 
For  the  case  of  two  bounds  the  two  possible  variations  are  given  in  figure  4.  Case  a)  (indusion)  can  be  handled  with 

Indusion 
nA  = 2 
p = l 


Exdusion 
nA  = 2 

p = 2 


./.• 


/ 


Figure  4:  Two.constraints  for  the  t— th  eigenfrequency 
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two  constraints  of  type  (3)  and  (4).  Case  b)  (exclusion)  cannot  be  described  by  the  formulations  P^en  so  f«, 

Tfor  che^iginfrequen^  U lies  b the  right  interval  fJ)' formulf  tiS  S 

^verely  violated.  Simultaneously  satisfying  both  constraints  is  impossible  m this  case.  iUus,  a new  lormuiation  is 

required  wliich  is  given  by 

= ^0,  (11) 
i=i 

where  K,  denote  the  eonstrainu  of  the  type  (3)  or  (4),  p the  numherot  feaeible  fteouency  interreh  end  nHhe  number 
of  hoiicfa,  tespectively.  For  the  exclusion  ease  in  Sgnte  4b)  the  eonsttnmt  on  be  written  explicitly  as  (p  - 2,  nS  - 2) 


(12) 


which  gives  constraint  values  peater  than  zero  for  the  two  feasible  frequency  intervals. 
Differentiation  of  (11)  with  regard  to  a design  variable  z yields 


dgi 

dz 


(-I)'’-"'  i; 

;=i 


dx 


km% 


(13) 


which  is  a differenciable  function  in  x (just  as  the  constraint  (11)  itself).-  , — , • • ■ k 


n6  = 3 


OD 


Figure  5:  a) 


Multiple  constraint  for  lowest  eigenfrequency  b)  Weight  history  c)  Constraint  history 


optimisation  gives  an  optimal  design  (OD)  at  the  lower  interval  bound  which  is  physically  reasonable.  Weight  and 
constraint  histories  are  shown  in  figure  5 as  well.  ■ 


3 Frequency  Response  Constraints 


A more  advanced  type  of  constraints  from  dynamics  is  given  by  frequency  response 

when  a structure  is  harmonically  loaded  and  it  is  required  that  the  displacement,  velocity  or  acceleration  at  cer  i 
points  of  the  structure  must  not  exceed  prescribed  values. 

For  simplicity,  only  displacement  amplitudes  <n  are  considered  in  the  following  sections.  Velocities  and  accelerations 
can  be  treated  aniogously.  ^ • u 

In  this  case  the  constraint  for  the  displaiccmcnt  amplitude  in  the  i— th  degree  of  freedom  is  given  by 


= 1- 


aiCn,  g) 

At  mo« 


n,  < Q < n U I 


(14) 


where  the  e.xcitation  frequency  D varies  in  a frequency  interval  given  by  its  lower  bound  Di  and  its  upper  bound  Q„. 
The  displacement  vector  y of  a harmonically  loaded  structure  (excitation  frequency  £2)  is  computed  by 


(-n'iWf  + inD  + K)y  = /(fi). 


(15) 


/(D)  denotes  the  vector  of  external  forces.  The  amplitude  a,-  is  computed  from  the  complex  displacement  in  the  i-th 

m = v'RJteFnsiS?- 
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Equation  (15)  is  a system  of  complex  linear  equations  which  is  quite  expensive  to  solve.  To  make  a solution  far  less 
time-consuming  one  generally  introduces  a transformation 

y = Yq^  (17) 

The  transformation  matrix  Y is  a n x m— Matrix  (m  n)  which  reduces  the  original  system  to 

Y'^  {-Q^M  + iQD  + K)Yq  = Y'^f(Q)  (18) 

Fq  = Y^f{Q).  (19) 

is  a diagonal  matrLx  if  Y contains  eigenvectors  of  the  structure.  In  this  case  (17)  is  a usual  transformation  to  modal 

coordinates.  In  recent  years,  other  transformation  have  been  proposed  in  structural  dynamics  (e.g.  [Wilson  et  al.82], 

[Nour-0midCloughS4j  or  [Coutinho  et  al.87]).  A transformation  to  Lanczos  coordinates  was  shown  to  be  especially 
promising  because  it  is  a load-dependent  transformation  that  is  tailored  to  the  respective  load  case  and  approximates 
the  influence  of  higher  modes  as  well.  The  starting  vector  yio  that  is  required  for  the  Lanczos  iteration  (see  e.g. 
[Coutinho  et  al.87])  is  chosen  from 

Kyu  = 7,  (20) 

7i  = m^x  v^Re(/i(Q))2  + Im(/,{Q))2  x = l(l)n.  (21) 

/ contains  an  assemblage  of  the  frequency-dependent  load  /(fJ)  which  ensures  that  every  required  degree  of  freedom 
is  excited.  If  the  Lanczos  tranforrnation  is  performed,  for  example  according  to  [Coutinho  et  al.87],  a reduced  set  of 
equations  is  attained,  which  is  again  diagonal.  Thus,  both  modal  and  Lanczos  transformation  yield  a reduced  diagonal 
set 

diag(-Q^  -f-  xQ2^,w,-  -f  cjf)q  = (22) 

For  optimization  purposes  the  derivatives  of  (14)  are  needed.  Combining  the  derivatives  of  (14)  and  (16)  one  has 


dgj 

dx 


1 


(23) 


To  compute  the  derivatives  of  the  complex  displacement  vector  y which  are  needed  in  (23),  equations  (15)  and  (17) 
are  differentiated: 


dx  dx  dx  ^ 
dq  dY'^ 


diag(-n^  -f-  iQ2^iWi  fi^)  “ + ^‘02— 


(24) 

(25) 


Thus,  computing  the  gradients  of  (14)  in  a reduced  system  requires  the  derivative  of  the  transformation  matrix  Y . If 
Y contains  a set  of  eigenvectors  of  the  structure,  the  eigenvector  derivatives  have  to  be  computed.  This  can  be  done  by 
the  method  originally  proposed  by  [Nelson76]  or  by  some  approximation  method  (see,  for  example,  [Haftka  ct  al.89]  ) 
which  is  usually  based  on  a modal  expansion  of  the  eigenvector  derivatives. 

Numerical  experience  indicates  that  the  influence  of  transformation  matrix  derivatives  on  the  gradients  of  the  fre- 
quency response  is  often  negligible.  Differentiating  (18)  and  neglecting  the  derivatives  of  the  damping  matrix  and  of 
the  transformation  matrix  Y , (24)  and  (25)  are  approximated  as 


^ = Y— 
dx  dx 


(26) 


diag{-Q-  + Yq.  (27) 

dx  \ dx  dx  J 

Equations  (26)  and  (27)  can  be  evaluated  with  Y containing  either  eigenvectors  or  some  other  transformation  vectors 
which,  for  example,  can  be  obtained  by  a Lanczos  reduction. 

EXAMPLE  4 For  a cantilever  beam  a constraint  is  formulated  for  the  acceleration  at  the  tip  of  the  beam.  Differ- 
ent methods  for  computing  the  frequency  response  derivatives  are  compared.  An  approximation  of  the  eigenvector 
derivatiyes  by  the  method  proposed  bv  [Lim  et  al.87]  gives  identical  results  compared  to  the  numerical  gradient  and 
the  gradient  obtained  by  Nelson’s  method.  An  expansion  of  the  eigenvector  derivatives  in  the  eigenvectors  themselves 


- = YC’-  (28) 

with  C as  the  matrix  of  the  expansion  coefficients,  yields  very  good  results  for  the  response  gradient,  too  (figure 
6a)).  Neglecting  the  eigenvectors  derivatives  totally  (i.e.  using  equations  (26)  and  (27))  adso  gives  acceptable  results 
M shown  in  figure  fib).  A difference  between  the  exact  and  the  approximated  gradient  can  be  found  in  the  higher 
frequency  range  only.  ■ 

EXAMPLE  5 Using  the  approximation  method  for  the  gradient,  a cantilever  plate  (fig.  7a))  is  optimized.  Fig.  7b) 
shows  the  amplitude  response  spectra  in  the  initial  and  final  design.  The  weight  history  is  given  in  fig.  7c).  ■ 
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Figure  6:  Comparison  of  exact  and  approximated  frequency  response  gradients 


Figure  7:  a)  cantilever  plate  b)  amplitude  response  spectra  c)  weight  history 


4 Conclusions 

Several  formulations  for  eigenfrequency  constraints  were  presented  and  implemented  in  the  structural  optimization 
package  MBB-LAGRANGE.  Examples  show  that  the  given  formulations  are  very  useful  in  practical  applications. 

The  second  topic  of  the  paper  addresses  frequency  response  constraints.  To  save  computational  time  it  is  necessary 
to  perform  a system  reduction  both  in  analysis  and  gradient  calculations.  The  system  equations  are  transformed  to 
either  modal  or  Lanezos  coordinates.  Neglecting  the  derivative  of  the  transformation  results  in  equations  that  are 
easy  and  inexpensive  to  han^e.  The  user  may,  nowever,  consider  exact  or  approximated  eigenvector  derivatives  in 
the  response  ^adients  as  well. 

Work  on  transient  response  and  random  response  is  in  progress.  Together  with  the  formulations  given  above  LA- 
GRANGE can  be  used  as  a tool  for  solving  a variety  of  structural  optimization  problems  with  constraints  from 
dynamics. 
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DYNAMIC  OPTIMIZATION  THEORY  WITH 
MULTIPLE  OBJECTIVES 


JOHN  JONES,  JR. 

Fqitc0  Institut©  of  Tschnology 

ABSTRACT.  Let  VCt)  be  a vector-valued  function  for  tc[a,b)  a 
real  interval.  The  main  purpose  of  this  paper  is  to  establish 
the  existence  of  an  interval  [a, 6]  C [a,b]  for  which  there 
exists  a tQe[a,  6]C  [a,b]  such  that  V(t^)  = 0,  the  zero  vector. 

Use  of  such  information  in  the  dynamic  optimization  theory  with 
multiple  objectives  present  is  needed.  Examples  of  such  sys- 
tems will  be  given. 


INTRODUCTION 


Let  V(t)  be  a vector-valued  function  for  te[a,b]  and  denoted  by: 


VCt) 


V2(t) 


/ 


Ci.l) 


where  each  {v^ (t) , i=l, 2, . . . ,n)  are  twice  continuously  differentiable  real-valued 

functions  of  t for  te[a,b].  Associated  with  V(t)  is  the  following  non-self-adioint 
matrix  vector  differential  equation: 


[[P(t)]v'ct)]  + Q(t)v'ct)  + R(t)VCt)  = 0 (1.2) 

where  [P(t)],  [Q(t)].  [R(t)]  are  n by  n matrices  of  continuous  functions  of  te[a,b] 
and  [P(t)]  is  an  n by  n matrix  of  continuously  differentiable  functions  of  te[a,b]. 

The  main  objective  of  this  paper  is  to  establish  a sufficient  condition  for 
the  existence  of  a t^e[a,b]  for  V(t)  a solution  of  (1.2)  such  that  V(tp)  = 0,  a 

zero  vector  of  V(t)  for  which  t^c[a,6]9  [a.t)].  Also  associated  with  (1.2)  is  the 

following  matrix  vector  differential  equation: 


u (t)  + [A(t)]u  (t)  + fD(t)]u(t)  = 0 (1.3) 

where  the  matrices  [A(t)],  [D(t)]  are  continuous  functions  of  a real  variable 
te[a,b]  such  that  u(a)  = u(b)  = 0.  Such  solutions  of  (1.3)  will  be  called  trial 
functions . where  u(t)  ^ 0,  for  a < t < b.  Such  vector-valued  functions  u(t)  will  be 
utilized  in  a computational  decision  process  for  the  existence  of  a t efa.BlC 
[a,b]  such  that  V(t^)  =0.  o - 
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In  section  II  an  example  which  illustrates  the  basic  theory  which  is  developed 
in  III  will  be  given. 

EXAMPLES 
Example  1.  Let 


V(t) 


V(o)  = 0 


(1.4) 


be  a given  vector-valued  function  of  t for  te[a,b)  and  is  a solution  of  the  follow- 
ing matrix  vector  differential  equation 


0 

0 


(1.5) 


The  basic  problem  of  determining  a t-interval  [0,6]  C [a,b]  for  which  V(t^j)  = 0 
where  tpe[a,B]C  [a,b]  and  V(tj,)  = 0 will  be  considered. 

Next,  let  a trial  function  be  given  by 


u(t) 


(1.6) 


which  obviously  has  t- zeros  at  t = 0,  t = 1 and  u(t)  f 0 for  0 < t < 1.  Thus  t^ 
for  which  u(t^j)  = 0 = u(0)  and  u(tp)  = 0 for  which  u(l)  = 0.  Let  u(t)  given  by 
(1.6)  be  a solution  of  the  following  matrix  vector  differential  equation 


C)-(r  :)(”:)•(:  T:k) 


and  u(t)  has  t -zeros  at  t = 0,  t = 1. 

o 0 0 


Let 


/2-4t  0\ 

[A(t)]  =(  ] ; [D(t)l 


■(::) 


for  equation  (1.7)  above. 

Then  by  making  use  of  the  following  decision-function: 


(1.7) 


(1.8) 
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and  therefore  V(t)  has  a te[0,l]  = [a, 8]  C [u,b] 

E[u,v;  0,l]dt  < 0 
o 

holds. 

Example  2.  Given  the  matrix  vector  differential  equation  for  which  the  given 
vector  v(t)  =1  ) is  a solution:  (which  has  t^  = 0) 


such  that  V(t^)  » V(o)  » 0 since 

Cl. 10) 
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o-c:  :)(:')•(:  :)C;k:) 


/2-4t  0\  /8  O' 

where  B(t)  = ( ; C(t)  = ( 

\ 0 -t/  \0  1. 

Let  the  trial  vector 
.2 


/t^-t' 


u(t)  =1  , ) which  has  a t^-zero  at  {t^  = 0,1},  u(o)  * 0;  u(l) 

and  satisfies  the  matrix  differential  equation: 


where 


and 


ck:  :)(;;)■(:) 


u Ct)  + A(t}u  (t)  + D(t)u(t}  = 0 


/2-4t  0 \ 

A(t)  = ) ; D(t) 

\ 0 2-4t/ 


(::) 


(Decision  Criteria) 


f<Au,u>  '1^  - 

[<Au,u>]  r 

1 J 

<v,v>  * 1 

» I t 

<Bv  ,v>  - < V ,v  > + 


2-4t  0 

0 2-4t 


0.  u(t) 


<Cv,v  > 
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which  guarantees  the  existence  of  a t-zero  of  v(t)  for  te[0,l]. 

BASIC  MATHEMATICAL  FORMULATION  OF  MULTIPLE  OBJECTIVE  DECISION  ANALYSIS  MODELS 

Multiple-criteria  decision  making  (MCDM)  has  increased  the  need  to  identify 
and  consider  simultaneously  several  objectives,  particularly  those  derived  from  the 
study  of  large-scale  dynamical  systems.  The  type  of  systems  considered  in  this 
work  depend  continuously  upon  time  t with  respect  to  the  time-varying  dynamical 
system.  Mathematical  programming  is  a very  useful  and  flexible  framework  for 
multi-objective  analysis  when  the  objective  and  physical  constraints  of  a problem 
may  be  expressed  as  functions  of  decision  variables. 

The  general  problem  of  single-objective  programming  is  the  search  for  the 
optimum,  i.e.,  a minimum  or  maximum  of  a function  of  variables  constrained  by  equa- 
tions or  inequalities  called  constraints.  The  inequalities  may  also  be  differential 
inequalities  or  integral  inequalities.  A single-objective  constrained  optimization 
problem  can  be  defined  and  expressed  as  below: 

max  Cz(x)) 
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subject  sets  of  inequalities: 


g.  Cx)  _<  0 ; (i=l,2, . . .,m) 

Xj  >.  0 ; (j=l,2, . . . ,n) 

where  the  objective  function  zCx)  and  the  constraints  are  defined  on  an 

n-dimensional  Euclidean  vector  space  of  decision  variables 

X = (x^,X2,x^, . . .x^)eR^ 

with  values  in  the  set  of  real  numbers  R.  The  functions  z(x)  and  g^M  can  be 
either  linear  or  nonlinear  functions  of  the  decision  variables,  x j , where 

(j  = l,  2, 3,  . . , , n)  . The  feasible  region  is  denoted  by  X = {x  : xeR^,  gj(x)  _<  0, 

Xj  ^ 0,  V i,j}.  The  optimization  problem  is  to  find  an  element  x*eX  of  the  feasible 
region  X which  will  give  a minimum  value  for  z(x),  i.e.,  max  z(x)  = z(x*).  If  the 
functions  z(x)  and  gi(x)  are  both  linear,  then  the  optimization  problem  is  called  a 
linear  programming  problem.  If  either  z(x)  and  g^Cx)  are  nonlinear,  then  such  a 
problem  is  called  a nonlinear  programming  problem. 

A single-objective  programming  problem  consists  of  optimizing  one  objective 
function  subject  to  a constraint  set.  A multi-objective  programming  problem  is 
characterized  by  a p-dimensional  vector  z(x)  of  objective  functions: 

z(x)  = (Zj(x),Z2(x),...,Zp(x))^,  t = transpose 

and  a feasible  region  X = {x  : xeR^,  gj^(x)  _<  0,  x^  i,j},  but  instead  of 

seeking  a single-optimal  solution,  a set  of  nondominated  solutions  is  desired  to  be 
found.  This  set  of  nondominated  solutions  is  a subject  of  the  feasible  region 

X = {x  : xeR^,  gj^Cx)  ^ 0,  x^.  0,  V i,j}-  For  the  nondominated  set  of  solutions, 

each  solution  outside  the  set,  but  within  the  feasible  region  X,  there  is  a non- 
dominated solution  for  which  all  objective  functions  are  unchanged  or  improved  where 
also  at  least  one  is  strictly  improved.  In  general,  one  can’t  optimize  a priori  a 
vector  of  objective  functions.  One  first  attempts  to  identify  the  set  of  nondomi- 
nated solutions  within  the  feasible  region  X in  the  consideration  of  multi-objective 
problems. 

One  may  formulate  the  problem  as  follows: 

max-dominate  z(x)  = [Zj * ^2 * ' ’ ' * ^p ^ 

subject  to  xgX  the  feasible  region,  where  the  object  is  to  search  and  identify  the 
set  of  nondominated  solutions,  i.e.,  the  set  of  solutions  that  dominate  the  other 
solutions  in  X.  Decision  functions  are  used  in  this  area  for  time-varying  problems 
developed  by  J.  Jones,  Jr.  and  the  detailed  mathematical  proofs  will  appear  else- 
where due  to  page  limitation  of  this  manuscript.  Parallel  processing  and  large 
computers  are  used  to  carry  out  the  mathematical  modelling  and  computer  simulation 
of  large  dynamical  time-varying  systems  (both  linear  and  nonlinear). 
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FUZZY  COMPROMISE:  AN  EFFECTIVE  WAY  TO 
SOLVE  HIERARCHICAL  DESIGN  PROBLEMS 

J.K.  ALLEN',  R.S.  KRISHNAMACHARp,  J.  MASETTA'  , D.  PEARCE',  D.  RIGBY' 

AND 

F.  MISTREE* 

In  this  paper,  we  present  a method  for  modeling  design  problems  using  a comprornise  Decision  Support 
Problem  (DSP)  incorporating  the  principles  embodied  in  fuzzy  set  theory.  Specil^ally,  the  fuzzy 
compromise  Decision  Support  Problem  is  used  to  study  hierarchical  design  problems.  TTiis  approach  has 
the  advantage  that  although  the  system  modelled  has  an  element  of  uncertainty  associated  with  it,  the 
solution  obtmned  is  crisp  and  precise.  The  efficacy  of  incorporating  fuzzy  sets  into  the  solution  process  is 
discussed  in  the  context  of  results  obtained  for  a portal  frame. 

1 MODELING  HIERARCHICAL  PROBLEMS  AS  COMPROMISE  DSPs 

Many  real-world  engineering  systems  are  too  complex  to  be  designed  as  single  systems.  In  the  e^ly 
stages  of  design  it  is  essential  to  have  a method  for  partitioning  and/or  decomposing  design  ^oblems  into 
subsystems  which  then  may  be  designed  concurrently.  The  riature  of  the  probl^  itself  and  the  roeth^ 
chosen  for  analyzing  the  subsystems  have  dramatic  effects  on  the  efficiency  and  effectiveness  of  the  design 
process  as  a whole,  and  by  extension,  on  its  cost.  Design  through  reflated  iteration  is  costly,  time 
consuming,  and  may  require  endless  iterations  to  adjust  previously  designed  subsystems  to  take  into 
account  new  information.  On  the  other  hand,  completely  simultaneous  design  (except  in  the  case  of 
variant  design)  is  also  impossible.  The  general  formulation  of  a hierarchically  dwomposed  problem  is 
shown  in  Figure  1.  Methods  for  hierarchical  decomposition  have  been  proposed  ^d  test^  successfully  m 
limited  situSms;  Sobieski  [1-3],  Kuppuraju  et  al.[4],  Shupc  et  d.[5],  Wrenn  and  I^^ 
al.  [71.  There  is,  however,  a major  limitation  to  these  methods,  they  require  precisely  defined  mformanon 
and  relationships  between  subsystems,  and  therefore  they  are  impractical  for  use  in  the  early  stages  of 
project  initiation.  We  assert  that  a procedure  that  incorporates  fuzzy  set  theory  would  overcome  this 

limitation. 

An  abstract  system  made  up  of  a parent  system  and  three  subsystems  is  illustrated  in  Figure  la.  The 
subsystems  interact  with  each  other  through  lateral  interactions  and  with  the  ^nt  system  through  vmical 
interactions.  A physical  representation  of  the  abstract  system  (shown  in  Figure  la)  is  a po^  frame. 
Figure  lb.  It  represents  a simple  hierarchical  system;  the  frame  being  the  parent  system  and  the  I-bearns 
three  subsystems.  The  objective  is  to  minimize  the  overdl  mass  of  the  frame  while  it  is  subjected  to  static 
loads  P and  M.  The  system  is  subject  to  certain  constraints  covering  norinal  stress,  bending  stress,  shear 
stress  and  buckling  in  each  member.  There  are  two  types  of  design  v^ables;  one  type  ror  toe  parent 
system  and  another  type  for  the  subsystems.  The  parent  system  design  variables  and  P ^e  ^ 
member's  cross  sectional  area  and  moment  of  inertia.  Each  subsystem  (I-beain)  has  six  design  variables, 
namely,  bi,  \>2,  h,  t],  t2. 13.  The  vertical  interactions,  Vi,  that  occur  between  toe  parent  system  and  each 
of  its  subsystems,  as  well  as  toe  interactions  that  occur  between  each  subsystem,  Ljj,^  shown  in  P>guro 
lb  The  lateral  interactions  necessitate  toe  inclusion  of  constraints  that  match  the  subsystem  variables  to 
their  counterparts  in  the  other  subsystems.  The  vertical  interactions  necwsitate  the  inclusion  of  constr^ts 
that  match  the  parent  system  design  variables  (A  and  I)  and  the  subsystOT  variables  (b,  t,  h).  ^is 
"matching"  is  modeled  mathematically  by  system  goals  in  toe  compromise  DSP.  An  inter^tion  system 
goal  constoains  one  subsystem  variable  to  be  equal  to  its  counterpart  in  the  other  subsystem.  For  example. 
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GIVEN 

Geometry,  material  properties,  loads,  etc. 

- the  starting  solution 
i s 1,23  - member  number 

j s 1 and  2 - left  and  right  end  of  member,  respectively 
FIND 

X * {Aj , Ij , bj|  ,bj2  . til,  ) 

SATISFY 

System  Constraints:  Frame 

- combined  stress  constraints 
S(A|,Ii)  ^ Sjntx 

System  Constraints:  For  each  member 

- combined  stress  in  the  top  flange 

o(b,t,h)ij^  Oa 

• combined  stress  in  the  bottom  flange 
a(b,t.h)ij  ^ <ja 

• shear  stress  constraint 

^(b»t,h)jj  ^ Xa 


- flange  buckling  constraint  (top  & bottom) 

I o(b»t»h)i  1 ^ ^ab^^il^MO 

I x(bft9h)j  I ^ 'tai)(bii,ti]) 

Overall  System  Goal 

- Mass  Goal:  minimize  mass  of  system 
Other  System  Goals 

- Vertical  Interaction  Goals:  V|  (six  goals) 

^i  ^ i+1  " I*  ^ )i 

+ ‘*'i+4  • ‘*'*'1+4  = K )i 

- Lateral  Interaction  Goals;  L12  and  L23 
(twelve  goals) 

Li(b.t.h)  + d-„-d+„  = L2(b.t.h) 
L2{b.t.h)  + d-n-d+„  = L3(b,t.h) 
Bounds  on  system  and  deviation  variables 
MINIMIZE 

The  mass  of  the  system 
The  deviation  between  the  system  variable 
in  one  member  and  its  counterpart  in  the  other. 


nC.  Ic  • MATHEMATICAL  MODEL  OF  THE  HIERCHICAL  DSP  FOR 
THE  PORTAL  FRAME  [5] 


FIGURE  1 . THE  HIERARCHICAL  PROBLEM  AND  THE  COMPROMISE  DSP 
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in  Figure  lb,  the  individual  dimensions  of  the  center  beam  (subsystem  2)  of  the  portal  frame  should  match 
those  of  the  beams  (subsystems  1 and  3)  on  either  side.  Thus,  lateral  interaction  equality  constraints  are 
created  to  handle  this,  for  example, 

(bi)i+d--d+  = (b2)i 

where  (bj)]  and  (b2)i  are  the  width  of  the  bottom  flanges  of  subsystems  1 and  2,  respectively.  The 
deviation  from  this  equality  is  measured  by  the  system  goal’s  deviation  variables  (underachievement,  d' 
and  overachievement,  d"'")'.  Similarly,  the  interaction  between  the  parent  system  and  subsystem  1 is 
written  as 

Ai  +d-  -d+  = A(b,t,h)i 

where  Aj  is  the  cross  sectional  area  of  member  1 (parent  system)  and  A(b,t,h)j  is  the  cross  sectional  area 
of  member  1 as  a function  of  the  subsystem  variables.  The  interaction  system  goal  provides  an  effective 
and  efficient  approach  for  maintaining  the  interactions  between  the  parent  system  and  its  subsystems  and 
between  individual  subsystems.  Further  details  are  provided  in  [5]. 

The  crisp  formulation,  in  succinct  notation,  of  the  compromise  DSP  for  the  portal  frame  is  presented  in 
Figure  Ic.  The  compromise  DSP  has  been  discussed  in  detail  elsewhere  (for  example,  see  ref  [10])  and 
will  not  be  repeated  here).  Given  the  geometry,  loads,  material  properties  and  starting  values  for  the 
variables  X°  our  intention  is  to  find  that  set  of  variables  X that  minimizes  the  mass  (modeled  as  volume  in 
the  formulation  [5])  and  satisfies  system  constraints  and  goals,  and  bounds  on  the  variables.  The  system 
constraints  include  stress  constraints  on  the  parent  system  and  stress  and  buckling  constraints  on  the 
subsystems.  The  system  goals  include  vertical  and 
lateral  interactions.  Bounds  are  placed  on  both  the 
system  and  deviation  variables.  The  objective, 
unlike  traditional  optimization  formulations,  is  in 
terms  of  the  deviation  variables  associated  with  the 
goals.  The  stresses  are  calculated  using  SAP  IV  and 
the  compromise  DSP  is  solved  using  DSEDES  [10]. 

Shupe  and  coworkers  showed  the  efficacy  of  using 
compromise  DSPs  in  modeling  and  solving 
hierarchical  design  problems  [5]. 


2 FUZZY  SETS  IN  DESIGN 


FIGURE  2 - A ONE  DIMENSIONAL 
LINEAR  MEMBERSHIP  FUNCTION 


What  is  a fuzzy  number?  Using  fuzzy  set  theory, 

uncertainty  in  any  variable  is  m^eled  by  assuming  that  it  is  represented  by  a main  value,  m,  surrounded 
by  a cloud  of  fuzziness  (uncertainty)  [8,  9]  whose  shape  is  specified  by  a membership  function,  p.  The 
exact  shape  of  the  membership  function  must  conform  to  some  conventions  and  numerical  considerations: 
(a)  its  only  minima  are  at  the  end  points  of  the  interval  and  these  must  have  a zero  membership,  and  (b)  its 
only  maximum  should  have  membership  one  at  the  most  likely  value  within  the  fuzzy  set.  A simple 
function  that  satisfies  these  guidelines  is  the  linear  membership  function  which  is  illustrated  in  Figure  2. 
In  this  case,  the  most  likely  value  of  the  set  is  the  main  value,  m,  and  the  distribution  of  membership 
decreases  linearly  and  symmetrically  until  it  equals  zero  at  (m+c)  and  (m-c).  Hence,  linear  membership 
functions  are  completely  specified  by  the  value  of  m and  the  bandwidth  of  fuzziness,  c. 


What  is  the  difference  between  fuzzy  set  theory  and  statistics?  The  analysis  of  Gaussian  distributions  in 
probability  and  statistics  is  based  on  the  rigorous  mathematical  foundation  of  measure  theory.  It  is 
inappropriate  to  apply  identical  manipulations  to  fuzzy  sets  - even  the  very  basic  definitions  of  addition  and 
multiplication  of  sets  are  different  in  the  two  cases. 


The  general  formulation  of  a fuzzy  compromise  DSP  is  given  below. 

^ The  system  and  deviation  variables  in  a compromise  DSP  are  always  non-negative.  To  effect  solution, 
one  of  the  following  three  conditions  must  hold,  namely;  [(dk*  = 0)  and  (dk"*"  = 0)]  or  [(dk'  = 0)  and 
(dk"*"  > 0)1  or  [(dk*  > 0)  and  (dk"*”  = 0)].  This  requirement  is  modeled  by:  [(dk*  • dk"*")  = 0]. 
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GIVEN 

• An  alternative  (a  starting  design):  X®  = (Xi®  I i = 1 , , M)  . 

• Estimated /Hzz/yiers  for  constraints,  £ const.  = {cj),  and  performance  goals,  e goals  = (Cp)  • 

j = l J and  p=l,...  ,P. 

• Upper  and  lower  bounds  on  the  system  variables. 


FIND 

• The  values  of  system  variables  : X = {Xi  I i = 1, ... , M)  . 

• Deviation  variables  dk'*'  and  dk'*'  are  a measure  of  the  deviation  of  the  system  being  designed 
from  the  goals,  k =1, ... , K where  K is  the  number  of  goals.  In  the  fuzzy  formulation,  there  arc  F 
goals  associated  with  the  grade(s)  of  system  compatibility,  G goals  associated  with  goal 
satisfaction,  and  P performance  goals  (F  + G + P = K) 

SATISFY 

• system  constraints  (capability,  Ci , meets  demand,  Di) 

Constraints  are  a function  of  the  system  variables,  X.  and  constants,  Aj.  The  fuzzy  form  of  these 
constants  is  represented  as  Aj(l-cjHj). 

[Cj(Aj(l-CjHj),X)]  /[Dj(Aj(l-CjHj),X)]  ^1.  j = 


• Fuzzy  system  goals 

• Performance  goals  (performance  meets  target).  Performance  goals  are  a function  of  the  system 
variables,  X.  and  constants,  Ap.  The  fuzzy  form  of  these  constants  is  represented  as  Ap(l- 
CpHp). 

[Pp(Ap(l-CpHp),X)l  / [Tp(Ap(l-CpHp),20]  + dp-  - dp"-  =1  . p = 1,...,P. 

• Maximize  the  grade  of  system  compatibility.  (Maximize  the  possibility  of  satisfying  the  fuzzy 
constraints.) 

Hj  + dj-  - d/  = 1.  j = 1, ... , J. 

• Maximize  the  degree  of  goal  satisfaction.  (Maximize  the  possibility  of  satisfying  the  fuzzy 
goals.) 

Hp  + dp  - dp"^  =1.  p = 1, ...,  P. 


Bounds 

• On  system  variables. 


Xi"”"  ^ Xi  ^ Xi*"" 


i = 1, ... , M. 


On  the  possibility  distribution  variables  associated  with  the  constraints  and  goals, 

(0  S Hj,  Hp,  Hg,  Hf  ^ 1).  j = l J;  p=l P;  g = l G;  f = 1 F. 


MINIMIZE 

• Preemptive  deviation  function  through  lexicographic  ordering 
Z = [(df  + di"^), ... , (dk’  + dk"-) , ... , (dR-  + dR*)  ] . 

Although  fuzziness  is  introduced  into  the  formulation  of  the  compromise  DSP,  the  design  parameters 
constituting  the  solution  are  crisp,  i.e.,  not  fuzzy.  As  the  extent  of  the  fuzziness  is  decreased,  (c  — > 0),  the 
solution,  (Xlfuzzy.  of  the  fuzzy  compromise  DSP  approaches  the  crisp  (non-fuzzy)  solution,  (Xlcrisp.  in 
the  limit. 
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♦ A*fu?zy  formS^^^  paSuSy  us°  M because  it  can  be  used  over  a relatively  large^rtion  of  the 
desien  timSe  pr^eeds.  information  about  the  object  being  designed  becomes  mo  e 

SZorTceiSn  (less  and  les?  uncertain).  As  the  cenainty  increases  a designer  is  rcquir^  to  merely 
decease  the  value  of  the  fuzzifier,  c (the  fuzzy  formulation  reduces  to  the  cnsp  formulation  when 

. Notions  such  as  - "as  much  as  possible"  or  "approximately  10,000"  can  be  modeled.  These  are 

. r^Sv^e'thT^e  ftzTpSmS^^^^  an  added  flexibility  to  the  problem. 

prtXly  s^  ^integrated  into  a 

. ?^‘rtey^fSlS?adS![  U fs^pSle  to  permit  some  constraints  to  be  "somewhat  violated"  and 

then  to  "instruct’’  other  subsystems  to  compensate  appropnaiely.  u 

. We  b^nSe  ?hTSe  fuLy  compromise  DSP  provides  an  ideal  way  for  modehng  hierarchic^ 
^obkms.  Shupe  et  al.  [5]  and  Krishnamachari  et  al.  [ 12]  have  demonstrated  the  efficacy  of  sol  g 
these  problems  using  crisp  and  fuzzy  formulations,  respecavely. 


3.0  IMPLEMENTATION,  VALIDATION,  INSIGHT  AND  FUTURE  WORK 
Vo  eSe"hat'ih"  DSP  lemplatt  U correct  for  both  dre  crisp  and  fuzzy  fonnulaoons  and  to  gain  an  insight 

of  •>’'  PO-f  f™' 

to  take  on  any  satisficing  values.  r i.  

Co,^™S^c^"nSc?u™«S"d,fgS<S;r^^^^  t.e  latetal  fottnulanon  andfte 

solutions  is  shown  in  Figure  4. 

= sasa 

'‘£«Swng  the  crisp  formulation:  The  crisp  fottnuladon  of  the  DSP  “5 

forms  the  basis  of  this  study.  The  volume  obtained  by  Knshnamachan  et  al.  [12]  for  the  lateral  and 

XrS.Vnt«  “Sin  5 % of  the  results  obtained  by  Sh^  “*SSSu"^ 
for  the  regular  and  vertical  interaction  cases  are  within  10  %.  The  difference  is  ^^hioutea  to  me 
pseudo'^  approach  used  by  Shupe  in  1985  and  the  true  preemptive  approach  used  by 

Eff^of^^ren^t^^ng^^  The  starting  solution  did  not  have  much  e^ct  on  the  convergence. 

?lUhe  the  same  number  of  cycles  for  convergence  for  both  the  cnsp  and  fuzzy 

formulations.  This  has  been  verified  for  fuzziness  varying  from  5 to  30  %. 

Does  the  fuzzy  model  behave  as  expected?  Both  formulations  have  been  extensively  exercised  and  the 

answer  is  yes. 
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Observations 

Using  the  fuzzy  DSP  increases  the  swiftness  with  which  a solution  is  obtained:  The  convergence  of  the 
fuzzy  DSP  of  the  portal  frame  problem  is  considerably  faster  than  the  corresponding  crisp 
formulation.  This  rate  increases  as  the  fuzziness  value  is  increases.  The  time  for  convergence 
decreased  from  approximately  12  minutes  for  the  crisp  model  to  7 minutes  for  the  comprehensive 
case  with  a fuzziness  of  30  % on  the  stress  limit. 

The  efficacy  of  using  the  fuzzy  DSP  in  the  early  stages  of  project  initiation:  Increasing  the  fuzziness 
decreases  the  effect  of  an  initial  infeasible  design  on  the  number  of  iterations  needed  for 
convergence.  This  observation  is  of  particular  importance  in  the  early  stages  of  project  initiation 
when  little  is  known  of  the  system  and  the  uncenainties  associated  with  the  information  are  high. 
Increasing  fuzziness  increases  the  speed  of  convergence  and  is  useful  for  negating  the  deleterious 
effect  of  an  infeasible  starting  solution  on  the  solution  process.  The  fuzzy  model  is  particularly 
appropriate  when  a designer  is  interested  in  obtaining  a satisficing,  approximate  design  rather  than 
obtaining  a design  that  is  accurate  and  optimal. 

The  efficacy  of  using  the  fuzzy  DSP  over  a range  of  the  design  time-line:  In  practice,  uncertainties 
should  decrease  as  one  proceeds  along  a design  time-line.  The  solution  of  the  fuzzy  DSP  with  c=0 
(i.e.,  no  fuzziness)  is  within  1%  of  the  solution  obtained  using  the  crisp  formulation.  This  is 
indicative  that  the  same  model  can  be  used  over  a wide  range  of  the  design  time-line. 

The  utility  of  the  fuzzy  DSP  to  a designer:  Post-solution  analysis  of  the  uncertainty  value  ‘H’  for  the 
constraints  that  are  fuzzified  can  be  used  by  a designer  to  determine  which  factors  are  of  importance 
in  improving  the  quality  of  the  solution  and  thence  directing  his/her  efforts  accordingly.  Fuzziness 
can  be  used  in  two  ways,  namely,  model  uncertainties  and  to  study  the  effect  of  cenain  parameters 
on  the  solution.  The  latter  allows  a designer  to  pin-point  a part  (within  a subsystem)  for  which  it  is 
important  to  get  further  information,  i.e.,  to  reduce  the  uncertainty.  This  insight  should  make  it 
possible  to  direct  resources  towards  activities  that  provide  the  "biggest  bang  fw  the  bucks". 

The  efficacy  of  using  the  fuzzy  DSP  to  model  hierarchical  problems:  Shupe  et  al.  [5]  have  shown  the 
efficacy  of  solving  hierarchical  problems  via  the  compromise  DSP.  This  observation  is  further 
reinfcM'ced  by  Krishnamachari  et  [12].  The  use  of  the  fuzzy  DSP  does  not  result  in  a better  design 
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per  se  but  provides  a means  for  recombining  the  subsystems  into  a system  when  design  is  in 
progress.  Further,  there  are  strong  indications  that  the  use  of  the  fuzzy  DSP  could  result  in  an 
increase  of  the  efficiency  of  the  design  process. 

Future 

The  portd  fran^  test  case  represents  much  more  than  a structural  optimization  problem  The  same 
philosophy  CM  be  usirf  to  model  other  types  of  projects  in  which  diffetent  departmeL  or  etouds  inS 
to  achtiwe  then  goa^.  The  fuzzy  compromise  DSP  can  be  used  to  model  intemcdons  beWMSrevM 
S mt^aons  may  be  unclear  or  fuzzy.  This  is  the  case  in  concurrent  enrineering 

concutront  enJinST's  ‘"''““*““"8  f““y  compromise  DSP  in 
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ABSTRACT 

A methodology  is  outlined  for  optimization  of  airframe  structures  under 
dynamic  constraints  to  maximize  service  life  of  specified  fatigue-critical 
components.  For  practical  airframe  structures,  this  methodology  describes  the 

development  of  sensitivity  analysis  and  computational  procedures  for 
constraints  on  the  steady-state  dynamic  response  displacements  and  stresses 
Strain  energy  consideration  is  used  for  selection  of  structural  members  for 
modification.  Development  of  a design  model  and  its  relation  to  an  analysis 

model,  as  well  as  ways  to  reduce  the  dimensionality  of  the  problem  via 
approximation  concepts  is  described.  This  methodology  is  demonstrated  using 
an  elastic  stick  model  for  the  MH-53J  helicopter  to  show  service  life 
improvements  of  the  hinge  fold  region. 


INTRODUCTION 

Excessive  vibrations  degrade  the  service  life  as  well  as  the  ride  qualities 
of  helicopters.  Studies  on  vibration  reduction  by  optimization  of  rotorcraft 
structures  are  underway  at  NASA  Langley  as  a part  of  an  ongoing 
NASA/Industry  rotorcraft  structural  dynamics  program.  The  objective  of 
these  studies  is  to  develop  practical  computational  procedures  for  structural 
optimization  of  airframes  subject  to  steady-state  vibration  response 
constraints  (Reference  1).  Efforts  are  also  underway  at  developing  an 
integrated,  multidisciplinary,  optimization-based  approach  for  rotorcraft 
design  (Reference  2).  One  of  the  objectives  of  this  NASA/Army  Aerostructures 
Directorate  research  program  is  to  establish  a procedure  to  include  airframe 
dynamic  effects  in  rotorcraft  system  dynamic  optimization. 

While  analysis  capability  for  vibratory  response  has  been  pursued  for 
quite  some  time,  the  vibration  reduction  in  existing  helicopters  has.  for  the 
most  part,  been  achieved  through  add-on  vibration  control  devices  Such 
after-the-fact  structural  alterations  imply  additional  weight  penalty  and  are 
often  not  effective.  These  problems  can  be  alleviated  if  the  helicopter 
designers  rely  on  analysis  during  design  in  their  efforts  to  limit  vibrations. 
This  will  require  the  development  of  advanced  design  analysis  methodologies 
and  attendent  computational  procedures  which  adequately  take  vibration 
requirements  into  account  (Reference  3).  This  paper  outlines  an  airframe 
structural  design  methodology  aimed  at  airframe  dynamic  structural 
modification  to  reduce  vibratory  response,  thereby  increasing  the  service  life 
of  fatigue-critical  components  and  producing  a better  vibration  environment 
for  crew,  passengers,  and  equipment. 


148 


methodology 

Airframe  structural  d?s*/^'%»ri^Wcs*^so  that 

roupltd  «ith  •!>'  criter?.  Fo7  p..ctU.l  htlicopter 


Improved 

Design 


finite  ELEMENT 

structural  analysis 

(ANALYSIS  MODEL) 


MSC/NASTRAN  DYNAMIC 
jgTRllCnnRAL  ANALYSIS 


CONSTRAINT  CHECK/DELETION 


SENSITIVITY  ANALYSIS 


SYNTHEnC  RESPONSE  & 
TtMAP  GENERATION 


Response  & 
Sensitivity 
Information 


OPTIMIZATION 
algorithm  (CONMIN) 


Optimized 

Airframe  Structure 


Figu,.  1.  oeoer.1  Airframe  Sm.e.ur.1  OpUmiaatioa  Meihoioloc- 


aalysis  lools  sect  « “^WASTIUN  a^li^  » j„ig„ 

Icment  analysis  models.  Figure  1 snows  me 
ptixnizatioii  process. 

ih^  form  of  a complete  finite  clement 
Initial  airframe  design  is  *“  rotor-indued  loads.  Figure  2 

nalysis  model  along  with  MH-53J  helicopter  which  has  been 

hois  the  finite  /InaTvsis  the  dciign  model  is  being 

objected  to  static  and  .*  performed  and  stauc-to-dynamic 

rerdavro'e  | 

Sf ’^muma.i'::r%';;,rrmiar  base,  arnremra.  of  Uc 

complete  finite  element  model  due  to 


149 


i)  large  number  of  design  variables 

i|)  large  number  of  inequality  constraints 

iii)  many  inequality  constraints  are  computationally 

burdensome  implicit  functions  of  tbe  design  variables. 

• u overcome  the  efficiency  barrier  in  structural  optimization  problems 

with  mathematical  programming  approaches,  approximation  concepts  can  be 
used.  The  basic  idea  is  to  transform  the  problem  statement  involving  a large 
number  of  implicit  functions  to  a sequence  of  a relatively  small  number  of 
approximate  problems  that  incorporate  only  the  explicit  functions  which  are 
CMy  to  evaluate  (Reference  4).  The  size  of  the  problem  is  dictated  by  number 
of  design  variables  or  the  number,  of  constraints.  The  number  of  design 
variables  is  reduced  by  linear  transformation  called  design  variable  linking 
The  number  of  constraints  is  reduced  by  temporarily  deleting  constraints 
which  were  sufficiently  feasible  and  not  likely  to  become  binding  for 
moderate  changes  of  the  design  variables.  Graphically,  the  approximation 
concepts  methodology  is  depicted  in  Figure  3. 


Figure  3.  Approximation  Concepts  Methodology 
(Source:  Reference  5) 

For  the  approximate  model,  the  analysis  computes  tbe  various  structural 
responses,  such  as  stresses,  displacements,  natural  frequencies,  etc.  together 
with  their  sensitivities  with  respect  to  a specified  set  of  design  model 
parameters.  These  response  data  are  fed  into  the  optimization  program  to 
prop<^  an  improved  design.  Based  on  the  new  design,  the  analysis  model  is 
modified  and  a new  iteration  cycle  starts. 

The  use  of  the  design  optimization  capability  for  practical  airframe 
structures  is  relatively  simple  and  the  key  concept  in  applying  the 
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optimization  capability  is  to  make  a "design"  model  in  addition  to  the  available 
"analysis"  model.  A design  model  is  a representation  of  a design  optimization 
problem  statement  in  tenns  of  design  variables  and  structural  responses.  It  is 
closely  related  to  the  corresponding  analysis  model.  To  make  the  best  use  of 

optimization  capability,  the  user  needs  to  have  a good  knowledge  of  the 
hardware  requirements  and  design  criteria,  and  then  create  a design  model 
based  either  on  the  proposed  structure  or  the  preliminary  drawings.  The  MH- 
53J  design  model  for  optimization  is  built  based  on  the  finite  element  analvsis 
model  of  Figure  2.  ’ 


IHgure  4.  Basic  Design  Model  Conceptual  Structure 
(Source:  Reference  5) 


In  general,  the  description  of  a design  model  must  contain  the  following 
four  components  in  addition  to  the  associated  analysis  model  description 
(Reference  5):  ^ 


i ) Definition  of  design  variables  which  are  allowed  to  be  modified. 

ii)  Description  of  relations  between  the  analysis  model  variables  and 
the  design  variables. 

iii)  Description  of  a measure  of  design  based  on  the  responses 
calculated  by  the  analyses. 

iv)  Description  of  the  design  criteria  based  on  the  responses 
calculated  by  the  analysis,  in  the  form  of  inequality  constraints. 


K model  description  implemented  in 

MSC/NASTRAN  may  be  visualized  u shown  in  Figure  4.  The  elemenu  in  the 
Malysis  box  represent  the  conventional  MSC/NASTRAN  analysis  capabilities. 
The  design  variables  are  defined  as  separate  entities  from  any  of  the 
parameters  which  describe  the  analysis  model.  These  variables  could  be 
normaliKd  area  or  moment  of  inenias  of  the  sections.  Subsequently  their 
relationships  to  the  analysis  model  data  is  defined  directly  and  or  through  the 
user  supplied  equations.  In  the  Figure  4.  Type-1  (or  direct)  responses  are 
“**/**®  results  computed  directly  by  finite  element  analyses.  These  are 
available  for  pnnting  or  for  being  read  by  other  modules.  The  objective  and 
constraint  functions  arc  formed  either  directly  from  the  Typc-1  responses  or 
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from  the  Type-2  responses  which  are  defined  as  user-supplied  equations  in 
terms  of  the  design  variables  and  the  Type-1  responses. 

The  selection  of  appropriate  design  variables  is  one  of  the  most 
improtam  decisions  in  creating  a design  model.  It  is  highly  desirable  that  the 
design  variables  selected  have  an  appreciable  influence  on  the  objective 
and/or  the  constraint  functions.  Another  factor  to  keep  in  mind  is  that  each 
design  variable  should  be  directly  related  to  physical  significant  quantity 
such  as  dimension  of  a part,  so  that  the  designer  can  modify  the  drawing  or 
the  hardware  based  on  the  proposed  design.  The  total  number  of  design 
variables  is  limited  only  by  the  computational  resources  (i.e.  memory  size, 
secondary  storage  size,  etc.).  The  optimization  process  is  efficient  for  a 
reduced  number  of  the  design  variables.  The  design  model  is  under 
development  at  the  writing  of  this  paper,  and  therefore,  not  presented  here. 


MODIFIED  METHODOLOGY 

The  above  mentioned  generalized  methodology,  depicted  in  Figure  1,  was 
modified  taking  into  account  the  specific  efforts  undertaken  at  NASA  Langley 
Research  Center  in  developing  the  DYNOPT  program  for  timing  frequencies  of 
helicopter  airframe  structures  under  dynamic  displacement  constraints. 
Ongoing  research  on  helicopter  optimization  for  vibration  reduction  at 
Langley  Research  Center  has  resulted  in  the  development  of  computational 
procedures  for  optimization  of  practical  airframe  structures  under  dynamic 
constraints  (Reference  6).  As  a part  of  these  studies,  sensitivity  analysis 
procedures  for  constraints  on  the  steady-state  dynamic  response  displacement 
of  the  Bell  AH-IG  helicopter  airframe  were  developed,  under  rotor-induced 
loads.  Research  work  in  this  regard  involved  development  of  a solution 
sequence  based  on  direct  matrix  abstraction  program  (DMAP)  of 
MSC/NASTRAN  to  compute  the  sensitivity  coefficients  for  the  dynamic 
response  constraints.  The  sensitivity  results  from  the  application  of  the 
solution  seequence  to  an  elastic  line  model  of  a helicopter  airframe  structure 
are  discussed  in  Reference  1. 

In  the  research  study  of  Reference  6.  a computational  procedure  based 
on  the  nonlinear  programming  approach  of  optimization  was  developed  which 
incorporates  the  dynamic  response  sensitivity  solution  sequence.  The 
procedure  has  the  capability  to  solve  optimization  problems  with  frequency 
and  static  constraints  in  addition  to  forced  response  (displacement  only) 
constraints.  Implementation  of  the  procedure  resulted  in  a computer  code, 
designated  DYNOPT,  for  optimization  of  airframe  structures  under  dynamic 
constraints. 

The  analysis  block  of  the  general  methodology  of  Figure  1.  on  utilizing 
the  DYNOPT  program  can  subsequently  be  modified  as  shown  in  Figure  5.  As 
can  be  noted,  DYNOPT  program  can  be  modified  by  writing  DMAP  alter  for 
dynamic  stress  constraints  as  well  as  a DMAP  alter  for  associated  sensitivity 
analysis.  Furthermore,  to  bring  in  fatigue  life  into  picture,  a synthetic 
response  needs  to  be  constructed.  Fatigue  life  will  be  computed  for  the  MH-53J 
airframe  components  based  on  S-N  curve  methodology.  Alternate  fatigue  life 
computation  methods  exist  but  would  not  be  used  for  this  worir. 
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Figure  5.  Modified  Analysis  Methodology 


The  selection  of  the  regions  considered  for  service  life  improvements 
are  shown  in  Figure  6.  These  regions  were  determined  from  the  98  failure 
analysis  reports  for  H-53  components  and  structure  at  Warner  Robins  Air 
Logistics  Center  (WRALC)  to  take  advanuge  of  the  H-53  service  history.  The 


(Source:  WRALC/MME) 

Rgure  6.  Documented  failures  due  to  low  stress,  high  cycle  fatigue, 
airframe  structure  (Group  2^). 
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percent  of  breakdown  by  fatigue  phenomenon  accounted  for  40%  of  all  the 
failures  (Reference  7).  The  structure  failures  noted  in  the  failure  analysis 
reports  were  mapped  onto  the  H-S3  structure  to  determine  the  frequency  and 
location  of  failure  as  an  aid  to  locate  potential  "hot-spots”  (Figure  6). 


ANTICIPATED  RESULTS 

Modification  of  DYNOPT  program  is  underway  to  develop  DMAP  alters  for 
dynamic  stress  constraints  and  associated  sensitivity  analysis.  Once  the 

fatigue  life  synthetic  response  is  formuated,  the  sensitivities  of  dynamic 
stresses  at  prescribed  "hot-spots"  can  be  computed  with  respect  to  the  design 

variables  of  the  design  model.  This  sensitivity  data  will  be  used  by  the 

optimization  algorithm  along  with  the  response  information  for  dynamic 

structural  modification  of  the  MH-53J  airframe.  The  final  results  will  show  the 

reduction  in  dynamic  stresses  with  a corresponding  increase  in  service  life  at 

the  "hot-spots"  after  a certain  number  of  iterations. 
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INTRODUCTION 


PaMenger  OHiifort  is  of  great  Importance  in  moat  transport  vehicles.  For  instance,  in  the  new  generation  of 
re^onai  turtHjprop  aircraft,  a low  noise  level  Is  vital  to  be  competitive  on  the  mariteL  The  possibilities  to  predict 

n^  levels  anaiyticaJly  has  Improved  rapidly  in  recent  years.  This  win  make  It  possible  to  take  acoustic  design 
crttena  into  account  tn  earfy  project  stages.  ^ 


^ development  of  the  ASKA  FE-system  to  Include  also  acoustic  analysis  has  been  carried  out  at  Saab  Aircraft 
Aeronautical  Research  Institute  of  Sweden  in  a Joint  project  New  finite  elements  have  been 
developed  to  model  the  free  fluid,  porous  damping  materials  and  the  interaction  between  the  fluid  and  structural 
u !!!!  ? ^®**®*"-  approach  to  the  acoustic  analysis  Is  best  suited  for  lower  frequencies  up  to  a few 

hun<^  Hz.  For  accurate  analysis  of  interior  cabin  noise,  large  3-0  FE-models  are  built  but  also2-D  models  are 

cofisldorod  to  bo  useful  for  poremotric  studios  and  optimization. 

introduction  of  an  acoustic  design  criteria  In  the  general  stmeturai  optkrtfzalion 
8^  O^YSav^  at  ^ Saab  Aircraft  Dlvlsion.The  first  implementatton  addresses  a some^  limited 
^ of  prot^.  The  problems  solved  are  formulated;  Mlnimizs  the  structural  weight  by  modifying  the 
structure,  while  keeping  the  noise  level  In  the  cavity  and  other  structural  design  criteria  within 


THE  OPTSYS  SYSTEM 


OPTO^  ^deiMtoped  toget^  with  the  Aeronauticai  Research  Institule,  is  a modular  system  with  well  defined 
terte^  to  FE-iprograms  ( ASKA  or  ABACUS  ) and  codes  for  aeroelasticity.  A mathematical  programming 

usinglheMMA 

me^  •®^*^*®^°®'«^*«<**®ro*-analytfoally.  Design  variables  aseocteted  to  the  shape  of  the  structure, 
ttw  element  cross  section  properties  or  the  material  dbeefion  In  the  case  of  composite  materials,  can  be  treated. 
This  appro^rnyes  ft  possible  to  take  several  different  design  criteria  Into  account  sitnuftaneously.  Constrifints 

tteplacement,  stress,  eigenfrequency,  bucking,  flutter  and  aleron  efficiency.  Oiher 

impo^ln^erfientsare;  ^le  Integration  of  a preprocessor  to  define  shape  variables,  the  treatment  of  dbaete 

vartebhte^  the  possibility  to  deal  with  substructured  FE  models.  OPTSYS  has  been  applied  to  both  aerospace 

andauta^^  a"  Investigatkm  of  the  potenfial  weight  savings  to  a composite  w^ 

aircraft  Involving  niore  than  700  design  variables,  simultaneous  shape  and  thickness  opfirnizallon  of  aSaab9000 

stress  concentration.  OPTSYS  originates  from  an  early  version  of  the  OASIS  system  developed  by  Esping « . 


156 

C'5, 


SENStTIVITY  OF  THE  ACOUSTIC  RESPONSE 

The  FE  formulallon  leads  to  a symmetric  matrix  equation  describing  the  coupled  fluid-structure  problem ».  ^ 
avoid  complex  arithmetic  In  current  prototype  Implementation,  the  excitation  Is  restricted  to  the  harmonic 
no  porousSements  are  allowed  m the  model.  K the  damping  effects  are  neglected  the  dynamic  response  problem 

can  be  written  as  ; 


( K — cf)^  M ) u « F 

where  Is  the  excitation  frequency.  FIs  the  load  vector  andu 

structural  response  and  the  acoustic  pressure  degrees  of  freedom.  The  equation  can  be  solved  directly  m the 
primary  degrees  of  freedom  or  by  modal  synthesis. 

The  derivative  of  the  acoustic  pressure  p In  a certain  node  with  respect  to  a design  variable  x Is  calculated,  using 

the  acqoint  method,  according  to; 


fu' 

)vj 

L “I.  3x 

d X 

where  k.  Is  the  element  stiffness  matrix,  m.  Is  the  element  mass  matrix  and  v.  Is  the 
corresponding  to  a unit  load  applied  to  the  degree  of  freedom  in  which  the  acoustic  constraint  is  defined.  The 
summation  is  made  over  all  elements  associated  to  the  design  variable  x. 

The  sound  pressure  level,  SPL,  is  defined  as; 


SPL  - 20  log 


Ipl 


whcr9  p Is  th6p63k  value  of  the  acoustic  pressure  In  a specific  location  in  ttw  acoustic  cavity  and  p# 

reference  pressure  provided  by  the  user.  The  derivative  of  the  sound  pressure  level  Is  then  given  by; 


is  the  acoustic 


a (SPL) 
3 X 


20  log  e 3 p 


3 X 


The  acoustic  constraint,  which  is  a special  case  of  dynamic  response. 

OPTSYS.  The  treatrnerrt  Is  shnllarto  the  case  of  dtsplacernent  constraints.  The  character  ome  acoustic  c«x^^ 

is  however  not  as  attractive  to  deal  with  as  the  displacement  constraint  The  acoustic  response  not  a 

SJlS^s  function  of  structural  size  variables,  as  a maximum  wffl  oa^ 

the  excitation  frequency.  This  wll  lead  to  unconnected  feasible  regions  in  the  desl^  space  which  is  a major 
dUflculty  for  an  optlmlzallon  algorithm. 


CAVrrY  WITH  FLEXIBLE  WALL 

The  cavity.  FE  model  shown  m figure  1 . Is  surrounded  by  rigid  wans  on  five  sides.  TJ® ''9^" 
preswrals  applied  Is  however  flexible . The  excitation  frequency  Is  60  Hz  and  the  ^ 

^k>ads.F.  0-25N.ontheflexWewalcorrespondlngtoane)rternah^^ 

s^of  sourxl  340  rn/8*.  Structural  properties  :E -7.2 10’*N/n»*.denally -2700  kgfm».  The  noise  ^inside 

5Sn2vlly  was  ex*nlned  as  a furxrilon  of  the  thicimess  dtotributlon  In  the  flexi)le  wan.  The  resu^ 

mthecavity  b Mustraled  In  figures  2 arxl  4.  Note  the  asymptotic  behavior  of  the  dynamic  response  when  the 

eigenftequency  gets  dose  to  the  excitation  frequency. 
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In  th«  ftost  optimization  problem,  see  figure  2.  one  design  variable  was  assodatod  to  the  uniform  thickness  of  the 
whole  waH.  Note  that  different  solutions  are  found,  depending  on  the  starting  point,  due  to  the  unconnected 
feasible  regions. 

As  Indicated  In  figure  3,  a second  design  variable  was  associated  to  the  center  element.  The  iteration  hlstoiy  In 
this  two  dimensionai  case  Is  illustrated  in  figure  4.  It  can  be  noted  that  the  constraint  boundary  corresponding  to 
SPL-110dB  seems  to  be  very  dose  to  a straight  line  and  that  there  is  a small  feasible  region  unconnected  to  the 
large  one,which  Is  not  reached  from  the  startbig  pdntThe  final  design  Is  In  this  case  bounded  by  the  acoustic 
design  criteria  and  the  lower  limit  of  the  first  design  variable. 
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Linking  of  the  elements 
In  the  flexible  wall  to  the 
two  design  variables. 


Figure  3 


2 

Figure  4 


CROSS  SECTION  OF  THE  SAAB  340  AIRCRAFT 

The  2-0  FE-model , representing  a cross  section  of  the  Saab  340  fuselage  dose  to  the  plane  of  the  propeller, 
consists  of  one  substructure  for  the  structural  part  and  another  substructure  for  the  cavity,  see  figures  5 and  7.  The 
cavity  substructure  contains  2-0  acoustic  elements  and  interface  elemants  oormectlng  the  cavity  model  to  the 
outer  flange.The  excitation  force  was  simplifled  to  be  harmonic,  Le.  the  phase  differenoe  around  the  fuselage  was 

neglected.  The  objective  function  is  here  the  weight  of  the  inner  flange,  i.e.  the  weight  of  the  elements  associated 

to  design  variables.  The  acoustic  constraint  is  applied  to  three  points  in  the  cabin  corresponding  to  measurement 
points  inflight  tests.  The  location  of  the  design  variables  ( 1 -37)  and  the  constraint  points  are  indicatad  in  figure  6 . 


Two  sequential  optimization  problems  were  solved.  Figure  8 shows  the  Iteration  history  for  the  objective  and 
constraint  functions.  In  phase  I only  Increased  flange  areas  were  allowed.  After  six  Iterations  the  process 
converged  without  having  reached  the  desired  noise  level  as  all  variables  giving  a favorable  contribution  to  the 
SPL  have  reached  their  upper  llmlt.The  additional  0.076  kg  reduced  however  the  noise  level  from  122.3  dB  to 
120.5  dB.  In  phase  II  the  flange  areas  wore  also  allowed  to  decrease.  The  desired  noise  level  of  1 19  dB  was 
reached  after  4 Iterations  with  a reduction  In  weight  of  0.1 35  kg.Tho  ASKA  FE-model  m figure  7 shows  the  final 
SPL  distribution  and  the  corresporKlIng  structural  deformation  fortho  final  design.  The  picture  looks  very  much  the 
same  lor  the  Initial  design,  the  dlfferenoe  being  that  the  noise  level  is  lower  for  the  final  design.  In  ttte  final  design, 
material  has  been  added  in  the  region  controlled  by  design  variables  2-8  arxJ  removed  elsewhere,  making  the 
structure  loss  symmotria  The  noise  level  in  this  test  example  is  much  higherthan  in  the  real  aircraft  and  In  amore 
realistic  application  of  course  other  design  criteria  have  to  be  considered  as  well. 
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COMMENTS  ON  CURRENT  AND  FUTURE  DEVELOPMENT 

tobeabletodealwnhtuneddainpers.  heavy  design  variables  can  than 

during  optbnlzaBon.  A new  fintte 
distribution  of  damping  material. 
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ABSTRACT 

This  paper  presents  the  fuzzy  dynainical  reliability  and  failure  probability,  as 
well  as  the  basic  principles  and  the  analytical  method  of  loss  assessment  for 
nonlinear  seismic  steel  structures.  Also  presented  is  the  optimization  formulation 
and  a numerical  example  for  double  objectives  ( initial  construction  cost  and 
expected  failure  loss)  and  dynamical  reliability  constraints.  The  earthquake  ground 
motion  is  based  on  a stationary  filtered  non-white  noise  and  the  fuzzy  damage  grade 
is  described  by  damage  index. 


INTRODUCTION 

A reasonable  structural  design  should  achieve  both  serviceability  and  economic 
objectives;  optimum  structural  design  is  one  of  the  means  to  achieve  the 
objectives.  Traditionally,  structural  optimum  design  is  to  minimize  the  initial 
construction  cost  under  the  constraints  of  structural  safety.  But,  the  optimum 
design  of  aseismic  structures  is  not  only  to  minimize  the  initial  construction  cost 
but  also  the  failure  loss  of  the  structure  damaged  by  earthquakes.  For  this  purpose 
an  optimization  formulation  of  aseismic  structures  was  presented  in  Ref.  3,  based  on 
the  double  objectives  (initial  construction  cost  and  expected  failure  loss)  and 
reliability  constraints. 

Since  a structure  under  strong  earthquakes  will  undergo  inelastic  deformation 
and  dissipates  hysteretic  energy,  earthquake  ground  motion  is  a random  process,  and 
the  safety  criterion  of  structure  has  some  fuzziness,  all  these  properties  should  be 
considered  in  the  optimum  design  of  aseismic  structures  and  are  therefore  discussed 
in  this  paper. 


STRUCTURAL  MODEL  AND  MOTION  EQUATION 

For  a SDOF  steel  structure  shown  in  Fig.  1,  the  motion  equation  can  be  expressed 
as 


mX  + c X + f (X,X)  = -mA(t) 
o s 


(1) 


in  which  the  earthquake  ground  motion  is  simulated  as  a Gauss  stationary  filtered 
non-white  noise  with  zero  mean  and  power  spectrum 


g 


=A<“>  ■ 


"^9 


- W 
1+  — 


(2) 
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the  danping  ratio  and  predominant  frequency  of  site 
soil,  u>^  - 8it  ?dd/s  IS  a parameter  of  bedrock  spectrum,  and  S is  the  spectral 
factor  corresponding  to  seismic  intensity  degree,  f (X,X)  is  the  restLing  force 
of  a structure  and  can  be  expressed  by  a bilinear  modll  shown  in  Fig.  2,  in^hich  k 
xs  the  primary  elastic  stiffness,  a is  the  second  stiffness  coefficient  and  f Ts 

respectively  obtained  by  the  elastic  and  Jlastic 


k = 


24EI 


4M 

f = 

y H 


for  the  section  shown  in  Fig.  3, 


(p  - 1 


a = 


z 

s y 


-1 


(3) 


(4) 


in  which  E - elastic  modulus;  I = moment  of  inertia  of  the  cross  section;  and  (p  = 

M /M  IS  the  shape  factor,  M (o  Z ) and  M (o  Z ) are  respectively  €he^yieldin|  and 
plastic  aments;  o is  the  ^lel^iXg  stresi;  X ^and  Z are  respectively  the  elLtic 
and  plastic  section  moduli.  The  symbols  H,  h aXd  6 are  given  in  Figs.  1 and  3. 

RANDOM  DEFORMATION  AND  HYSTERETIC  ENERGY  DISSIPATION 

By  means  of  the  stochastic  linearization  technique,  Eq.  (1)  can  be  written  as 
following  equivalent  linear  equation. 


mX  + c X + k X 
e e 


-mA(t) 


(5) 


in  which  c^  and  are  respectively  equivalent  linear  damping  and  stiffness,  and  c 

^ef‘  ^ energy  balance  technique  of  equivalent  linearization  and^ 

oy  assuming  the  displacement  response  X(t)  with ^ — ^ . . 

be  respectively  obtained  by  (6) 

‘'ef  = -^o  = "^o 

in  which 


(6) 


Cef(r)  ^ 


4-(l-a)(r-x  )x 

5 ^ k 

TTU)  r^  ^ 

e 


(r  > Xy) 

< Xy) 


kg(r)  = 


klifcos-‘a-  . a - 2^  (r-2Xy)/<j^(r-x^)) 


P(r)  . jf.  evp  (-  1^) 
X X 


(r  > Xy) 


(r  < X ) 
- Y 


(7) 


(8) 


(9) 


where  x is  the  yielding  displacement  of  structure,  u>  = o./o  , o*  and  o?  are  the 
stationary  variances  of  the  displacement  and  velocity® responses,  ^y  introducing  the 

vector  Z = [X,  u,  X,  u,  oj],  the  covariance  matrix  T = [Z{t)z'^{t)]  can  be 
obtained  by  the  following  algebraic  matrix  equation 
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(10) 


Ar  + = 6 


in  which 
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where  0 and  6 are  respectively  4th  order  matrix  and  vector. 
4 4 

The  correlation  function  matrix  R(t)  can  be  obtained  by 


R(t)  = (t ) 


(11) 


in  which  is  the  transfer  matrix  of  state  vector  Z{t).  Let  X{t)  be 

the  structure’s  maximum  displacement,  in  which  T is  the  duration  of  earthquake,  the 
mean  and  variance  of  X can  be  respectively  obtained  by 


max 


E[X  ] = ( >2t  (V  T) 
^ m^  V n o 


0.5772 

/2l  iv  T)^°x 
^ n o 


,2  = 


m 


2 ^ 

121  (V  T)°x'  “ IT 

n o 


Let  e(t)  be  the  hysteretic  energy  dissipated  of  a structure  during  the 
earthqucike,  its  mean  and  variance  can  be  respectively  obtained  by 

E[e(T)]  = c^jO|  T 

V[e(T)]  = 4c2^/^(T-T)R?(T)dT 


(12) 

(13) 


(14) 

(15) 


in  which  R?(t)  is  the  correlation  function  of  the  velocity  response  X(t) 
x' 


DYNAMICAL  RELIABILITY  BASED  ON  FUZZY  GRADED  DAMAGES 


Damage  Index  - Taking  the  influence  of  both  the  deformation  and  the  hysteretic 
energy  dissipated  on  the  damage  of  a structure,  a damage  index  of  the  hysteretic 
steel  structure  can  be  defined  as 


D 

c 


= ( 


X ^ 

u 


+ 


' e ' 
u 


(16) 


in  which  X and  e{T)  are  respectively  the  maximum  displacement  and  hysteretic  energy 
dissipated^of  a structure  during  the  earthquake,  x^  and  are  respectively  the 
ultimate  displacement  and  ultimate  hysteretic  energy  dissipated  of  a structure,  3>1, 
a factor  determined  by  experiments. 
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Using  plastic  analysis  and  considering  the  buckling  of  column,  we  can  obtain  the 
ultimate  displacement  as  follows: 


(f  < f ) 

' u - y 

{f  > f ) 

' u y 


in  which  f = 4M  /H,  M is  the  ultimate  moment  which  is  given  in  Eg.  18  with  the 
axial  force  effect, 

r M (0  < N < O.lSNy)  ^ 

”u  = V 1^18(1  - ^)M  (0.15N  < N < Ny)  ' 

Y ^ 


where  N is  the  axial  load/  A is  the  cross-sectional  area. 

By  using  the  low  cycle  fatigue  experimental  results  of  steel  structures  (5)^  the 
ultimate  hysteretic  energy  dissipation  can  be  expressed  as 

= 2(l-a)Ely]fyX^(2N^) 

in  which  E[y]  is  the  plastic  ductility  and  is  the  number  of  full  cycles,  they  are 
respectively  obtained  by 


E[U]  = 


1/0-6 

f M 


where  u is  tKe  ultimate  plastic  ductility / i.e. 


X - X 

u ^ 


Fuzzy  Damage  Grades  - The  damage  of  a structure  under  earthquake  is  often 
divided  into  the  following  five  fuzzy  grades: 

[Bi,  Bj,  Bj,  B„,  Bj]  = [Slight,  Minor,  Moderate,  Severe,  Collapsed]  (23) 

Obviously,  all  these  grades  possess  strong  fuzziness  in  their  definition.  If  ^he 
damage  index  D is  taken  to  express  above  grades,  then  B^  (i  = 1,  2,  ...,  5)  should 

be  a fuzzy  subset  on  the  value  region  of  and  has  the  membership  function  as  shown 
in  Fig.  4. 

Let  B?  represent  the  fuzzy  state  region  in  which  B^  or  more  severe  damage  will 

not  occur  for  the  structure,  its  membership  curve  should  have  the  form  as  shown  in 
Fig.  5 and  may  be  expressed  by 

ri 

-i  1 1-1 


(d  > d^) 


in  which  d.  (i  = 1,  2,  ...,  5)  are  the  parameters  of  fuzzy  damage  grades  and  their 
values  are^shown  in  Table  1.(2) 
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Dvneunical  Reliability  and  Failure  ProbabilitY  - Based  on  the  fuzzy  graded  damage 
and  fuzzy  safe  region  shown  in  Table  1,  the  dynamical  reliability  that  the  structure 
will  not  suffer  B.  or  more  severe  damage  can  be  obtained  by 


P 

s 


(B*i> 


c -i 


(25) 


in  which  f^^  (d)  is  the  probability  density  function  of  the  damage  index  and 
assumed  as  ?he  extreme  value  distribution  I,  i.e. 

fp  (d)  = ^xp[-  exp  l-exp(-  ^)] 

in  which 


a = o_  /I. 2826,  P = <D  > - 0.5772a 
D c 

C 


(27) 


where  <D  > and  a*  are  respectively  the  mean  and  variance  of  D and  approximately 
c D 

Q 

obtained  as 


C X 

u u 


Op  = ( — ) + (-^7  ) 


m.  p 


e(T).P 


(28) 


(29) 


u 


obviously,  the  failure  probability  that  the  structure  will  suffer  B^  or  more  severe 
damage  is 


P^(Bp  = 1 - Pg(Bp 


(30) 


Then,  the  failure  probability  the  structure  will  suffer  only  B^  graded  damage  is 
Pf(Bp  = P^(fp  - (B*^^) 

in  which  i = 1,  2,  — , 5,  and  P^(B")  = 0 


LOSS  ASSESSMENT 

Basic  Principles  of  Loss  Assessment  - According  to  the  definition  of  damage 
grades,  we  can  put  forward  some  basic  principles  to  the  loss  assessment  of 
structures. 

The  loss  to  the  slight  or  minor  damage  includes  only  structural  repair  cost. 

The  loss  to  the  moderate  damage  includes  structural  repair  and  replacement  cost. 

The  loss  to  the  severe  damage  includes  additional  replacement  cost;  the  loss 
also  includes  property  damage  but  excludes  the  loss  of  expensive  equipments. 

However,  the  liability  less  due  to  minor  or  serious  injuries  of  the  people  and  loss 
due  to  business  interruption  are  included. 
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The  loss  to  the  collapsed  damage  includes  additional  replacement  cost,  the  loss 
of  all  equipment,  liabilities  due  to  death  or  serious  injuries  of  the  people  and 
loss  due  to  business  interruption. 


According  to  the  economic  condition  in  China,  all  losses  mentioned  above  are 
estimated  based  on  the  following  assumption i The  losses  of  structural  repair 
corresponding  to  the  slight  and  minor  damage  are  respectively  assumed  to  be  15%  and 
35%  of  the  initial  constiruction  cost.  The  loss  of  structural  repair  and  replacement 
corresponding  to  the  moderate  damage  is  assumed  as  85%  of  the  initial  construction 
cost.  The  additional  replacement  cost  is  about  twice  the  initial  construction  cost. 
The  loss  due  to  property  damage,  excluding  the  loss  of  expensive  equipment,  is  taken 
as  25%  of  all  equipment  cost.  Loss  due  to  death  is  calculated  based  on  an  average 
death  age  of  30  and  is  the  sum  of  the  person's  salary  until  he  reaches  the 
retirement  age  of  60  years . Thus , this  loss  is  30  times  the  average  annual  net 
income  (approximately  2,000  Chinese  Yuns).  The  loss  due  to  serious  injury  is 
assumed  to  be  30,000  Yuns  per  person.  The  loss  due  to  minor  injury  is  2,000  Yuns 
per  person.  Business  interruption  is  estimated  as  the  net  income  of  structural 
service  during  a reconstruction  period.  The  loss  due  to  legal  service  may  be 
assumed  to  be  15%  of  the  total  failure  loss. 


Based  on  the  principles  mentioned  above,  let  L^(B^)  be  the  loss  corresponding  to 


the  damage  grade  B^  { i 
Lj(Bi)  = 0.15  Cj, 
Lj(BO  = 1.15  (2Cj 
L^(Bs)  = 1.15  (2Cj 


= 1 , 2 , . . . , 5 ) , we  have 


Lf(Bj)  = 0.35  Cj.,  Lf(Bj)  = 0.85  C^ 

+ 0.25C  + 2000N  + 30000  N^.  + R C ) 

e m Sh  P s 

+ C + 30000  N c + 60000N,  + R C ) 
e s5  d p s 


(32) 


in  which  C is  the  initial  construction  cost,  C is  the  cost  of  all  equipment,  C^  is 
the  net  income  of  structural  service  per  year,  R is  the  reconstruction  period 
(years)  of  the  structure,  N and  N,  are  respectively  the  number  of  minor  injury  and 
death  of  people,  N and  N ^ are  the  number  of  serious  injury  people  respectively 
corresponding  to  t^e  damage  grades  Bi»  and  Bj . According  to  the  statistical  results 

of  the  injury  and  death  of  people  due  to  earthquake  in  China,  we  approximately  take 


N = 0.05  N , N,  = 0.15 

m p d p 

N ^ = 0.02  N , N c = 0.35  N 
s4  p s5  p 


(33) 


in  which  N is  the  mean  number  of  the  people  in  the  building. 

P 

Expected  failure  loss  - By  using  the  results  of  failure  probability 
estimated  loss  L^(B^)  (i  = 1,  2,  ...,  5),  we  can  obtain  the  expected  failure  loss  of 
the  structure 


1=1 


(34) 


OPTIMIZATION  FORMULATION 


By  taking  the  sum  of  initial  construction  cost  and  expected  failure  loss  as  the 
objective  function  of  structural  design  and  considering  the  reliability  constraints 
of  structure,  the  optimum  design  of  structure  can  be  formulated  as  (3) 
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Find 


I 


Min 


S.t. 


T I f 


P (B*)  > P* 
s -i'  - s 


SI 


(35) 


in  which  I is  the  cross  sectional  moment  of  inertia^  is  the  initial  construction 
cost,  is  the  expected  failure  loss,  reliability  that  the  structure 

will  not  suffer  B.  or  more  severe  damage,  P*.  is  the  lowest  allowable  reliability, 

^ X SI 

and  the  index  i in  the  constraint  equation  that  signifies  the  relationship  with  the 
allowable  damage  extent  of  the  structure  under  earthquake. 


NUMERICAL  EXAMPLE 


The  SDOF  steel  structure  shown  in  Fig.  1 is  designed  based  on  the  following 
seismic  input:  earthquake  with  intensity  degree  of  8,  S = 63.98  cm^/s^,  T = 7.0  s, 

C =0.72,  and  u)  =20.94  rad/s.  Using  structural  properties  given  in  Table  2,  and 
tHe  column's  crois-section  shown  in  Fig.  3,  the  cross  sectional  area,  elastic  and 
plastic  section  moduli  have  the  following  relationships: 


A = 0.81 


0.5 


Z = 

y 


0.78  I 


0.75 


Z = I 
P 


0.75 


For  the  structural  losses  assumed  in  Table  3,  and  the  initial  construction  cost 
is  taken  as 


= 1000  c 
I g 

in  which  C is  the  cost  of  structural  steel,  then,  based  on  the  optimization 
fonmilatio3  in  Eq.  35  and  by  taking  p = 1.0,  i = 4,  P*^  = 0.9950,  we  can  obtain  the 
relationship  curve  between  the  objective  function  and  the  cross  sectional  moment 
of  inertia  I,  which  is  shown  in  Fig.  6.  The  numerical  results  are  given  in  Table  4. 
The  optimum  design  results  are  I*  = 8400  cm^  and  = 428300  Yuns. 

CONCLUSION 


This  paper  presents  the  fuzzy  damage  grades  described  by  the  damage  index.  It 
also  presents  the  basic  principles  for  the  structural  loss  assessment  corresponding 
to  the  grades  based  on  the  economical  condition  in  China,  for  which  the  loss 
functions  to  the  damage  grades  are  given.  An  optimization  formulation  and  a 
numerical  example  of  the  nonlinear  aseismic  steel  structure  are  shown  on  the  basis 
of  double  objectives  (initial  construction  cost  and  expected  failure  loss)  and 
dynamical  reliability  constraints. 
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TABLE  1.  PARAMETERS  OF  FUZZY  DAMAGE  GRADES 


<^1 

"2 

^^3 

^4 

'^5 

0.10 

0.25 

0.45 

0.65 

0.90 

TABLE  2.  PARAMETERS  OF  STRUCTURE 


mm 

100 

400 

2x10* 

2400 

TABLE  3.  PARAMETERS  OF  LOSS  ASSESSMENT 


C 

(million  Yun) 

0,10 

0.20 

1 

50 

20 

350 

150 

TABLE  4.  RELATIONSHIP  BETWEEN  THE  SECTION  AND  THE  COST 


! 

Section  I 

8000 

8200 

8400 

8600 

8800 

9000 

Cost 

{ cm“ ) 

(cm") 

(cm") 

(cm") 

(cm") 

(cm") 

nm 

0.2824 

0.2859 

0.2894 

0.2928 

0.2962 

0.2995 

0.1465 

0.1426 

0 . 1389 

0.1358 

0.1328 

0.1302 

HHi 

0.4289 

0.4285 

0.4283 

0.4286 

0.4290 

0.4297 
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Membership  function  of  fuzzy 
damage  grades 


Fig.  5.  Membership  function 
of  fuzzy  safe  region 


(million  yun) 

0.4300 
0.4290 
0.4280 

0.4260  I 1 > 1 ' 1 ' ' ■ 

7600  8000  8400  8800  9200  ) 

Fig.  6.  Cross  section  (I)  vs.  cost  (C^) 
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ABSTRACT’ 

This  paper  first  presents  a brief  review  on  the  application  of  optimization 
and  active  control  of  seismic  structures  along  with  some  of  the  author's  recent 
work.  It  then  assesses  the  practicality  and  future  development  of  seismic 
structural  optimization,  and  some  practical  problems  associated  with  active 
control. 


REVIEW  OF  SOME  APPLICATIONS 

Since  the  author  has  reviewed  the  subject  in  1983  (6)  and  1985  (12),  this 

article  is  intended  to  highlight  some  recent  results  and  includes  only  pertinent 
publications  after  the  year  1980.  Generally,  the  literature  review  can  be 
divided  into  the  following  categories:  1)  nature  of  structures,  such  as 

frameworks,  buildings,  and  bridges;  2)  construction  materials,  such  as^  steel, 
reinforced  concrete,  and  mixed  steel  and  concrete;  3)  objective  functions  of 
minimum  weight  or  cost;  4)  optimization  methods;  5)  deterministic  or 
nondetemninistic  in  response  and  resistance;  and  6)  optimum  control. 
Apparently,  the  above  categories  are  quite  nebulous  and  they  overlap,  and 
optimum  control  could  be  in  an  independent  category. 

Most  structures  that  are  optimized  are  frameworks  (1,  2,  4,  5,  11,  13),  only 
a few  are  building  systems  (8,  10,  38),  and  bridges  (42).  Major  research  work 
is  for  steel  structures,  a few  are  for  reinforced  concrete  (1,  2,  21,  26),  and 

very  few  are  for  mixed  steel  and  reinforced  concrete  construction  (3,  45). 
References  9,  15,  25  are  based  on  minimum  cost;  the  others  are  based  on  mnimum 
weight  or  other  types  of  objective  functions.  Most  of  the  results  were  obtained 
by  using  conventional  mathematical  programming.  A few  were  based  on  analytical 
procedures  and  iteration  schemes.  However,  References  4,  7,  14,  16,  22,  40  were 
based  on  the  modern  optimization  techniques  currently  in  vogue.  Other  notable 
works  related  to  optimization  are:  based-isolation  (28,  30,  31),  friction- joint 
(36),  mode-  and  active-control  (19,  20,  34,  35,  41,  43,  44),  and  fuzzy 

applications . ( 27 , 29  ) 

This  presentation  is  summarized  in  the  following  classifications  as  1) 
deterministic  structures,  2)  nondeterministic  structures,  3)  active  control,  and 
4)  structural  optimization  with  active  control. 

Deterministic  structures  - A number  of  publications  are  dealing  with  deter- 
ministic systems  for  mathematical  models  or  parameter  investigations,  or  both. 
Refs.  9,  13,  38  are  not  only  the  mathematical  developments,  but  also  have 

associated  computer  programs  for  both  parsimeter  studies  and  practical  structural 
design  of  2-D  and  3-D  structural  systems.  The  2-D  structures  are  formulated  on 
the  bcksis  of  the  displacement  method  and  the  consistent  mass  model  with  the 
second-order  P-A  effect.  The  structural  systems  are  trusses,  and  unbraced  and 
braced  frames  of  single-,  double-,  k-,  and  eccentric-brarings . The  dynamic 
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forces  may  be  1)  seismic  excitations  at  the  base  with  either  one  horizontal  or 
one  horizontal  and  one  vertical  earthquake  motion,  and  2)  dynamic  forces  or  wind 
forces  at  the  structural  nodes.  The  earthquake  motions  include  1)  the  actued 
earthquake  records,  2)  various  response  spectra,  3)  building  code  provisions  in 
the  U.S.  and  abroad  with  and  without  soil-structure  interaction.  The  structural 
members  are  either  built-up  sections  or  hot-rolled  wide  flange  sections.  The 
objective  functions  can  be  the  minimum  weight  or  minimum  cost  of  a structural 
system.  For  3-D  structures,  the  structural  elements  are  steel  and  reinforced 
concrete  members.  Seismic  input  includes  resjK)nse  spectra  and  code  provisions. 
The  response  spectra  are  developed  for  multicomponent  excitations . The 
provisions  include  the  equivalent  lateral  force  technique  and  the  modal  analysis 
procedure.  For  both  2-D  and  3-D  structural  optimization,  various  static  loading 
conditions  aro  included. 

Nondeterministic  structures  - Several  references  (7,  15,  18,  26,  33,  41,  42) 
are  related  to  nondeterministic  stioictures.  UMR's  work  was  emphasized  on  the 
optimality  criteria  developments , formulation  of  structural  response  and 
resistance,  and  parameter  studies  (7,  15,  24).  Three  types  of  seismic  loading 
models  were  employed  in  the  study:  UBC  codified  forces,  Newmark's 

nondeterministic  seismic  response  spectra  for  both  horizontal  and  vertical 
ground  motions,  and  Gaussian  random  process  with  a constant  or  varied  seismic 
spectra.  Four  live  loading  models  were  edso  used  in  the  study:  ANSI  (American 
National  Standard  Institute),  NBS  (National  Bureau  of  Standards),  UK  (United 
Kingdom),  and  UNREDUCED  (actual)  models. 

The  cost  objective  function  has  initial  construction  cost  (C  ,),  future 
failure  cost  (iL ) , and  system  probability  of  failure  (PO . The  total  cost  is 
expressed  as 

Cj.  = PfT 

for  which  the  reliability  is  based  on  normal  and  lognormal  distribution  with  two 
different  1st  and  2nd  variance  approaches. 

Active  control  - Notable  review  on  active  control  has  been  reported  by  Soong 
(39)  from  which  one  may  find  various  theoretical  and  experimental  studies  of  the 
control  system.  UMR's  work  has  dealt  with  the  issue  of  whether  the  placement  of 
actuators  at  certain  location  of  a structure  more  advantageous  than  for  those  at 
other  location  (37).  The  term  optimal  actuators  placement  reflects  upon  the 
reduction  of  the  stnicture's  response  while  using  the  minimum  control  effort. 

The  UMR  studies  include  the  minimization  of  a control  energy  performance  index; 
minimization  of  response  performance  index;  and  maximizing  a controllability 
performance  index.  The  three  methods  aro  compared  and  simulation  studies  aro 
carried  out  using  various  earthquake  records.  The  results  aro  usefvil  and 

practical. 

UMR's  studies  also  dealt  with  another  issue;  that  is  in  application  of 
structural  control,  it  may  be  necessary  to  limit  not  only  the  magnitude  of  the 
control  force,  but  also  the  control  force  time-rate  at  which  we  demand  the 
control  force  to  be  supplied  (20,  25).  This  is  especially  important  when  large 
magnitudes  of  control  forces  are  required.  Two  optimal  control  algorithms  were 
developed.  The  first  algorithm  is  an  extension  of  the  traditional  quadratic 
perfomnance  index  to  include  a control  derivative  term.  The  second  algorithm, 
in  addition  to  introducing  a control  derivative  term  in  the  quadratic 
performance  index,  imposes  a constraint  on  the  upper  bound  of  the  control  rate. 
The  results  show  that  the  control  rate  can  be  prospecified  and  practically 
necessary. 
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structural  optimization  with  active  control  - Structural  optimization  allows 
one  to  design  and  construct  a structure  to  satisfy  an  economical  and  serviceable 
objective.  The  application  of  active  control  is  used  as  additional  redundancy 
to  minimize  the  deformation  of  structure  for  safety  and  serviceability;  the 
structure  itself,  however,  is  designed  based  on  conventional  trial  and  error 
procedures  but  not  the  optimum.  It  is  therefore  UMR's  work  has  combined 
structural  optimization  with  control  (20,  23).  The  advantages  of  the  combination 
approach  are  that  it  can  have  all  the  strong  iwints  of  both  structural 
optimization  and  optimal  control.  The  studies  dealt  with  the  optimal  design  of 
building  structures  equipped  with  active  control  systems  of  mass  damper,  tendon, 
and  a combination  of  both.  The  structural  optimization  is  formulated  as  a 
constrained  minimization  problem  for  which  the  design  variables  are  the  floor 
stiffnesses  of  the  building  and  certain  control  parameters.  The  constraints 
include  floor  drifts,  floor  displacements,  control  forces,  and  natural 
frequencies.  A control  energy  performance  index  is  also  minimized  to  find 
optimal  weighting  matrices  that  yield  the  least  optimal  control  forces 
satisfying  the  constraints. 

CONCLUDING  REMARKS  ON  ASSESSMENT  OF  PRACTICALITY  AND  PROBLEMS 

Structural  optimization  is  a scientific  approach  which  is  remarkably 
different  from  the  conventional  design  that  is  based  on  trial  and  error 
procedures . Structural  optimization  has  been  in  practical  use  in  many 
engineering  disciplines.  For  seismic  structures,  a great  deal  of  research 
results  and  a few  large  capacity  computer  programs  are  available  for  practical 
use  in  engineering  practice.  However,  much  more  research  work  is  still  needed 
in  developing  more  efficient  algorithms  for  multiple  objective  functions  and 
multiple  damage  levels  associated  with  low-,  median-,  and  severe  earthquakes  for 
both  deterministic  and  nondeterministic  systems. 

Although  the  application  of  active  control  in  civil  engineering  has  been 
investigated  in  the  past  two  decades  and  the  recent  research  results  show  that 
the  system  is  very  promising  in  preventing  structural  damages,  the  practical  use 
of  the  control  in  real  engineering  construction  has  some  problems  which  are 
worthwhile  to  be  noted.  They  are  1)  back-up  energy  supplies  to  ensure  the 
control  system  remains  to  be  operational  during  the  earthquakes;  2)  discrepancy 
between  the  mathematical  structural  model  and  the  actual  structures  such  as  how 
to  include  structural  members'  inelastic  behavior  or  failure  into  the  feedback 
system;  3)  the  effect  of  multicomponent  seismic  input  on  structural  response 
because  the  earthquake  motion  has  six  components  of  three  linear,  one  torsional, 
and  two  rocking  motions;  and  4)  the  effect  of  soil-structure  interaction.  Some 
of  the  aforementioned  problems  are  currently  being  studied  by  various 
researchers,  including  the  author.  A great  deal  of  research  efforts  must  be 
carried  through  national  and  international  cooperation  in  algorithm 
developments,  laboratory  tests,  and  full  scale  verifications  before  the  system 
can  be  practically  implemented  in  engineering  practice. 

ACKNOWLEDGMENTS 

The  research  results  presented  herein  are  supported  by  NSF  and  National 
Center  for  Earthquake  Engineering  Research  through  various  research  grants. 

REFERENCES 

1.  Austin,  A.M.  and  Pister,  K.S.,  "Optimization- Based  Computer-Aided  Design  of 
Earthquake  Resistant  Steel  Structures",  8th  WCEE  Proceedings,  Vol.  5,  451- 

458,  1984. 


173 


•>  Balline  R.J.,  Pister,  K.S.,  and  Ciampi,  V.,  "Optimal  Seismic-Resistant 
Design  of  a Planar  Steel  Frame",  Earthquake  Engineering  and  Structure 
Dynamics » Vol,  11,  541*556,  1983* 

3.  Braga,  F.,  D'Asdia,  P.,  Dolce,  M.,  "Optimum  Design  of  Aseismic  Coupled  Shear 
Walls",  7th  WCEE  Proceedings,  Vol.  4,  493-496,  1980. 

4 Chene  F.Y.,  "Energy  Distribution  Criteria  for  Braced  and  Unbraced 
Structural  Design  Subjected  to  Parametric  Earthquake  Motions, 
of  the  7th  World  Conference  on  Earthquake  Engineering,  Vol.  6,  pp.  bbt)-b/z, 

1980. 

5.  Cheng,  F.Y.,  "Evaluation  of  Frame  Systems  Based  on  Optim^ty  Crite^  mth 
Multicomponent  Seismic  Inputs,  Performance  Constraints,  and  P A ’ 

nptimiTatifm  of  Distributed  Parameter  Structural  Systems,  Sijthoff  and 
Noordhoff  International,  Vol.  1,  650-684,  1981. 

6 Chenff  F Y..  "Design  Algorithms  for  Static  and  Dynamic  Structures  Based  on 
‘ Optii^ty  Criteria,"  Proceedings  of  the  U.S. -China  Workshop  on  Advances  in 

Computational  Engineering  Mechanics,  1983. 

7 Cheng,  F.Y.,  "Optimum  Design  of  Seismic  Structures  With  Risk  Consideration  , 
Paper  No.  10,  U.S. -Japan  Cooperative  Research  Proceedings,  1983. 

8 Cheng  F.Y.  and  Truman,  K.Z.,  "Optimization  Algorithm  of  3-D  BuBding 
Systems  for  Static  and  Seismic  Loadings",  Modeling  and — Simulation  in 
Engineering , North-HoUand  Publishing,  315-326,  1983. 

9 Cheng  FY..  "Optimum  Design  of  2-D  and  3-D  Structures  Subject  to 
' Multicomponent  Seismic  Excitations,"  Proceedings  of  the  AIT-CCNAA 

Taiwan)  Joint  Seminar  on  Research  for  Multiple  Hazards  Mitigation,  pp.  182- 

202,  1984. 

10.  Cheng,  F.Y.  and  Truman,  K.Z.,  "Optimum  Design  of  Steel  and  Reinforced 
Concrete  3-D  Seismic  Building  Systems,"  8th  WCEE  Proceedings,  Vol.  5,  pp. 
475-482,  1984. 


11. 


Cheng,  F.Y.  and  Juang, 
Based  on  Optimization 
442,  1984. 


D.S.,  "Assessment  of  ATC-03  for  Steel  Structures 
Algorithm,"  8th  WCEE  Proceedings.  Vol.  5,  pp.  435- 


12  Cheng  F Y.,  "Developments  in  Optimal  Seismic  Structural  Design, 
Procredings  of  U.S. -China- Japan  Trilatered  Svmposium/Workshop  on  Engineering 
for  Multiple  Natural  Hazard  Mitigation,  pp.  ElO-1-24,  1985 . 


13  Cheng.  F.Y.  and  Juang,  D.S.,  ODSEWS-2D-1I  - User’s  Manual  for  Optimum  Design 
of  2-Dimensional  Steel  Structures  for  Static.  Earthquake,  and  Wind 
Version  II.'NSF  Report,  the  U.S.  Commerce  Department,  Virginia,  NTIS  PB87- 
163093/ AS  (134  pages),  1985. 


14. 


Cheng,  F.Y.,  and  Juang, 
Static  and  Wind  Forces, 
1985. 


D.S.,  "Computer  Aided  Structural  Optimization  for 
*'  Proc.  of  5th  U.S.  National  Conf.  on  Wind  Eng., 


15.  Cheng,  F.Y. 
Consideration 
Symposium  on 


and  Chang,  C.C.,  "Optimum  Design  of  Steel  Building  with 
of  Reliability,"  Proceedings  of  the  4th  Internationa 
Structured  Safety  and  Reliability.  Vol.  IV,  pp.  81-90,  1985. 


174 


16.  Cheng,  F.Y.  (Ed.),  Recent  Developments  in  Structural  Optimization,  American 
Society  of  Civil  Engineers,  1986. 

17.  Cheng,  F.Y.  and  C.P.  Pantelides,  "Optimum  Seismic  Structural  Design  with 
Tendon  and  Mass  Damper  Controls  and  Random  Process,"  ASCE  Structures 
Congress  V,  pp.  40-53,  1986. 

18.  Cheng  F.Y.  and  Chang,  C.C.,  "Aseismic  Structural  OptiMzation  with  Safety 
Criteria  and  Code  ProArisions , " Proceedings  of  the  U.S.-Asia  Conferen^  on 
Engineering  for  Mitigating  Natural  Hazards  Damage,  Vol.  I,  pp.  D8-1-D8-12, 

1987. 


19.  Cheng  F.Y,  and  PanteUdes,  C.P.,  "Optimal  Active  Control  of  Wind  Structures 

Using  Instantaneous  Algorithm,"  Vibration  Control and — Active — Vibration 

Suppression , ASME,  pp.  21-28,  1987. 

20  Cheng  F Y.,  "Response  Control  Based  on  Structural  Optimization  and  its 
Combination  with  Active  Protection,"  Proceedings  of  9th  World  Conference _gn 
Earthquake  Engineering,  Vol.  VIII,  pp.  471-476,  1988. 

21  Cheng  F.Y.  and  Juang,  D.S.,  "Assessment  of  Various  Code  Provisions  Based  on 
Optimum  Design  of  Steel  Structures,"  International  Journal  of  Earthquake 
Engineering  and  Structural  Dynamics,  Vol.  16,  pp.  45-61,  1988. 


22. 


Cheng,  F.Y.  and  Juang,  D.S.,  "Recursive 
Frames , " Journal  of  Structural  Engineering , 
466,  1988. 


Optimization  for  Seismic  Steel 
ASCE,  Vol.  115,  No.  2,  pp.  445- 


23.  Cheng,  F.Y.  and  PanteUdes,  C.P.,  Combining  Structural  Optimization_and 
Structural  Control,  Technical  Report  NCEER-88-0006,  1988. 

24.  Cheng  F.Y.,  and  Chang,  C.C.,  "Optimum  Studies  of  Coefficient  Variation  of 

UBC  Seismic  Forces,"  Proceedings  of  5th  International Conference on 

Structural  Safety  and  ReUabiUty,  ASCE,  Vol.  Ill,  pp.  1895-1902,  1989. 


25.  Cheng,  F.Y.,  "Optimum  Design  of  Seismic 
Results,"  Proceedings  of  4th  US  NCEER,  Vol. 


Structures : Methodologies 

2,  pp.  917-927,  1990. 


and 


26. 


Davidson,  J.W.,  Lewis,  P.,  and  Hart, 
Optimization  for  Elarthquakes" , Comput . 


G.C.,  "On  ReliabUity-Based  Structural 
Struct. . Vol.  12,  99-105,  1980. 


27.  Furukawa,  K.  and  Furuta,  H.,  "A  New  Formulation  of  Optimum  Aseismc  Design 
Using  Fuzzy  Mathematical  Programming",  8th  WCEE  Proceedings,  Vol.  5,  443 

450,  1984. 


*8.  Guerra,  O.R.  and  Esteva  L. , "Optimization  Criteria  for  the 

Ground  Motion  Isolators,”  7th  WCEE  Proceedings,  Vol.  8,  163-165,  1980. 


Kawamura,  H.,  Tani,  A.,  etc.,  "Optimum  Aseismic  Design  of  BuU^ngs  Based  on 
Production  Rule  and  Fuzzy  Theory,"  9th  WCEE  Proceedings,  Vol.V,  pp.  1019 
1024,  1988. 


30.  Kelly,  J.M.,  "Aseismic  Based  Isolation,"  The  Shock  and  Vibration  Digest,  14, 
17-25*  1982. 


3^^  J.M.,  "Aseismic  Based  Isolation:  Review  and  BibUography,  Soil 

ni^mamirs  Earthquake  Eng.  , Vol.  5 (4),  pp.  202-217,  1986. 


1 


175 


32.  Kilimnik,  L.  Sh.,  and  Tonoyan,  K.A.,  "Optimal  Response  Analysis  of  Multi- 
story Frame  Structures  Under  Seismic  Excitations,"  Proceedine  of  7 th 
European  Conference  on  Earthquake  Engineering,  Vol.  3,  501-510,  1982. 

33.  Kim,  S.H.  and  Wen,  Y.K.,  "Optimization  of  Structures  Under  Stochastic 
Loads,"  Structural  Safety  and  Reliability.  Vol.  Ill,  pp.  1871-1878,  1989. 

34.  Kobori,T.,  "Active  Seismic  Response  Control,"  9th  WCEE  Proceedines.  Vol.  8. 
pp.  435-436,  1988. 

35.  Liu,  S.C.,  Jang,  J.N.,  and  Samali,  B.,  "Control  of  Coupled  Lateral-Torsional 
Motion  of  Buildings  Under  Earthquake  Excitation,"  8th  WCEE  Proceedings.  Vol. 

5,  1023-1030,  1984. 

36.  PaU,  A.S.  and  Marsh,  C.,  "Response  of  Friction  Damped  Braced  Frames,"  ASCE 
J.  ST.D.,  Vol.  108,  1313-1323,  ST6,  1982. 

37.  Pantelides,  C.P.  and  Cheng,  F.Y.,  "Optimal  Placement  of  Controllers  for 
Seismic  Structures,"  International  Journal  of  Engineering  Structures.  1990. 

38.  Truman,  K.Z.  and  Cheng,  F.Y.,  "Optimum  Assessment  of  Imregular  3-D  Seismic 
Buildings,"  Journal  of  Structural  Engineering  Division.  ASCE,  Nov.,  1990. 

39.  Soong,  T.T.,  "State-of-the-Art  Review:  Active  Control  in  Civil  Engineering," 
Journal  of  Engineering  Structures.  Vol.  10,  pp.  74-84,  1988. 

40.  Vei^ayya,  V.B.,  and  Cheng,  F.Y.,  "Resizing  of  Frames  Subjected  to  Ground 
Motion,"  Proceedings  International  Symposium  on  Earthquake  Structural 
Engineering.  (Ed.  F.Y.  Cheng)  1,  597-612,  1976. 

41.  Yamada,  Y.,  lemura,  H.,  etc.,  "Phase  Delayed  Active  Control  of  Structures 
under  Random  Earthquake  Motion,"  Proc.  4th  US  NCEER,  Vol.  3.  dd.  447-456. 
1990. 

42.  Yamada,  Y.,  Furukama,  K.,  Kitajima,  K. , "Studies  of  the  Effect  of  Earthquake 
and  Structural  Uncertainties  on  Optimum  Aseismic  Design  of  Long  Span 
Suspension  Bridges,"  7th  WCEE  Proceedings.  Vol.  6,  721-728,  1980. 

43.  Yang,  J.N.,  "Building  Critical-Mode  Control:  Nonstationary  Earthquake," 

Journal  of  Engineering  Mechanics.  ASCE,  Vol.  109,  1375-1389,  1983. 

44.  Yang,  J.N.,  Akbarpour,  A.,  and  Ghaemmaghami,  P.,  "New  Optimal  Control 
Algorithms  for  Structural  Control,"  Journal  of  Engineering  Mechanics.  ASCE. 

Vol.  113,  No.  9,  pp.  1369-1386,  1987. 

45.  Zingone,  G.,  Papia,  M.  and  Russo,  G.,  "Structural  Ductility  in  Reinforced 
Concrete  Buildings  Stiffened  by  Cross  Braces  Criteria  for  Dimensional 
Optimization,"  7th  WCEE  Proceedings.  Vol.  3,  199-207,  1982. 


176 


Fig.  4.  Membership  function  of  fuzzy 
damage  grades 


Fig.  5 


. Membership  function 
of  fuzzy  safe  regio 


ii: 


N94-71440 

Control/Structure  Interaction 
Conceptual  Design  Tool 

by 

Dr.  Hugh  C.  Briggs 
Jet  Propulsion  Laboratory 
California  Institute  of  Technology 
4800  Oak  Grove  Drive 
Pasadena,  CA  91109 

Abstract 

The  JPL  Control/Structure  Interaction  Program  is  developing  new  analytical  methods  for  designing  micro-precision 
spacecraft  with  controlled  structures.  One  of  these,  the  Conceptual  Design  Tool,  will  illustrate  innovative  new 
approaches  to  the  integration  of  multi-disciplinary  analysis  and  design  methods.  The  Tool  will  be  used  to  denronstrate 
homogeneity  of  presentation,  uniform  data  representation  across  analytical  methods  and  integrated  systems  modeling. 
The  Tool  differs  from  current  "integrated  systems"  that  support  design  teams  most  notably  in  its  support  for  the  new  CSI 
multi-disciplinary  engineer. 

The  Design  Tool  will  utilize  a 3-dimensional  solid  nKxicl  of  the  spacecraft-under-design  as  the  central  data  organi- 
zation metaphor.  Various  analytical  methods,  such  as  finite  element  structural  analysis,  control  system  analysis  and 
mechanical  configuradon  layout,  will  store  and  retrieve  data  from  a hierarchical,  object  oriented  data  structure  that  sup- 
ports assemblies  of  components  with  associated  data  and  algorithms.  In  addition  to  managing  numerical  model  data,  the 
Tool  will  assist  the  designer  in  organizing,  stating  and  tracking  system  requirements. 

The  Design  Team 

A team  oriented  model  underlies  the  CSI  design  process  and  a brief  description  will  be  presented  by  way  of  intro- 
duction to  provide  a working  model  of  the  Tool's  "user  community."  The  principal  objective  of  the  design  team  is  to 
find  a design  that  solves  a given  problem  in  some  optimal  sense.  Before  candidate  designs  can  be  generated,  the  prob- 
lem to  be  solved  must  be  determined  and  all  appropriate  constraints  identified.  The  design  space,  or  those  solutions  that 
might  be  considered,  must  be  searched  and  the  performance  of  feasible  designs  evaluated.  The  team  may  find  it  has 
been  given  several  problems  to  solve  or  that  certain  aspects  are  vague  and  ill-defined. 

Project  leadership  is  frequently  split  between  a program  manager  and  a technical  manager,  where  the  technical 
manager  leadsg  the  design  team  with  the  help  of  a systems  engineer.  The  team  works  on  behalf  of  stakeholders  such  as 
sponsors  and  benefactors.  The  problem  statement  comes,  in  some  form  or  other,  from  the  stakeholders.  The  team  ana- 
lyses possibilities,  presents  alternatives  with  descriptive  data  to  a "decision  maker”,  and  returns  to  work  with  the  decision 
and  additional  data  to  refine  the  solution. 

The  life  cycle  of  a system  spans  stages  such  as  design,  production,  operations/maintenance,  modification  and  retire- 
menL  While  the  analytical  elements  of  the  design  environment  could  well  be  used  in  the  investigation  of  anomolies  dur- 
ing the  operations  phase  and  certain  design  features  could  be  used  in  the  modification  of  a mature  system,  the  present 
discussion  is  aimed  at  the  initial  design  phase.  Here,  the  clean-slate  nature  of  the  early  design  efforts  probably  requires 
significantly  different  designer  support  functions  than  the  riKXlification  and  maintenance  phases  where  the  system 
configuration  is  tightly  constrained  and  the  history  of  the  system  provides  considerable  inertia  to  change. 

Even  within  the  design  phase,  various  requirements  can  be  identified.  During  conceptual  design,  the  team  will 
have  only  a few  members  and  possibly  be  just  a single  system  designer.  The  objective  is  to  capture  the  intentions  of  the 
end  user,  turn  these  into  requirements  and  generate  one  or  more  candidate  designs.  Use  of  analytical  methods  is  minimal 
since  the  configuration  and  component  parameters  may  be  poorly  known  and  the  design  process  support  might  be  mostly 
visual  presentation  of  the  configurations.  Simple  representative  models  and  compilations  of  broad  design  rules  might  be 
used  to  quantify  performance.  At  the  end  of  this  phase  of  design,  reasonable  candidates  have  been  identified  and  major 
advantages  and  shortcomings  of  each  described.  User  requirements  have  been  negotiated  with  anticipation  of  "what  is 
possible"  having  been  traded  against  "what  is  necessary." 

In  the  next  stage  which  culminates  in  a review  of  the  preliminary  design,  the  configuration  of  the  leading  candi- 
dates are  optimized  and  the  uncertainties  associated  with  critical  elements  are  evaluated  in  some  depth.  More  analysis  is 
possible  as  full  featured  system  level  models  can  be  built  and  quantitative  preformance  measures  can  be  evaluated.  By 
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the  end  of  this  phase,  a single  candidate  system  has  been  identified  and  analyzed  with  htUe  nsk  remaining  in  nwst 
requirement  versus  performance  areas.  The  system  design  team  has  grown  significanUy  to  as  many  as  ten  members  and 
i^resentatives  of  the  major  subsystem  elements  have  received  their  iniual  requirements. 

In  the  remaining  period  prior  to  full  scale  production.  detaUed  analyses  of  subsystems  and  corn^nentt  are 

.fcm.nB'™!  to  pn=p»e  fabdoadon  »<1  ttetatk. 

con«gutalioii  is  quite  stable,  high  adelity  niodeliiig  car  eiiiployetl  to  evaluate  the  exact  consequences  of  subsystem 
interactions  and  to  prepare  guidelines  for  system  level  testing . 

Advances  in  the  development  of  design  environments  for  the  prelimary  design  ph^e  will  come  Primarily  in  the 
integration  of  individual  technology  analyses  to  support  system  level  analysis  and  allow  ^cient  ^ studies  at  *e  s^- 
tem^evel  State  of  the  art  discipline  methods  are  generally  not  required  and  model  mterfacing.  data  passing,  and  mfor- 
mation  nanagement  are  the  key  issues.  Support  for  the  multi-disciplinary  design  team  members  requires  formulauon  of 
formerly  disparate  discipline  methods  in  a common  symbology,  terminology  and  analytical  pres^uon.  It  is  not  un 
the  lateJ  detailed  analysis  and  verification  stages  that  in-depth  analysis  by  technical  specialists  wiU  be  required. 

On  the  other  hand,  considerable  development  of  new  technologies  is  required  to  support  the  design  twm  dunrig 
conceptual  design  Rapid  preparation  of  realistic  depictions  of  the  system  are  required  to  support  byout 

and  evaluation  * Knowledge^  b^es  containing  as  yet  unidentified  design  rules  must  be  integrated  and  made  av^able  as  a 
consultation  service  on  request  or  an  oversight  function  with  notification  on  excepuon.  Surrogate  subsystem  models  rnust 

for  trial  and  evaluation.  TTie  dau  manager  must  maintain  several  candictate  system  concept 
comnle^with  models  analysis  results,  and  notes.  History  and  audit  trails  will  eventually  be  required.  Fmally,  a smooth 
transition  to  the  preliiiiinary  design  phase  must  be  supported  by  translation  and  extrapolation  of  models,  selection  of  can- 
didates to  be  carried  forward,  and  selective  improvement  in  model  fidelity  and  system  detail. 

Additional  development  is  required  in  the  area  of  requirements  capturing,  quantification  and  tracking.  The  design 
team  mVst  irrptet  usVf  «Ss  an?gener^^  a data  base  of  system  requirements  and  derived  requirements.  These  must 
be  available  later  for  comparison  to  analytically  predicted  system  performance  and  fw  reconcdiauon  of  discrepancies. 
Traceability  is  very  important  and  some  capability  beyond  simple  text  documents  must  be  provided. 

The  Nature  of  Problem  Solving  and  Synthesis 

The  construction  and  application  of  models  can  serve  two  different  purposes  and  the  design  tool  should  supi»rt 
both  [n  The  traditional  use  of  models  is  to  analyze  the  performance  of  a system,  typically  for  the  purpose  of  nuking  a 
decision  about  its  adequacy  or  acceptibility.  The  design  tool  must  at  least  accomplish  this,  but  with  a “ 

STiSjliipSvy  ta  a «in  conKxt  Tb.  of  a modal  o,  aj^jmmd  ™ 

its  aLuracy  versus  its  cost.  More  to  the  point,  in  a system  design  context,  the  ment  of  a tool  lies  in  tlte  ability  of  th 
tLn  to  control  the  accuracy  versus  cost  trade  in  order  to  invest  in  increased  accuracy  when  required  and  to  avoid 
unnecessary  charges  when  more  approximate  results  are  appropriate. 

The  second  purpose  of  modeling  is  to  achieve  an  improved  understanding  of  complex  systems  as  might  be  required 
early  in  the  design  process  when  subsystems  are  being  synthesized  into  system  concepts.  The  tool  must  provide  a rt»re 
VSo^c!^  S investigative  style  where  interaction  and  quick  response  are  im,^t.  In  this 
might  be  known  about  the  system  and  the  designer  may  be  workmg  more  to  esublish  a well  posed  proble^ 
pose  of  the  model  lies  in  the  act  of  its  construction^  and  exploration  and  in  the  resultant,  improved  intuition  about  the 
system’s  behavior,  essential  aspects,  and  sensitivities."[ll 

A general  tool  must  support  various  world  views  and  approaches  to  problem  wiving.  No  “"8]®  ^ 

thesis  methods  employed  by  designers  exists  and  several  different  approaches  can  be  discerned  with  little  rouble  While 
fSmS/genefal'^nviomment  might  be  desirable,  it  is  probably  impractical^ 

between  declaLtive  languages  such  as  Prolog  and  procedural  languages  such  as  Forttan  Therefore,  an  understanding  of 
the  major  elements  in  approaches  to  design  can  indicate  which  funcpons  should  be  implemented  and  made  available  for 

trial  and  proof  testing. 

An  Analysis  of  Design  Tasks 

The  activities  accomplished  by  a designer  span  a broad  range  in  terms  of  level  of  abstraction  and  technical 
knowledge.  By  understanding  the  tasks,  attitudes  and  activities  of  the  designer,  the  feature  set  of  the  design  tool  might 
be  chosen  to  include  a rich  set  of  supporting  functions.  It  remains  to  be  seen  how  automauon  wiU  change  the  way 
designers  work  and  what  changes  this  will  bring  to  the  evolution  of  such  design  tools. 
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Tasks  can  be  described  by  the  level  of  abstraction  required  to  comprehend  the  breadth  of  the  task  and  the  under- 
standing of  the  actions  involved.  [2]  For  example,  the  first  three  levels  represent  work  that  involves  relatively  concrete 
types  of  thinking.  "Perceptual-motor  concrete"  is  a mode  of  work  that  involves  direct  perceptual  contact  with  the  physical 
output.  The  second  level,  imaginal  concrete,"  requires  the  use  of  imagination  in  constructing  a project,  but  deals  with 
projects  for  which  the  fin^  output  can  be  visualized  in  concrete  terms.  The  third  level  is  "imaginal  scanning"  which 
involves  tasks  where  it  is  impossible  to  comprehend  an  entire  area  of  responsibility  at  once,  although  the  whole  can  still 
be  mentally  scanned,  one  piece  at  a time. 

There  is  a significant  change  in  the  level  of  abstraction  between  levels  three  and  four  since  there  is  a change  from 
Ae  concrete  to  the  abstract  mode  of  thought  and  work.  "At  level  four,  neither  the  output  nor  the  project  can  be  foreseen 
in  concrete  terms,  even  by  imaginal  scanning.  The  project  cannot  be  completely  constructed.  It  remains  a combination 
of  a conscience  subjective  picture,  incomplete  in  itself,  whose  specific  total  form  and  content  are  unconsciously  intui- 
uvely  sensed  but  cannot  quite  be  consciously  grasped."[2)  The  fifth  level  is  based  upon  the  intuitive  theories  the  indivi- 
duid  has  developed  from  his  experience.  It  seems  that  the  art  supplied  by  senior  spacecraft  designers  involves  operations 
at  these  higher  levels. 

Six  activities  can  be  identified  within  the  design  task  that  might  be  impacted  by  the  design  tool.  Many  of  these 
tasks  are  currenUy  accomplished  mentally,  particularly  in  the  earlier  design  phases,  and  cannot  be  easily  shared  or 
ti^sfeired.  A goal  of  this  tool  development  is  to  facilitate  both  the  shared  construction  of  the  design  and  the  depiction 
of  the  design  so  that  it  might  be  transferred.  h v-  uu 


Table  1.  Complexity  of  Design  Activities 


Activity 

Level  of  Abstraction 

Task  Examples 

Requirements  Analysis 

low 

dau  gathering  and  fact  finding 

Configuration  Synthesis 

imaginal  concrete 

synthesis  of  requirements 

intuitive 

choosing  among  alternatives 

Model  Building 

imaginal  scanning 

assembly  of  system  configuration 

concrete 

preparation  of  model  data 

Analysis 

imaginal 

planning  analyses 

imaginal  scanning 

assimilating  system  performance 

Decision  Making 

concrete 

executing  analysis  programs 

highest  intuitive 

choosing  ”best"  alternatives 

Reporting 

moderate 

preparing  advocacy  strategies 
building  documentation 

high 

responding  to  cridcism 

alternative  vrew  cOTsiders  the  preferences  people  have  for  assimilating  dau  and  making  decisions.  For  exam- 
p e,  approximately  75%  of  the  general  population  prefer  to  study  dau  in  quantity  before  identifying  structure  and  draw- 
ing collisions  or  ™king  predicdons.[3]  Such  people  collect  data  and  view  the  problem  from  many  sides  before  finding 
an  understanding  of  tlw  structure  and  nature  of  the  underlying  phenomina.  Others  generaUze  more  readily,  hypothesizinf 
structure  and  lookmg  for  large  scale  trends.  Further  data  is  then  collected  to  see  if  they  support  the  gener^izations.  * 

ti«n  of  dau  exists  to  describe  these  and  other  psychological  preferences  in  the  general  popula- 

tion no  dau  has  been  coUected  on  the  special  subset  made  of  spacecraft  designers  and  design  team  members.  To  the 
contrary,  it  is  easy  to  find  examples  of  the  diverse  qualities  and  habits  exhibited  in  the  aerospace  design  community. 

™ I.-  A-  requirements  might  be  proposed  based  upon  these  considerations.  Beyond  support  for  interactive 

multi-disciplinary  analysis,  vanous  forms  of  data  handling,  analysis  and  viewing  will  be  needed.  For  example,  dau  col- 

structure  in  dau.  Testing  of  ideas  and  possibilities 
will  be  required  for  those  who  generalize  and  then  verify  against  the  dau.  Various  levels  of  dau  aggregaSi  will  be 

required  as  questions  move  from  the  concrete  of  element  and  component  analysis  to  the  general  questions  of  overall 
sp3C6crdit  success. 

The  Design  Tool 

embedded  in  the  implementation  of  the  Design  Tool  that  differentiate  it  from  existing 
These  lie  in  the  unified  fnrmiilafmn  nf  rha 


tools. 
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The  following  sections  describe  the  visual  presentation  of  the  tool,  management  of  intern^  data,  information  analysis 
features,  and  the  modeling  methods  for  structural  dynamics,  controls,  opucs,  and  thermal  analysis. 

Visual  Preseutation 

The  multi-faceted  nature  of  system  design  and  the  "tire  fighting"  character  of  system  level  trade  stupes  sug^st  the 
design  team  can  best  be  supported  by  environments  that  provide  mulnple,  parallel  access  paths  to  the  design  trol  ele 
menui  For  example,  model  building  and  analysis  should  be  supported  with  simultaneous  access  to  a dwumentation  and 
note  taking  facility  Workstation  computer  systems  with  windowed  presentation  managers  provide  this  capability  by 
Xwitle  user  » activate  any  tool  Lthod  in  a window  and  directing  his  attention  or  focus  to  the  needed  window, 
lie  mi^ipulation  of  the  data  base  by  the  underlying  tools  must  be  coordinated  in  a consistent,  non-disrupave  manner. 

A principal  tenet  of  the  present  effort  is  that  a realistic  depiction  of  the  system  be  avaUable  at  all  “mes  A 3-D 
solids  model  of  the  system  is  to  be  shown  in  a window  which  has  controls  for  rotaong  and  otherwise  manipulati  g 
m^tSn  Relults  of  analysis,  trades  and  configuration  changes  are  to  be  fed  back  visually  through  interactive  altera- 
tion of  the  solid  model.  Selection  of  components,  element  groups,  and  system  futures  should  be  available  by  pointing 
into  the  3-D  display  and  the  selections  made  available  as  inputs  to  other  tools  in  the  environment. 

Analytical  Methods 

Traditional  discipline  methods  for  modeling  and  analysis  can  readily  be  employed  in  system  design  if  care  is  taken 
to  cast  them  into  a coLnon  framework  so  that  efficient  integration  can  be  acromplished.  In  generiti.  system  level  ^a- 
Ty^do  Z require  in-depth  analysis  or  non-linear  methods  and  models  are  frequently  large  ^ 

ments.  This  necessitates  efficient  data  storage  and  careful  attention  to  implementauon  of  numencal  algonthms  but  such 
developments  have  largely  been  made  within  each  discipline. 

Spacecraft  design  requires  several  analytical  methods,  most  notably  structural  dynamics  and  controls,  prtain 
spacecraft  require  other  methods  in  addition,  such  as  optics  for  space  interferometers  or  large  space  telescopes.  A com- 
mon forniulation  and  notation  is  required  to  simplify  usage  by  the  multi-disciplinaiy  design  team  and  is  readily  achiev- 
able for  most  constituent  methods.  The  following  briefly  summarizes  several  examples. 

Structural  dynamics  are  well  captured  by  finite  element  methods  and  most  spacecraft  systems  O'^y 

3-D  truss  and  frame  analysis.  The  geometry  is  defined  by  nodes  which  are  points  m 3-spxe  that  might  have  “P  ^ 
tf^sSi^nd Ti  rotational  degrees  of  freedom.  The  structural  members  are  described  by  connecuvity  lists  of  node 
and  a property  list  containing  parameters  such  as  thickness  and  matenal  pro^roes.  The  structural  dynamics  equations 
can  be  stated  simply  in  terms  of  the  system  matrices  and  nodal  degrees  of  freedom  as  follows. 

[M]*  [d}  + + [AT]*{d}=  {F} 

The  vector  of  forces,  {F},  might  include  external  forces  acting  on  the  system  such  as  disturbances,  vibrations  of  on- 
board equipment,  gravity,  and  forces  caused  by  a control  system. 

Most  methods  for  the  modeUng  of  controlled  structures  are  based  upon  a d^cription  of  the  s^tem  to  conffdl^ 
(known  as  the  plant)  which  utilizes  first  order  ordinary  differential  equauons.  The  degrees  of  freedom  of  the  plant  are 
collected  in  a state  vector,  {z }.  and  the  forces  provided  by  the  controller  are  m {«}  so  that 

In  certain  situations,  the  states  themselves  may  be  directly  measured,  but  as  is  common  in  controlled  structures,  the 
sensed  variables  {y}  are  not  the  states  but  are  related  to  the  states  by 

The  control  law  will  be  implemented  in  a controller  that  coexists  with  the  structure,  taking  measurements  {y  } and 
computing  commands  {u }.  Typical  linear  control  laws  compute  controller  commands  based  upon  constant  gams  via 

{«}  = -(G]*  {y} 

When  the  plant  is  modeled  by  finite  elements,  the  structural  dynamic  equations  can  be  cast  into  tlw  first  order  form 
used  in  control  analysis  by  identifying  the  structural  displacements  and  velwities  as  the  states  of  the  P‘“':  ’ 

modal  model  reduction  has  been  applied,  the  sutes  are  the  modal  amplitudes  and  velocities.  Lei  {x}  - [d  d]  . Then 
the  structural  dynamics  equations  become 
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{i}  = 


0 / 
M~'K  A/"‘D 


■{x}  + 


0 

A/-‘ 


'[«]*  {«}  + 


With  the  application  of  the  linear  control  law,  the  closed  loop  equations  become 


{i}  = 


0 I 

0 

M~^K  M~'D 

— 

AT[ 

*B*C*C 

'[x}  + 


0 

AT' 

0 ' 


*{f} 


*{f} 


Other  observations  that  describe  the  system  performance  might  be  constructed  from  the  states  by 

{*}  = [C'l*{x} 

^se  might  include  optical  beam  positions,  motions  of  minor  attachment  points,  or  even  the  spacecraft  line  of  sight 
(^cal  elements  can  be  used  to  describe  the  transfer  of  light  paths  through  the  spacecraft  and  the  image  perturbations 
that  result  from  spacecraft  dynamic  excitation. 

Optical  elements  are  described  by  the  coordinates  of  the  intersection  point  of  die  nominal  ray  and  a list  of  optical 
p^ameters  such  as  principal  axis  direction,  focal  length  and  eccentricity.  The  input  ray  describes  the  deviations  in  t^ 
of  an  input  offset  d,,  an  input  orientation  «,  and  a path  length  differential  dL^.  The  departing  ray  is  described  by  the 

offset  d„,  (^uon  r,  and  path  length  differential  dL,.  With  these  degrees  of  freedom,  the  element  transformation 
matnx  [/,]  is 


[t.]  = 


1 

of  this  transformation  matrix  are  based  upon  the  physics  of  beam  reflection  from  a general  reflective 
surface.[4]  In  general,  all  degrees  of  freedom  between  element  0 which  might  be  an  input  and  element  n which  might  be 
an  output,  can  ehnunated  by  the  compaction  “ 


do 

di 

r 

dLo 

•=[r.]*< 

i 

dLi 

h 4 

ddo 

ddo 

ddi 

di 

dr 

dr 

ddi 

di 

ddL 

ddL 

ddi 

di 

= [/]-■ 


The  resulting  matrix  [r]  provides  the  desired  observation  matrix  [C'J  that  describes  the  perturbed  state  of  the  beam.[5] 

Another  disci^ine  that  can  readily  be  included  in  the  common  formulation  is  thermal  analysis  of  the  spacecraft 
st^tm.  To  descnte  distortions  and  misalignments  caused  by  temperature  changes  in  structural  elements  thermally 
induced  sttains  be  considered  to  cause  additional  loads  {FJ  which  deform  the  structure.  To  retain  a simple,  line^ 
analysis,  dynamics  prope^es  and  heat  transfer  properties  must  be  considered  to  be  independent  of  temperature  an 
gumption  that  IS  re^nably  valid  for  small  temperature  excursions.  In  this  case,  the  degrees  of  freedom  are  nodal  tem- 
peratures T and  the  heat  conduction  equations  are 

[€]•  + {T}  = {0} 

are  conductivity  coefficients  and  {g}  are  the  externally  imposed  heat  loads.  With  the 
nodal  temperatures,  the  thermal  structural  loads  can  be  computed  from 

{/•}  = [o4£]{r} 

where  a is  the  coefficient  of  thermal  expansion,  A is  the  element  area,  and  £ is  the  modulus.[6] 

n,.  ? ‘rensport  mechanisms,  as  is  required  for  the  direct  calculation  of  the  heat  load  {0} 

non-Iinear  nature  of  the  radiation  effects.[7J  When  this  problem  is  combined  with  Ae 
s^cture  heat  conducnon  problem,  the  coupled  problem  is  non-linear  since  the  energies  are  proportional  to  T*  Since 

0"®  approximation  is  to  factor  into  the  heat  transfer  coefficient  and 

strict  the  relative  temperature  vanauons  to  ranges  that  produce  error  comparable  to  other  sources.  Fuithermore,  the 
calculation  of  the  required  view  factors  involves  extensive  calculations  in  3-D  geometry  and  may  not  be  cost  eff^ve  in 
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trades  involving  radical  changes  in  system  configuration.  These  linearizations  and  approximations  are  appropriate  for 
preliminary  design  analyses  and  have  been  used  in  the  past. 


Data  Analysis  and  Synthesis 

The  ability  to  collect,  organize  and  evaluate  data  efficiently  is  critical  to  the  synthesis  of  ideas  and  their  evaluation. 
For  example,  the  structural  performance  of  the  candidate  spacecraft  must  be  catalogued  and  evaluations  summarized  suc- 
cinctly in  order  to  comprehend  trends  versus  design  variables,  to  capture  phenomina  related  to  resource  allocation  and 
expenditure  trades  between  subsystems  and  to  create  audit  trails  supporting  choices  and  decisions.  Analysis  of  meaning- 
ful models  in  the  necessary  miriad  of  cases  can  generate  data  in  several  forms  and  large  volumes.  Not  only  must  tradi- 
tional data  management  techniques  be  integrated  into  the  analytical  environment  but  implementadons  of  new  juxtaposi- 
tions of  technologies  must  be  evaluated. 


Analysis  of  data  bases  formed  from  regular  tables  of  case  data  can  be  supported  with  structured  query  language 
(SQL)  investigations  of  relational  data  bases.[8]  A typical  area  might  be  to  collect  in  a table  the  maximum  stress  in 
structural  members  for  various  cases  and  geometric  data  such  as  element  locations  in  another  table.  Requests  such  as 

select  member#,  maxstress 

from  stiesstable,  locations 

where  maxstress  > somelimit 

and  is  Jn_rt_boom  (location)  « TRUE 

will  generate  the  requested  lists. 


Use  of  such  data  bases  requires  that  analysis  data  be  cast  into*  relational  tables  of  "tuples",  eg.  {member#,  case#, 
maxstress}.  Constructing  such  tables  can  be  difficult  in  system  trades  when  differing  configurations  lead  to  different 
types  of  structural  elements  or  non-equivalent  cases.  A more  generalized  dau  structure  and  inquiry  process  is  required  to 
support  the  investigation  and  exploratory  evaluations  that  accompany  system  synthesis. 

Hierarchical  and  object  oriented  data  bases  allow  a general  laiowledge  data  base  to  be  constructed  by  tagging 
objects  with  properties  and  relationships.  For  example,  truss  elements  might  have  a structure  such  as 


name  truss  element 

id  number  1012 

mad  id  3 

connectionA  22 

connectionB  103 

maxstress  1324.5 

Then  structural  assemblies  can  be  viewed  as  objects  with  properties,  one  of  which  is  a list  of  elements. 


name  left  boom 

element  list  1012,  ...} 

instrument  list  {,..} 

Inquiri^  similar  to  the  SQL  example  can  be  answered  by  searching  the  object  data  base  for  objects  with  property  values 
that  satisfy  the  conditions  in  the  clause. 


The  data  associated  with  a design  problem  can  be  stored  in  a base  and  viewed  as  required  as  a relational  data  base 
and  queried  via  SQL  or  as  an  object  data  base  and  queried  based  upon  descriptive  properties.[8]  This  data  can  also  be 
viewed  in  other  forms,  such  as  logic  or  production  rules  and  queried  in  Prolog-like  languages.  The  implementation  of 
such  a versatile  data  manipulation  and  analysis  facility  would  probably  store  data  in  an  efficient  internal  representation 
but  provide  each  of  the  several  (SQL,  object,  rules,  ...)  views  at  the  user's  discretion. 


Data  Storage 

While  the  most  common  data  type  in  traditional  spacecraft  analysis  is  the  numeric  array,  a more  general  structure 
can  facilitate  tagging,  tracking,  documenting  and  auditing  of  analyses.  For  example,  a mixed  type  record  could  store 
case  results: 


casejiame 
configuration 
pitch_rate 
casejd 
maxstress  list 


"vertical  pitch  maneuver 
"pre-deployment" 

32.5 

13 

{ ...} 


A generalization  of  this  is  contained  in  the  object  oriented  approach  to  data  representation.  While  current  object 
oriented  programming  practice  includes  many  features  such  as  encapsulation,  object  specific  methods,  it  may  suffice  to 
simply  supper  user  defined  mixed  type  record  and  methods  to  associate  such  records  into  hierarchical  sets. 

For  spacecraft  design,  considerable  attention  to  efficient  handling  of  numeric  data  will  be  required.  For  the  most 
part,  internal  representations  of  arrays  can  be  hidden  from  the  user  as  can  the  type  casting  issues  associated  with  mixed 
mode  arithmetic.  Implementation  of  sparse  arrays,  possibly  in  several  formats,  is  a necessity.  Structural  dynamics,  heat 
conduction,  and  certain  control  algorisms  utilize  sparsely  populated  arrays  and  prior  experience  in  structural  dynamics 
suggest  a large  payoff  here.  Certain  linear  algebra  routines  and  standard  analysis  practices  destroy  the  sparse  matrix  pro- 
perty but  some  work  arounds  are  possible.  For  example,  in  control  system  design,  eigen  analysis  typically  results  in  the 
calculation  of  all  system  eigenvectors.  If  standard  practices  of  structural  dynamics  can  be  adapted,  only  a few  eigenvec- 
tors in  the  band  of  interest  could  be  calculated,  saving  calculation  time  and  storage. 

Thus,  the  data  manager  must  support  efficient  storage  for  named  objects  with  a general  structure.  Functions  for 
creation,  deletion  and  copying  must  be  provided,  as  well  as  merging,  partitioning  and  structured  assembly.  Arithmetic 
operations  must  be  supplied  for  the  base  numeric  types  and  a facility  for  user  defined  operations  on  general  types  will  be 
required.  Advanced  systems  must  address  archiving,  backup,  persistence  across  interrupted  sessions  and  auditing. 

Summary 

The  Design  Tool  will  support  spacecraft  design  teams  with  an  integrated  set  of  analytical  tools,  a versatile  data 
manager,  full-time  3-D  solid  model  views,  and  a multiple  thread  presentation  manager.  Taste  with  a range  of  complex- 
ity from  data  input  to  analysis  to  system  synthesis  are  supported  through  a general  data  manager  and  query  system.  The 
requirements  for  the  Design  Tool  have  been  developed  and  an  initial  implementation  begun  although  the  completion  of 
the  first  prototype  has  been  delayed  due  to  funding  limitations. 
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INTRODUCTION 

The  author  has  developed  several  general  purpose  optimization  programs  over  the  past  twenty  years.  The 
earlier  programs  were  developed  as  research  codes  and  served  that  purpose  reasonably  well.  However,  in 
taking  the  formal  step  from  research  to  industrial  application  programs,  several  important  lessons  have  been 
learned.  Among  these  are  the  importance  of  clear  documentation,  immediate  user  support,  and  consistent 
maintenance.  Most  important,  has  been  the  issue  of  providing  software  that  gives  a good,  or  at  least 
acceptable,  design  at  minimum  computational  cost.  Here,  the  basic  issues  developing  optirruzation 
software  for  industrial  applications  are  outlined  and  issues  of  convergence  rate,  reliability  and  relative 
minima  aic  discussed.  Considerable  feedback  has  been  received  from  users,  and  new  software  is  being 
developed  to  respond  to  identified  needs.  The  basic  capabUities  of  this  software  arc  outlined.  A major 
motivation  for  the  development  of  commercial  grade  software  is  ease  of  use  and  flexibility,  and  these  issues 
arc  discussed  with  reference  to  general  multidisciplinary  applications.  It  is  concluded  that  design  produc- 
tivity can  be  significantly  enhanced  by  the  more  widespread  use  of  optimization  as  an  everyday  design  tool. 

The  CONMIN  program  (1)  was  written  in  1972  as  a general  purpose  optimization  code,  and  it  is  still  widely 
used.  This  code  is  based  on  the  Method  of  Feasible  Directions  and  was  documented  via  a NAS  A Technical 
Memorandum.  It  was  developed  as  a research  program  at  NASA  Ames  Research  Center.  While  numerous 
enhancements  were  made  over  the  years,  there  was  no  formal  maintenance  or  upgrade  mechanism. 
Consequently,  the  user  does  not  even  know  what  version  of  the  program  he  may  be  using.  In  1984,  the 
ADS  program  (2)  was  released.  This  code  was  also  developed  in  a research  environment  under  the 
sponsorship  of  NASA  Langley  Research  Center.  ADS  contains  numerous  Strategy,  Optimizer  and  One- 
dimensional Search  options  for  a total  of  about  100  different  overall  algorithms  possible.  A private  User’s 
Group  was  created  to  maintain  and  enhance  the  program,  and  this  existed  until  1988.  ADS  proved  to  be  a 
very  useful  arad>-niir  aid  since  students  could  experiment  with  a wide  variety  of  methods.  However,  this 
generality,  as  well  as  the  fact  that  many  of  the  algorithms  contained  in  ADS  are  inefficient  or  otheiwse 
obsolete,  the  program  less  attractive  to  the  industrial  user  who  wishes  to  have  a simple  and  reliable 
interface.  Thus,  the  wide  range  of  capabilities  of  ADS  were,  in  many  ways,  a detriment  to  efficient  use  of 
the  program.  Also,  it  was  supported  only  on  a part  time  consulting  basis. 
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Recognizing  the  need  for  a simple  interface  with  optimization,  in  1976  the  COPES/CONMIN  driver 
program  was  created.  This  main  program  made  it  much  simpler  to  interface  the  user’s  analysis  program 
with  CONMIN,  since  he  no  longer  had  to  provide  a main  program  to  create  the  optimization  task  in  standard 
form.  The  design  variables,  objective  and  constraint  functions  were  identified  via  input  data.  Also,  COPES 
provided  additional  features  for  parametric  studies  and  optimization  using  approximations.  This  last 
feature  allows  the  user  to  perform  optimization  based  on  experimental  data.  This  code  was  developed  as 
a research  program  and  was  not  formally  documented  until  it  was  converted  to  work  with  ADS  in  1984  (3). 

In  1986,  the  DOT  optimization  program  was  released  as  a commercially  supported  general  purpose  code 
(4).  Development  of  this  program  was  heavily  influenced  by  experience  gained  with  CONMIN  and  ADS. 
Version  1 contained  only  one  optimization  algorithm,  the  Modified  Method  of  Feasible  Directions  (5),  and 
was  small  enough  to  be  used  on  a penonal  computer  (this  version  was  called  Micro-DOT).  DOT  is  written 
in  FORTRAN  77,  and  is  more  formally  documented  and  supported.  COPES  was  modified  to  become 
COPES/DOT.  Version  2 of  DOT  contains  a second  optimization  algorithm.  Sequential  Linear  Program- 
ming. It  is  noteworthy  that  the  algorithms  contained  in  DOT  are  not  considered  to  be  "robust " by  the 
theoreticians  in  optimization,  who  today  prefer  the  Sequential  Quadratic  Programming  algorithm.  How- 
ever, these  algorithms  are  used  because  they  retain  an  acceptable  level  of  efficiency  and  reliability  over  a 
wide  spectrum  of  applications.  This  is  a key  issue  in  development  of  software  for  widespread  commercial 
use,  where  we  must  choose  between  what  is  best  in  theory  and  what  is  best  in  practice. 

USER  ISSUES 

Today,  most  optimization  applications  in  industry  are  still  in  the  research  departments,  where  the  users  are 
reasonably  expert  in  the  underlying  theory.  However,  there  has  been  a consistent  (long  overdue)  trend  to 
move  this  technology  from  the  research  to  the  production  environment  This  is  more  pronounced  in  Asia, 
where  the  distinction  between  research  and  applications  engineers  is  not  usually  clear  and  there  is  a greater 
interest  in  new  technology  which  will  improve  product  quality,  even  when  that  technology  cannot  be  shown 
in  advance  to  generate  a short  term  profit 

Based  on  experience  with  this  growing  group  of  users,  several  key  issues  can  be  identified  which  are 
important  to  the  industry  user.  These  issues  (this  is  not  a conclusive  list,  but  is  representative)  can  generally 
be  ranked  as  follows: 

1.  Immediate  and  competent  response  to  technical  problems  must  be  provided.  This  includes  com- 
petence in  general  engineering  design,  since  a critical  issue  is  often  problem  formulation  techniques. 

2.  Ease  of  use  by  practitioners  who  have  little  or  no  background  in  optimization  theory  is  essential. 

3.  The  software  must  reliably  achieve  a reasonable  design  improvement.  A precise  optimum  is  recog- 
itized  as  being  of  little  value  since  the  design  will  change  anyway. 

4.  The  software  must  be  efticient  in  terms  of  the  number  of  analyses  needed  to  reach  the  optimum. 
Gradient  information  will  almost  never  be  provided  analytically,  but  will  instead  be  calculated  by  finite 
difference  (this  must  be  available  as  part  of  the  optimization  software). 

5.  Qear  and  concise  documentation  must  be  available. 
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6.  Continual  maintenance  and  enhancements  must  be  assured. 


7.  Source  code  must  be  available  (even  though  nobody  reads  or  changes  it) 

8.  The  software  must  be  available  at  reasonable  cost  on  a laige  variety  of  computers. 

These  issues  are  much  as  would  be  expected,  although  their  order  may  be  subject  to  debate.  Most 
importantly,  few  users  of  optimization  who  are  applying  it  to  real  design  tasks  have  much  interest  in  what 
algorithm  is  contained  in  the  program.  They  only  care  that  it  works!  Also,  while  researchers  worry  about 
relative  minima,  practitioners  usually  recognize  this  as  a fact  of  life  which  exists  whether  or  not  optimiza- 
tion is  used.  While  they  would  like  to  have  software  that  finds  the  absolute  minimum,  they  quickly 
understand  the  futility  of  this  and  are  willing  to  run  the  optimization  from  several  reasonable  starting  points 
in  search  of  the  best  solution.  Finally,  engineering  design  is  a study  in  exceptions,  rather  than  rules. 
Optimiration  software  must  be  flexible  enough  to  accommodate  this  fact. 

THE  DOC  PROGRAM 

In  response  to  input  from  the  user  community,  as  well  as  the  fact  that  the  COPES  program  was  developed 
as  a research  tool  without  a consistent  format,  a new  interface  program  called  DOC  (Design  Optimization 
Control  program)  is  being  developed  in  order  to  enhance  the  usefulness  of  optimization.  While  DOC  uses 
the  same  philosophy  as  COPES,  where  the  problem  is  defined  via  user  input,  the  form  of  the  input  has 
changed  from  a formatted  type  to  a more  readable  mnemonics  interface.  DOC  includes  the  capabilities  of 
general  optimization,  parametric  studies  and  optimization  using  approximations,  but  is  formally  docu- 
mented and  supported.  Also,  new  capabilities  are  included  and  others  can  more  easily  be  added  in  the 
future.  Three  key  capabilities  that  have  repeatedly  been  identified  by  the  users  as  desirable  are  multiobjec- 
tive optimization,  synthetic  functions,  and  optimization  with  discrete  variables.  Because  these  topics  are 
still  active  research  areas,  there  is  little  consensus  as  to  which  approach  is  best.  Therefore,  this  decision  is 
based  on  experience  with  various  methods  and  the  necessary  reliability  of  the  final  code. 

Multiobiective  OprimiTatinn 

The  usual  comment  made  when  first  considering  the  use  of  optimization  is  that  most  design  tasks  are 
represented  by  multiple  objective  fimctions.  This  may  include  weight  and  cost  minimization,  range  and 
performance  maximization  and  a host  of  others.  While  it  may  be  argued  that  this  is  a naive  approach  to 
optimization,  since  such  a problem  statement  will  have  no  unique  solution,  it  is  nonetheless  a real  concern 
which  must  be  addressed. 


Numerous  methods  have  been  proposed  for  multiobjective  optimization,  but  the  most  acceptable  appears 
to  be  compromise  programming  (6),  where  the  single  objective  presented  to  the  optimizer  is  defined  as; 


F = 


J 

. H 


Rj-Rj 

pjworst  _ p* 


where  Rj  is  the  jth  objective  function,  Rj  is  the  jth  "target"  objective  value  and  is  the  worst  known 
value  of  the  jth  objective  function.  The  parameter,  wj,  is  a weighting  factor  defining  the  relative  importance 
of  this  objective.  It  is  common  to  perform  a single  objective  optimization  to  determine  the  target  value. 
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Rj . This  provides  a good  baseline  design  which  identifies  the  best  that  can  be  achieved  for  this  objecdve 

without  regard  for  the  others.  The  value  of  is  usually  chosen  as  the  best  known  value  of  this  objective 
prior  to  optimization. 

Synthetic  Function.s 

It  is  common  that  the  user  wishes  to  optimize  or  constrain  a function  which  is  not  directly  supplied  by  the 
analysis  program.  Or  he  may  wish  to  use  parameters  as  design  variables  that  are  not  normally  input  to  the 
analysis.  For  example,  he  may  require  that  the  sum  of  two  responses  be  less  than  the  value  of  a third 
response,  or  he  may  wish  to  treat  physical  dimensions  of  a frame  structure  as  design  variables,  although 
the  input  to  the  analysis  is  section  properties,  which  are  functions  of  these  variables.  In  many  cases,  he  can 
simply  modify  the  analysis  program  to  provide  this  information  in  the  appropriate  format,  but  often  he  is 
not  able  to  change  the  analysis  program  or  wishes  to  experiment  with  new  ideas  before  making  changes. 
The  solution  then  is  to  provide  the  capability  to  use  "synthetic"  functions  for  optimization  (7).  Typically, 
the  user  might  input  (as  data)  an  equation  in  a form  similar  to  a FORTRAN  FUNCTION  statement. 

For  example,  if  it  is  desired  to  treat  the  width,  B,  and  height,  H,  of  a rectangular  beam  as  design  variables, 
but  the  analysis  program  input  is  the  section  properties,  this  can  be  accomodated  using  synthetic  definitions 
of  the  properties.  Thus,  the  area  moment  of  inertia  would  be  defined  as 

l(B,H)  - B*H**3/12.0 

A stress  recovery  location  at  the  comer  of  the  section  may  be  defined  as 
R(B,H)  - 0.5*SQRT(B**2+H**2) 

Similarly,  the  allowable  buckling  stress  in  a rod  may  be  defined  as 

_ -40* A* E 

Ob  5 

Since  this  must  be  less  than  the  actual  stress,  the  synthetic  equation  would  be 
G{A,E,L.SIG)  - {-40.0*A*E/L  - SIG)/10000.0 

where  10000.0  is  a normalization  factor  and  SIG  is  the  calculated  stress.  Now  this  equation  is  identified 
as  a constraint  to  be  non-positive  in  the  optimization  process. 

By  providing  this  capability,  the  user  has  a great  deal  of  flexibility  in  defiiung  the  optimization  task  and 
experimenting  with  various  concepts,  without  making  them  a permanent  part  of  his  analysis  program. 

Discrete  Variables 

Discrete  variable  optimization  is  still  an  active  research  area,  particularly  as  it  applies  to  nonlinear 
optimization  in  engineering.  However,  it  is  an  important  issue  in  such  applications  as  composite  structure 
design  and  where  parts  must  be  selected  from  a set  of  available  components  (such  as  steel  stmcture 
sections). 
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Perhaps  the  most  common  approach  to  discrete  variable  optimization  is  the  branch  and  bound  method  (8). 
Here,  a single  variable  is  held  at  a discrete  value  and  optimization  is  performed  as  a continuous  problem 
with  respect  to  all  other  variables.  This  variable  is  then  increased  to  it’s  next  discrete  value  and  the 
optimization  is  repeated  with  respect  to  the  other  variables.  If  the  optimum  is  greater  than  before,  this 
"branch"  is  cut  off  and  the  variable  is  set  to  it’s  next  lower  value  and  the  process  is  repeated.  If  an 
improvement  is  found,  the  search  is  continued  in  this  direction  until  no  improvement  can  be  found.  Then 
this  variable  is  held  fixed  and  the  process  is  repeated  for  the  next  discrete  variable,  until  all  discrete  variables 
have  been  examined.  One  disadvantage  to  this  approach  is  that  a multitude  of  nonlinear  optimization  tasks 
must  be  performed,  which  is  a very  expensive  process.  More  importantly,  this  method  was  developed  for 
linear  problems,  but  has  been  applied  to  nonlinear  problems.  However,  a basic  assumption  of  the  method 
has  been  ignored  in  making  this  step.  This  is  that  the  problem  must  be  separable,  a condition  that  is  seldom 
true  for  nonlinear  engineering  design.  The  result  is  that  the  true  discrete  optimum  can  seldom  be  achieved, 
even  for  the  most  simple  cases. 

An  alternative  approach  is  to  first  create  a separable  approximation  to  the  real  problem  and  then  solve  this 
as  a discrete  variable  problem  using  duality  theory  (9).  This  has  the  advantage  that  is  quite  efficient,  but 
retains  the  disadvantage  of  ignoring  coupling  among  the  design  variables.  Again,  a true  optimum  cannot 
be  guaranteed.  However,  this  method  appears  to  be  reasonable  for  applications  such  as  structural  design, 
where  a high  quality  separable  approximation  can  be  created. 

The  best  compromise  for  general  applications  is  to  first  solve  the  problem  as  a continuous  variable  task. 
This  provides  a lower  bound  on  the  discrete  solution.  Now  the  problem  is  linearized  and  solved  as  a 
discrete  variable  problem.  One  approach  to  this  is  to  solve  the  linearized  problem  using  discrete  variable 
linear  programming  with  branch  and  bound  methods  (10).  This  has  been  found  to  be  efficient,  but  to 
oscillate  about  the  optimum,  due  to  coupling  among  the  variables.  An  alternative  is  to  use  "convex" 
(combined  direct  and  reciprocal)  approximations  (9)  and  duality  theory  to  obtain  the  final  discrete  solution. 
This  can  also  create  oscillations  about  the  optimum  that  must  be  detected,  but  it  provides  the  necessary 
efficiency  and  provides  a near  optimum  design,  especially  if  the  discrete  values  are  closely  spaced.  The 
net  effect  is  that  a discrete  variable  optimization  capability  can  be  provided  in  a general  purpose 
optimization  code,  but  that  the  user  must  be  aware  of  it’s  limitations. 

SUMMARY 

As  anyone  who  has  worked  in  optimization  theory  and  applications  will  attest,  it  is  desirable  to  have  a 
fundamental  understanding  of  the  process  in  order  to  achieve  reliable  results.  In  special  cases,  such  as 
structural  optimization,  we  have  sufficient  knowledge  and  experience  to  create  highly  efficient  design 
programs.  However,  the  vast  majority  of  potential  applications  are  in  areas  where  we  know  little  about  the 
mathematical  structure  of  the  problem,  but  recognize  that  optimization  has  a great  deal  to  offer.  In  these 
cases,  the  key  issue  is  our  ability  to  provide  software  that  efficiently  gives  some  design  improvement. 

The  step  firom  research  and  academic  use  of  optimization  to  industrial  use  as  a design  tool  is  a major  one. 
The  practitioner  has  little  interest  in  the  actual  algorithm  used,  but  is  very  knowledgeable  about  the 
practicalities  of  design.  In  the  quest  to  make  optimization  an  everyday  design  tool,  the  concerns  of  the  user 
cannot  be  ignored.  Many  of  these  concerns  are  related  to  ease  of  use,  documentation  and  support. 
However,  a more  fundamental  issue  is  that  of  providing  methods  and  software  that  are  responsive  to  the 
real  and  perceived  needs  of  the  design  engineer.  This  is  the  fundamental  challenge  in  moving  optimization 
from  the  research  environment  to  the  design  engineer’s  desk. 


189 


REFERENCES 


1.  Vandeiplaats,  G.  N.,  "CONMIN  - A FORTRAN  Program  for  Constrained  Function  Minimization," 
NASA  TM  X-62,282,  Aug.  1973 

2.  Vanderplaats,  G.  N.  and  Sugimoto,  H.,  "A  General-Purpose  Optimizadon  Program  for  Engineering 
Design,"  Internal  Journal  of  Computers  and  Structures,  VoL  24,  No.  1, 1986,  pp.  13-21. 

3.  Vanderplaats,  G.  N.,  "COPES/ADS  - A FORTRAN  Program  for  Engineering  Synthesis  Using  the  ADS 
Optimization  Program,"  Department  of  Mechanical  Engineering  Report,  Naval  Postgraduate  School, 
Monterey,  CA,  OcL  1984. 

4.  Hansen,  S.  R.,  Vanderplaats,  G.  N.  and  Miura,  H.,  "Micro-DOT  Users  Manual,"  Engineering  Design 
Optimization,  Inc.,  Santa  Barbara,  CA,  1986. 

5.  Vanderplaats,  G.  N.,  "An  Efficient  Feasible  Directions  Algorithm  for  Design  Synthesis,"  AIAA 
Journal,  Vol.  22,  No.  10,  Ocl  1984, 

6.  Duckstein,  L.,  "Multiobjective  Optimization  in  Structural  Design,"  New  Directions  in  Optimum 
Structural  Design."  Ed.  E.  Atrck,  R.  Gallagher,  K.  M.  Ragsdell  and  O.  C.  Zienkiewicz,  John  )Mley  & 
Sons,  1984,  pp.  459-481. 


7 . Vanderplaats,  G.  N. , Miura,  H.,  Cai,  H.  D.,  and  Hansen,  S . R.,  "Stmctural  Optimization  using  Synthetic 
Functions,"  Proc.  30th  Structures,  Structural  Dynamics  and  Materials  Conference,  Mobile,  AL,  April 
3-5, 1989,  AIAA  CP89-1222. 

8.  Olsen,  G.  and  Vanderplaats,  G.  N.,  "A  Method  for  Nonlinear  Optimization  with  Discrete  Variables," 
AIAA  Journal,  Vol.  27,  No.  3,  March  1989,  pp.  352-358. 

9.  Dakin,  R.  J.,  "A  Tree  Search  Algorithm  for  Mixed  Integer  Programming  Problems,"  Computer  Journal, 
Vol.  8, 1965,  pp.  250-255. 

10.  Flcury,  C.  and  Braibant,  V,  "Structural  Optimization  - A New  Dual  Method  Using  Mixed  Variables," 
InL  Journal  for  Numerical  Methods  in  Engineering,  Vol.  23, 1986,  pp.  409-428. 


N94- 71442 


^ I 


TROJID  - A Portable  Software  Package  for 
Upper-Stage  Trajectory  Optimization 


/ 

/' 


Steven  M.  Hammes 
The  Aerospace  Corporation 
El  Segundo,  CA 


Abstract 

Performance  opUmi.a.to 

spheric  vehicles  often  is  per  ^ package  requir- 

of  a full  capahilily  ‘'*f  .-ork- 

ing  either  a large  mainframe  ^ include 

station.  Since  boost  and  reentry 

capabilities  providing  fo  g 

,imnlalions,th.progran.usu^l,ar.qnfte  g ^ 

very  porUhle.  The  of  npper- 

provide  an  environmenl  .peble  of  being 

stage  trajectories  within  a small  p g Tltilizing  a 

fuTon  a^tandard  desktop  a 

state-of-the-art  burns  and 

trajectory  simulator  imp  TROJID  is  capable 

an  analytic  coast  phase  upper- 

of  producing  p'Jlfage  has  been  designed  to 

stage  orbit  transfers.  P ® ^ the  trajectory 


Introduction 


Performance  ^ ^VhT  higt  c^^^^ 

design  of  space  vehicle  missi  , missions  be 

porting  « pnytod  bility  within  the  space 

designed  to  nt.hte  all  of  the  spacecraft 

increase  the  spacecraft  s traiectory  simulation 

red'Saje^croV?i5^uU  (GTS)‘  System  and  the  Prc 

;^mt«Ulm.teS,m«U^^Tr2‘-^^^^^ 

flight. 


conirast  to  these 

ware  ?“'“*"-j"'^'’j7rI,pulsive  Delta-v's)  is  an  atleinpi 
mmation  with  Jr  and  rop  „ ri„i„iio„  of  npper- 

.„  provide  an  ",1«  wfthin  a portable  pack- 

stage  .standard  desktop  mierocon,. 

age  capable  ol  being  ^ , =t  at p-of-the-art  nonlinear 

puter.  The  pac^ge  contains  a sta  ^ 

programming  algorithm,  NLP2  . ® j 

u -rpt'a:^ 

lyt.c  ^ acceleration  including  the  h zonal 

TaTors^ahle  for  the  simulation  of  multi-hum  upper- 
stage  orbit  transfers. 

Overview 

TROJID  is  a PC-biwed  “'7"' 

optimize  multi-burn  «»"'  "Tav  ovU  ^ miedcd  inio 
tr"  nsfers  commonly  occur  wheu  a .i^yloadj  1 ___ 

a geosynchronous  "Y*!*  “ J a salellit.  .■ 

bit  from  a low-earth  park  orbit,  or  un  - 

maneuvered  from  one  ,,s,„s„is,  as  shown 

The  code  is  composed  level  driver  which 

in  Figure  1.  The  elernents  interfaces  with  the 

defines  the  problem  o e - algorithm  capable 

user,  a robust  and  a ira- 

;lrol;''''rh.'S"p'.ck,ge  us.a  i»  . f, melon  gen.raio, 
for  the  optimization  routines. 


DRIvi^ 




NLP 
algorithm 


Ftrajector^ 

SIMULATOR  : 


Figure  1 Overall  Program  Flow 

r (IrMi  is;  dcsiciied  within  TRO-llD, 


191 


f 


timization  problem  and  trajectory  simulation.  Only  the 
driver  is  modified  and  recompiled;  the  optimizer  and  sim- 
ulator are  maintained  in  object  libraries  and  linked  with 
the  driver  to  create  an  executable  program. 

User-modified  input  files  can  be  used  to  initialize  spe- 
cific problems  once  a new  application  has  been  designed 
and  compiled.  For  example,  a basic  multi-stage  vehicle 
may  be  defined  within  the  system  level  driver,  with  ac- 
tual weights  and  propulsion  characteristics  being  read  in 
from  an  input  file  at  run  time.  In  addition,  definition  of 
the  optimization  problem  can  be  set  up  in  such  a way  as 
to  allow  an  input  file  to  be  used  to  choose  the  variables, 
constraints,  and  objective  function  for  a given  problem. 
Thus,  if  a new  application  is  designed  with  care,  an  en- 
tire range  of  problems  may  be  solved  without  the  need  to 
recompile  any  code. 

The  bulk  of  the  code  for  TROJID  is  written  in  standard 
FORTRAN  77.  In  addition  to  the  FORTRAN,  a few 
routines  used  for  the  DOS  run-time  screen  interface  are 
written  in  C.  Since  all  but  the  screen  driver  routines  are 
written  in  FORTRAN,  TROJID  can  be  hosted  readily  on 
any  machine  with  a FORTRAN  compiler,  although  this 
would  imply  either  running  in  a purely  batch  mode  with 
no  user  feedback  during  execution,  or  writing  a screen 
interface  for  the  new  environment.  In  either  case,  the 
main  elements  of  TROJID  would  carry  over  directly. 

The  Optimization  Algorithm 

The  optimization  algorithm  utilized  in  TROJID  is 
NLP2,  a projected  gradient  algorithm  developed  at  The 
Aerospace  Corporation.  The  purpose  of  the  algorithm  is 
to  find  the  vector  x which  minimizes  the  objective  func- 
tion 

/(x) 

subject  to  the  equality  constraints 
c,(x)  = 0 

for  i = 1, ....  me  and  the  inequality  constraints 
cj{x)  > 0 

for  j = (me  -h  1), . . . , (me  4-  mi)  where  the  total  number 
of  constraints  is  m = mg  + m^.  The  program  has  options 
to  use  a quasi-Newton  method  with  recursive  Hessian  up- 
dates or  a Newton  method  with  finite  difference  Hessians. 

The  algorithm  begins  with  a constraint  satisfaction 
phase  to  find  an  initial  feaisible  point.  Once  a feasible 
point  is  found,  the  algorithm  switches  to  solving  a se- 
ries of  equality-constrained  optimization  problems.  The 
optimization  problems  are  solved  by  using  an  orthogonal 
decomposition  of  tlie  variable  space,  followed  by  a sepa- 
ration of  the  variables  into  two  sets,  one  of  which  is  used 
for  eliminating  the  active  constraints,  the  other  of  which 


is  used  to  minimize  the  objective  function  restricted  to 
the  active  constraint  surface.  If  a previously  satisfied  in- 
equality constraint  is  reached,  the  minimization  process  is 
terminated  and  restarted  with  the  new  constraint  added 
to  the  active  set.  When  the  minimum  is  reached  for  an 
equality  constrained  subproblem,  the  Lagrange  multipli- 
ers are  examined  to  determine  whether  any  of  the  cur- 
rently active  inequality  constraints  can  be  released  from 
the  b£isis.  Once  a subproblem  is  solved  and  no  inequality 
constraints  are  added  to  or  deleted  from  the  basis,  the 
algorithm  terminates  at  a local  solution. 

After  a solution  has  been  reached,  a postoptimality 
analysis  operator  is  called®  ^.  This  operator  serves  several 
purposes.  First,  projected  gradient,  Hessian,  and  eigen- 
value data  can  be  calculated  in  both  scaled  and  unsealed 
quantities  in  order  to  help  determine  how  well  NLP2  has 
converged.  Second,  Jacobian  and  Hessian  conditioning 
can  be  calculated  in  both  scaled  and  unsealed  quantities 
in  order  to  assist  in  choosing  good  scale  factors  for  the 
problem.  These  scale  factors  can  be  used  to  improve  al- 
gorithm performance  on  other  similar  problems.  Third, 
sensitivity  data  can  be  calculated  in  order  to  provide  in- 
formation on  partial  derivatives  at  the  solution.  This 
information  includes  partial  derivatives  of  the  objective 
function  with  respect  to  changes  in  constraint  values,  par- 
tial derivatives  of  the  variables  with  respect  to  changes  in 
the  constraints  to  maintain  feasibility,  and  second  par- 
tial derivatives  of  the  objective  function  with  respect  to 
changes  in  the  variables  while  maintaining  feasibility. 

The  Trajectory  Simulator 

The  trajectory  simulator  in  TROJID  is  designed  to 
propagate  a multi-burn  exoatmo.spheric  t rajectory  begin- 
ning with  an  initial  state  vector  and  utilizing  a set  of 
coasts  and  instantaneous  velocity  impulses  (delta-v’s),  as 
shown  in  Figure  2.  The  simulator  is  used  as  the  function 
generator,  and  any  real  parameter  defining  the  trajectory 
can  be  used  as  an  independent  variable  in  the  optimiza- 
tion problem.  Typically,  parameters  such  as  coast  du- 
rations, delta-v  magnitudes,  and  delta-v  pointing  angles 
are  used  as  variables.  Other  variables  could  include  vehi- 
cle initialization  time,  initial  orbital  elements,  and  vehicle 
mass  and  propulsion  characteristics. 

The  initial  state  vector  can  be  input  either  as  position 
and  velocity  relative  to  the  earth  or  via  orbital  elements  in 
inertial  space.  In  either  case,  the  first  step  in  the  simula- 
tor is  to  translate  the  state  vector  into  cartesian  position 
and  velocity  vectors,  R and  V,  within  an  earth-centered 
inertial  (ECI)  reference  frame.  If  desired,  a time  initial- 
ization model  may  be  called  in  order  to  align  the  Green- 
wich meridian  for  an  input  time  epoch.  The  initial  ECI 
state  vector  is  saved  before  proceeding  with  the  trajectory 
propagation. 
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After  state  initialization,  the  simulator  begins  execut- 
ing n coast-burn  pairs,  where  n is  the  number  of  burns 
being  utilized  in  the  simulation.  ECI  state  vectors  are 
saved  twice  for  each  burn,  once  after  the  coast  but  before 
the  burn,  and  once  after  the  burn.  In  this  way,  when  the 
trajectory  simulation  is  completed,  2n  -b  1 state  vectors 
have  been  saved,  containing  all  the  relevant  information 
about  the  trajectory. 


Figure  2 Trajectory  Simulation  Flow 

After  completion  of  the  trajectory  propagation,  the 
state  vector  arrays  are  passed  back  to  the  driver  inter- 
face, where  the  objective  function  and  constraints  are 
evaluated.  If  orbital  elements  are  needed  for  any  point 
in  the  trajectory,  whether  at  an  intermediate  point  or 
at  the  Rnal  point,  a call  to  the  orbital  state  calculation 
routine  will  translate  the  ECI  state  vector  into  orbital 
elements  corresponding  to  the  desired  point  in  the  tra- 
jectory. Thus,  orbital  elements  are  calculated  only  when 
the  values  are  needed  by  the  optimization  routines.  Typ- 
ically, constraints  are  specified  to  define  the  final  orbit, 
so  orbital  elements  are  calculated  for  the  final  state  vec- 
tor. The  constraints  and  objective  function  may  be  any 
smooth,  continuous  functions  dependent  upon  the  inde- 
pendent variables.  Constraints  may  be  specified  as  equal- 
ities, inequalities,  or  a combination  of  the  two,  and  the 
objective  function  may  be  maximized  or  minimized. 

Use  of  an  analytic  state  vector  propagation  routine^  al- 
lows the  function  generator  to  simulate  a trajectory  with- 
out the  expense  of  integrating  the  equations  of  motion. 
The  analytic  propagation  routine  assumes  gravitational 
acceleration  including  the  J2  zonal  harmonic  (i.e.,  oblate 
earth),  and  is  capable  of  propagating  a coast  in  an  ellip- 


tical or  hyperbolic  earth  orbit.  The  length  of  the  coast 
phase  typically  is  input  in  degrees  (argument  of  the  vehi- 
cle), although  coast  duration  in  seconds  also  may  be  used. 
The  J2  propagation  routine  is  based  upon  a perturbation 
expansion  of  the  oblate  earth  coast,  accounting  for  both 
short  period  and  secular  variations  in  the  orbit.  This  rou- 
tine has  been  in  use  within  GTS  for  the  past  several  years 
and  has  proven  to  be  quite  accurate  for  coasts  in  earth 
orbit  of  up  to  a few  days. 

The  Driver 

The  system  level  driver  defines  the  optimization  prob- 
lem, defines  the  trajectory  to  be  simulated,  and  oversees 
communication  among  the  optimizer,  the  simulator,  and 
the  user.  Initialization  of  the  optimization  problem  in- 
cludes defining  the  algorithm  control  parameters;  objec- 
tive function,  independent  variable,  and  constraint  scale 
weights;  independent  variable  upper  and  lower  bounds; 
and  initial  values  for  the  independent  variables.  Initial- 
ization of  the  trajectory  simulator  includes  defining  tlie 
number  of  coast-burn  pairs,  the  magnitudes  of  the  delta-v 
impulses,  the  initial  state  vector  for  the  vehicle,  and  the 
burn  attitudes  for  the  impulsive  delta-v’s.  Burn  attitudes 
may  be  defined  within  either  an  inertial  velocity  reference 
frame  (VIECI)  or  an  inertial  velocity  local  horizontal  ref- 
erence frame  (VIH),  and  attitudes  may  be  specified  using 
either  spherical  or  cartesian  coordinates  within  the  ref- 
erence frame.  When  the  trajectory  to  be  simulated  is 
defined,  any  parameters  to  be  u.scd  as  independent  vari- 
ables for  the  optimization  problem  are  a.ssigned  values 
from  the  independent  variable  array;  therefore,  it  is  pos- 
sible to  choose  any  input  parameter  a.s  a design  variable 
for  optimization. 

If  an  actual  upper-stage  vehicle  is  being  simulated,  sub- 
routines required  to  define  the  trajectory  sequence  for 
the  vehicle  are  included  in  the  driver  portion  of  the  pro- 
gram, tailoring  the  driver  for  a specific  application.  For 
example,  user  subroutines  can  be  included  to  calculate 
the  delta-v  magnitude  for  a given  vehicle  weight,  propel- 
lant load,  and  propellant  Isp-  This  delta-v  then  can  be 
used  by  the  trajectory  simulator  in  its  definition  of  the 
trajectory. 

During  execution,  after  initializing  the  optimization 
and  simulation  portions  of  the  program,  the  driver  begins 
by  calling  the  NLP  algorithm.  A reverse  communication 
technique  is  used,  whereby  the  NLP  algorithm  never  calls 
the  function  evaluator  directly.  As  execution  continues, 
whenever  the  NLP  algorithm  requires  either  a function 
or  gradient  computation,  control  is  returned  to  the  driver 
and  the  current  values  for  tlie  independent  variables  are 
passed  in  the  argument  list.  The  driver  then  oversees 
calling  of  the  function  generator  (i.e.,  trajectory  simula- 
tor) or  the  gradient  evaluation  routines,  and  returns  the 
requested  data  to  the  NLP  algorithm. 
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The  gradient  routine^  used  in  TROJID  calculates  two- 
sided  partial  derivatives  of  the  constraints  and  objective 
function  with  respect  to  the  independent  variables.  The 
routine  begins  by  using  user-supplied  perturbation  sizes 
for  computing  the  finite-difference  derivatives.  Error  con- 
trol techniques  then  are  applied  to  vary  the  perturbation 
sizes  in  order  to  achieve  accurate  derivatives.  The  user 
has  the  option  to  turn  off  error  control,  holding  pertur- 
bation sizes  constant  throughout  execution. 

Along  with  controlling  the  function  generator  and  gra- 
dient routines,  the  driver  also  determines  what  informar 
tion  should  be  written  to  the  user  screen  and  calls  the 
video  screen  interface  routines  to  fulfill  this  task.  The 
video  screen  interface  manages  updates  to  the  user  screen, 
providing  current  data  on  independent  variable,  con- 
straint, and  objective  function  values.  The  interface  also 
tells  the  user  how  many  function  evaluations  have  been 
performed,  what  iteration  number  is  being  performed  in 
the  search  or  optimization  portions  of  NLP2,  when  the 
post  optimality  operator  is  entered,  and  when  a new  Jaco- 
bian is  being  calculated.  This  information  helps  the  user 
determine  how  well  the  problem  is  running  and  whether 
it  should  be  interrupted  and  restarted  with  some  sort  of 
modification. 


Sample  Problems 

Several  sample  problems  will  be  presented  in  order 
to  show  a few  of  the  capabilities  available  within  TRO- 
JID. The  first  problem  deals  with  a generic,  two-burn 
orbit  transfer  in  which  the  variables  are  coast  durations, 
delta-v  magnitudes,  and  burn  attitudes  for  the  two  burns. 
The  objective  function  to  be  minimized  is  the  sum  of  the 
two  delta-v’s.  The  second  problem  deals  with  a generic 
upper-stage  vehicle  utilizing  two  solid  rocket  motors.  The 
objective  function  to  be  maximized  is  the  weight  of  the 
payload  injected  into  a near  geosynchronous  mission  or- 
bit. 


Generic  Two-Burn  Transfer 


Problem  1 is  a generic  two-burn  orbit  transfer  problem. 
The  objective  is  to  minimize  the  sum  of  the  two  delta-v’s 
required  to  complete  a transfer  from  an  initial  orbit  to 
a final  orbit.  The  initial  and  final  orbital  elements  are 
defined  as 


Parameter  Initial  Orbit 

apogee  altitude  160  nm 

perigee  altitude  160  nm 

argument  of  perigee  undefined 

inclination  28.5® 

ascending  node  180® 


Final  Orbit 
25000  nm 
300  nm 
90® 

67.5® 

unconstrained 


The  vehicle  is  initialized  at  the  ascending  node.  All  or- 
bital elements  are  osculating  quantities.  The  date  is  ini- 
tialized as  21  March  1989. 


The  variables  for  the  problem  are 

csti  coast  to  first  burn  (deg) 

AVi  first  impulsive  delta-v  (fps) 

xl^i  yaw  angle  for  AVi  (deg) 

0i  pitch  angle  for  AVi  (deg) 
cst2  coast  to  second  burn  (deg) 

AV2  second  impulsive  delta-v  (fps) 
yaw  angle  for  AV2  (deg) 

$2  pitch  angle  for  AV2  (deg) 

The  constraints  for  the  problem  are  the  four  orbital  pa- 
rameters defining  the  final  orbit.  The  objective  function 
is  / = (AVi  -f  AV2).  The  initial  guess  and  solution  for 
this  problem  are 


Variable 

Initial  Value 

Optimal  Value 

csti 

0 

0 

94.74970® 

AVi 

8000  fps 

6695.006  fps 

01 

0® 

2.870789® 

0i 

0® 

1.092968® 

CSto 

90® 

128.0318® 

AV2 

8000  fps 

10767.17  fps 

02 

0 

0 

90.12544® 

O'y 

0* 

27.69700® 

The  optimal  objective  function  value  is  17462.17  fps.  The 
problem  was  solved  in  400  function  evaluations  and  took 
approximately  48  seconds  on  a 16  Mhz  80386-based  ma- 
chine with  an  80387  numeric  coprocessor.  Partial  deriva- 
tives of  the  optimal  objective  function  with  respect  to 
changes  in  the  constraint  values  are  listed  in  Table  1 along 
with  second  partials  of  the  optimal  objective  function 
with  respect  to  changes  in  the  variables  while  feasibility  is 
maintained.  A is  used  to  denote  the  optimal  function 
value.  All  partials  are  computed  by  the  postoptimality 
operator. 

Table  1 Sensitivity  Results 


Parameter 

Final  Apogee  Altitude 
Final  Perigee  Altitude 
Final  Argument  of  Perigee 
Final  Inclination 


csti 

AVi 

01 

ei 

CSt2 

AV^ 

02 

$2 


g(AVi AV2)va(o 
0.7586 16e-2  fps/nm 
-1.37754  fps/nm 
125.466  fps/deg 
229.207  fps/deg 

2.05364  fps/deg 
0,274743e-l  fps/fps 
1.67737  fps/deg 
1.34328  fps/deg 
2.54722  fps/deg 
0.274743e-l  fps/fps 
27.1601  fps/deg 
16.4011  fps/deg 


The  most  sensitive  variable  is  02,  and  the  least  sensitive 
variables  are  AVj  and  AV2. 
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The  date  21  March  was  chosen  in  order  to  demonstrate 
the  time  and  sun  model  capabilities  within  TROJID.  De- 
fine the  beta  angle  for  an  impulsive  delta-v  to  be  the  angle 
between  the  impulsive  delta-v  vector  and  the  vector  from 
the  vehicle  to  the  sun,  as  shown  in  Figure  3.  A beta  angle 
of  0®  implies  that  the  vehicle  is  pointing  directly  at  the 
sun  during  a burn,  and  a beta  angle  of  180®  implies  that 
the  vehicle  is  pointing  directly  away  from  the  sun  during 
a burn. 

AV 

y 

^Sun  Vector 


Initial  Orbit 


Figure  3 Vchicle-Sun  Beta  Angle 

In  the  optimal  transfer  from  the  example  problem 
above,  the  beta  angles  for  the  first  and  second  burns  are 
4.9®  and  64.1®,  respectively.  Consider  adding  a new  con- 
straint such  that  the  vehicle  is  not  allowed  to  point  to 
within  20®  of  the  sun.  A new  inequality  constraint  must 
be  added  to  the  problem,  requiring  that 

/?i  - 20  > 0 

The  solution  to  this  new  problem  is 


Variable 

Optimal  Value 

csti 

101. 1227* 

AVi 

7468.183  fps 

01 

18.14728" 

4.266036" 

CSt2 

126.7134" 

AVj 

10173.47  fps 

'l>2 

93.88661" 

O-i 

25.81913" 

The  optimal  objective  function  for  this  new  problem  is 
17641.65  fps,  = 20.0®,  and  = 69.0®.  The  increase 
in  the  value  of  was  accomplished  through  delaying  the 
hrst  burn  by  about  6.4®  of  coast  arc  and  increasing  the 
yaw  angle  for  the  first  burn  by  about  15.3®.  This  led  to 
an  increase  in  total  delta-v  of  179.48  fps.  The  partial 
derivative  of  the  minimum  total  dclta-v  with  respect  to 
changes  in  the  value  of  is  df* fdpx  = 24.8506  fps/deg 

at  the  solution  to  the  new  problem. 


Generic  Upper-Stage  Transfer 

Problem  2 is  a generic,  upper-stage  orbit  transfer  op- 
timization problem.  The  objective  is  to  maximize  the 
payload  weight  injected  into  the  final  mission  orbit.  The 
upper-stage  vehicle  consists  of  two  solid  rocket  motors, 
SRMl  and  SRM2,  and  a reaction  control  system  (RCS). 
An  RCS  trim  burn  follows  each  solid  rocket  motor  burn. 
A propellant  margin  is  set  aside  in  the  RCS  to  account 
for  dispersions.  A four-burn  simulation  is  used  for  the 
two  solid  rocket  motor  and  two  RCS  burns.  The  first  and 
third  burns  are  the  solid  rocket  motors,  with  burn  atti- 
tudes defined  in  spherical  coordinates,  while  the  second 
and  fourth  burns  are  the  RCS  trim  burns,  with  burn  atti- 
tudes defined  in  cartesian  coordinates.  Some  propulsion 
and  weight  data  are  listed  in  Table  2. 


Table  2 Upper-Stage  Vehicle  Data 


SRMl  Propellant  Weight  20800  lb 
SRMl  Isp  300  sec 

Stage  1 Inert  Weight  2500  lb 

SRM2  Propellant  Weight  6300  lb 
SRM2  Isp  300  sec 

Stage  2 Inert  Weight  2000  lb 


The  initial  and  final  orbital  elements  are  defined  as 


Parameter  Initial  Orbit 

apogee  altitude  170  nm 

perigee  altitude  160  nm 

argument  of  perigee  0® 

inclination  28.5® 


FinalDrbLt 
19493  nm 
19153  nm 
unconstrained 
0.5® 


The  vehicle  is  initialized  at  the  ascending  node.  All  or- 
bital elements  are  osculating  quantities. 

The  variables  for  the  problem  are 


CSti 

coast  to  first  SRM  burn  (deg) 

01 

yaw  angle  for  AVj  (deg) 

^1 

pitch  angle  for  AVj  (deg) 

csta 

coast  to  second  SRM  burn  (deg) 

03 

yaw  angle  for  AV3  (deg) 

^3 

pitch  angle  for  AV3  (deg) 

AVo,! 

X component  of  AV2  (fps) 

AV22 

y component  of  AV2  (fps) 

AV,.i 

X component  of  AV4  (fps) 

AV4.2 

y component  of  AV4  (fps) 

pi 

payload  weight  (lb) 

The  constraints  are  the  three  final  orbital  elements  and 
two  constraints  that  specify  the  weight  of  propellant  used 
for  the  two  RCS  trim  burns  to  be  55  lb  and  65  lb,  respec- 
tively- The  objective  function  is  the  payload  weight. 
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The  initial  guess  and  solution  for  this  problem  are 


Variable 

Initial  Value 

Optimal  Value 

csti 

0“ 

-0.3827614“ 

2" 

3.457852“ 

0i 

0“ 

-0.12899746-1“ 

cstj 

150“ 

147.1143* 

V'3 

-50“ 

-51.21512“ 

O3 

0“ 

0.1007870“ 

AV2,, 

20  fps 

21.61897  fps 

AV22 

0 fps 

0.9339027  fps 

AV^.i 

50  fps 

50.60754  fps 

AV4,2 

-20  fps 

-22.71261  fps 

pi 

5400  lb 

5456.795  lb 

The  optimal  objective  function  value  is  5456.795  lb.  The 
problem  was  solved  in  735  function  evaluations  and  took 
approximately  121  seconds  on  a 16  Mhz  80386-based  ma- 
chine with  an  80387  numeric  coprocessor.  Some  charac- 
teristics of  the  optimal  trajectory  design  are 


Figure  4 Hohmann  Transfer  with  Plane  Change 

An  alternative  problem  could  be  to  optimally  size  the 
vehicle  solid  rocket  motors  in  order  to  minimize  total  ve- 
hicle weight.  This  problem  was  run  with  a constant  pay- 
load  weight  of  5400  lb.  The  optimal  motor  weights  are 
20675.84  lb  for  SRxMl  and  6062.297  lb  for  SRM2.  The  tra- 
jectory produced  with  these  optimal  motors  is  a Hohmann 
transfer  with  final  orbit  injection  occurring  at  apogee. 


SRMl  Delta-v  Magnitude  7938.230  fps 

SRM2  Delta-v  Magnitude  5868.143  fps 

Transfer  Orbit  Apogee  Altitude  19325.42  nm 

Transfer  Orbit  Perigee  Altitude  160.8560  nm 

Transfer  Orbit  Argument  of  Perigee  359.7322^ 

True  Anomaly  at  Final  Orbit  Injection  291.9432® 


Sensitivity  results  for  this  problem  are  listed  in  Table  3. 


Table  3 Sensitivity  Results 


Parameter 

SRMl  Propellant  Weight 
SRM2  Propellant  Weight 
Final  Orbit  Inclination 
Final  Orbit  Apogee 
Final  Orbit  Perigee 
Trim  Burn  1 
Trim  Burn  2 


dpi* 

&(  * 1 

0.4682  Ib/lb 
-0.1337  Ib/lb 
48.5807  Ib/deg 
-0.678607  Ib/nm 
-0.686725  Ib/nm 
1.08061  Ib/lb 
0.578696  Ib/lb 


Future  Work 

In  its  current  state,  TROJID  has  proven  useful  for 
solving  both  generic,  multi-burn  orbit  transfer  problems 
and  vehicle-specific  orbit  transfer  problems.  In  the  near 
future,  the  ability  to  integrate  constant  thrust  and  Up 
burns  will  be  added,  allowing  a higher  degree  of  fidelity 
when  specific  vehicles  with  known  motor  characteristics 
are  simulated.  Since  the  burns  currently  are  being  mod- 
eled with  an  instantaneous  delta-v  impulse,  integration  of 
the  burns  will  increase  the  amount  of  computation  time 
required  for  each  function  evaluation  (trajectory  simula- 
tion), although  this  increased  computation  time  should 
not  be  excessive  for  burn  times  of  relatively  short  dura- 
tion (on  the  order  of  hundreds  of  seconds).  A natural 
use  for  this  added  capability  will  be  first  to  optimize  an 
impulsive  burn  problem;  then,  using  this  approximate  so- 
lution as  an  initial  guess,  to  reoptimize  using  integrated 


Note  that  due  to  the  fixed  motor  sizes  of  this  vehicle, 
the  optimal  transfer  is  not  simply  a Hohmann  transfer 
with  plane  change  in  which  injection  into  the  final  orbit 
occurs  at  apogee  (see  Figure  4);  thus,  this  is  not  a prob- 
lem for  which  a simple  analytically  derived  solution  exists. 
As  can  be  seen  from  the  partial  derivatives,  the  first  mo- 
tor is  undersized  and  the  second  motor  is  oversized  for 
this  orbit  transfer.  Transfer  orbit  apogee  altitude  at  in- 
jection into  the  transfer  orbit  is  19325.42  nm,  well  short 
of  the  required  final  apogee  altitude  of  19493  nm.  If  the 
transfer  were  reoptimized  with  final  orbit  injection  con- 
strained to  occur  at  perigee,  the  optimal  payload  value 
would  drop  to  5452.624  lb,  a 4.171  lb  loss.  If  the  transfer 
were  reoptimized  with  final  orbit  injection  constrained  to 
occur  at  apogee,  the  optimal  payload  value  would  drop 
to  5420.913  lb,  a 35.882  lb  loss. 


burns. 

Conclusion 

This  paper  has  described  TROJID,  a trajectory  opti- 
mization package  capable  of  producing  optimal  trajectory 
designs  for  multi-burn,  upper-stage  orbit  transfers.  The 
package  utilizes  a state-of-the-art  nonlinear  programming 
algorithm  along  with  a trajectory  simulator  capable  of 
simulating  impulsive  delta-v  trajectories  with  an  analytic 
coast  phase  propagator  incorporating  the  Jo  zonal  har- 
monic. The  package  has  been  demonstrated  to  solve  both 
generic,  multi-burn  orbit  transfer  trajectory  optimization 
problems  and  upper-stage  trajectory  optimization  prob- 
lems in  which  a specific  upper-stage  vehicle  is  modeled  in 
the  simulation. 
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ON  DOMAINS  OF  CONVERGENCE 
IN  OPTIMIZATION  PROBLEMS 


Alejandro  R.  Dfaz,  Steven  S.  Shaw,  and  Jian  Pan 
Department  of  Mechanical  Engineering 
Michigan  State  University 
East  Lansing,  MI  48824-1226 


INTRODUCTION 

Numerical  oprimization  algorithms  require  Ute 

fmm  aninidaldesignxO,  soluuous  ^ ^ 

algorithm,  applied  to  the  problem: 


Find  xeR"  that 

maximizes  f(x) 

subject  to  X e O £ R" 


We  are  interested  in  problems  with  several  local  maxima  Xj  , j-1, m,  in  the  feasible  design  space  Cl. 

In  general,  convergence  of  the  algorithm  A to  a rpec(/ic  solution  x/  is  determined  by  the  choice  of 

initial  design  x®.  The  domain  of  convergence  Dj  of  A associated  with  a local  maximum  x j is  a subset  of 
initial  designs  x<>  in  O such  that  the  sequence  {x^},  k=0,l,2,„.  defined  by 

xk+1  = A(x>^).  k=0,l,... 


converges  to  x j*  , that  is, 

Dj  = {xe  O : llxj*  - x'^ll  0 as  k->  «x»  whenever  xO=x  and  x^+i  = A(x>^) } 

The  set  Dj  is  also  called  the  6osin  o/a«racn<?n  of  Xj  . 

ravlev  f 11  first  proposed  the  problem  of  finding  the  basin  of  attraction  for  Newton^  me*^  ml  89T  It 
. ^ ^ u « that  nf  attraction  for  Newton’s  method  exhibits  chaotic  behavior  in  problems 

order)  algorithms  exhibit  similar  features . 
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STRUCTURE  OF  DOMAINS  OF  CONVERGENCE 


followng  cx^ple  is  used  to  illustrate  the  more  relevant  features  of  the  problem.  Consider  the  beam 
shown  in  Figure  1.  Translation  is  constrained  by  rigid  supports  at  both  ends  and  rotation  is  restricted 
through  rotational  spnngs  of  fimte  stiffness  r.  A finite  element  model  is  used  for  the  analysis  discretizine 
me  beam  into  fou^pered  beam  elements.  The  element  heights  bi,  b2  and  bs  at  nodal  points  arc  me  chosen 
^sign  vanables.  The  optinuzaaon  problem  considers  me  maximization  of  me  smallest  eigenvalue  of  the 
beam,  A,i,  under  an  isoperimetric  constraint  on  me  beam  volume,  i.e.,  me  problem  (1)  below: 


Find  {bi,b2,b3)  mat 

maximize  Xi 

subject  to  bi  + b3  + 2b2  = C 

bi>  0 


For  the  specific  case  considered  here,  we  let  C=4  and  1.0,  a relative  large  value  corresponding  to 
nearly  clamped  ends.  The  objective  function  has  three  local  maxima  and  two  saddle  points. 


Figure  1.  The  beam  model 

A first-order,  gradient  based  optimization  algorithm  is  used  to  solve  problem  (1).  To  facilitate  the 

^phic^  reprercntation  of  me  domains  of  convergence,  me  equality  constraint  problem  is  used  to  restate 
tne  problem  as  follows: 


Findx={bi,b3)  that 

maximize  A.i 

subject  to  bi  + b3  ^ 4 

bi  > 0,  b3  > 0 

The  feasible  set  is  me  two-dimensional  region 


{{bi,b3}eR2:  bi  + b3  <4,  bi>  0 .bs  ^ 0} 

The  algonmm  us^  is  a steepest  ascent  algorimm  modified  to  account  for  me  simple  constraints.  It  can  be 
characterized  by  me  mapping 


A(x>^)  = x*f  + a{x*^)  s(x^^) 


where 

s(x*^)  = V f(x*^)  if  x*^€  Int  (Q) 

s(x<^)  = Pan[Vf(x>^)]  if  x>^€  aa 


(3a) 

(3b) 

(3c) 


3Q  is  used  to  denote  me  boundary  of  £2  and  Pa«[Vf(xk)]  denotes  a projection  of  Vf(xk)  onto  3£2. 

scalar  parameter  a is  the  step  size  obtained  f^rom  line  search  along  the  direction  s.  Both  exact  and 
inaccurate  hne  search  based  on  Armijo's  rule  are  used  here. 
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(4) 


For  exact  line  search: 

a(x*^)  = max  { a>K) : f(x*^  + a s(x^))  -4  max  } 


For  inaccurate  line  search  based  on  Armijo's  rule: 

a(x^)  = { «i : f(xk  + ai  s(xk))-f(xk)  - 6 ai  IVf(xk)l  > 0 , ai=ei  a^ax } (5) 


for  fixed  values  of  5 and  e (0.02,  0.5,  resp).  am«>0  is  such  that  x*^  + ttmax  s(xi')  is  on  5Q.  The 
difference  between  these  two  strategies  is  illustrated  in  Figures  2 and  3. 


f(x^+cts(x^)) 


aCx*')  a 

Figure  2 Exact  line  search 


Figure  3 Inaccurate  line  search  based  on 
AitoJo's  rule 


To  study  the  structure  of  the  domains  of  convergence,  the  feasible  design  space  is  divided  into  a two- 
dimensional  grid  of  equally  spaced,  discrete  starting  points  x^j.  The  algorithm  A is  applied  starting  from 

each  grid  point  until  convergence  to  one  of  the  3 maxima,  labeled  x*,x*,X3 . is  achieved  (Notice  that  for 

the  values  of  the  parameters  used  eigenvalue  crossing,  a well  known  phenomenon  that  is  common  in 
eigenvalue  maximization  problems,  does  not  occur  ) . A small  rectangular  region  Rj  centered  around 

X®i  is  assumed  to  be  in  the  domain  of  convergence  Dj  of  xj*  if  the  distance  between  A(xi^)  and  Xj*  is 

smaller  than  a prescnbed  tolerance  for  some  K and  k^K.  Rj  is  colored  according  to  the  following 
scheme: 

dark  if  A converged  to  from  x®, 

• _ 

gray  if  A converged  to  ^2  from  x^j 
light  if  A converged  to  *3  from  x9{ 


The  resulting  figures  are  shown  in  Figure  4 for  exact  line  search  and  in  Figure  5 for  inaccurate  line 
search.  It  is  clear  from  the  figures  that  the  domains  of  convergence  are  structurally  different  for  the  two 
line  search  methods.  In  the  case  of  inaccurate  line  search,  the  domains  of  convergence  have  an  extremely 
fine  layered  structure  in  some  regions  of  Cl  that  is  not  present  in  this  problem  when  exact  line  search  is 
used.  The  structural  difference  in  the  domains  of  convergence  of  the  two  methods  is  dominated  by  the 
^fference  between  the  function  a(x)  corresponding  to  exact  and  inaccurate  line  search.  These  results 
indicate  that  commonly  used  optimization  algorithms  based  on  first  order  information  have  features 
similar  to  those  found  in  Newton's  method:  sensitive  dependence  on  initial  design  and  very  fine  layered 
domains  of  convergence.  The  mappings  which  result  from  these  algorithms  cannot  be  chaotic  due  to  their 
inherent  ascent  properties,  but  they  can  lead  to  very  complicated,  possibly  fractal,  boundaries  separating 
doniains  of  convergence.  We  conjecture  that  the  source  of  this  complexity  is  the  same  as  that  which  leads 
to  similar  boundaries  in  other  dynamical  systems,  although  the  connection  is  not  clear  due  to  the 
discon^uous  nature  of  the  optimization  mappings,  particularly  those  associated  with  inaccurate  line  search 
strategies.  To  describe  this  we  need  some  concepts  and  definitions  borrowed  from  the  qualitative  theory 
of  dynamical  systems. 
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First,  note  that  all  local  maxima,  local  minima,  and  saddle  points  ^ fixed  points  of  these  maps.  The  se 
of  points  which  are  mapped  to,  or  are  asymptotic  to,  a fixed  point  is  defined  as  die  stable  manifold  of  that 
fixed  point  ( for  example,  the  stable  manifold  of  a local  maximum  is  its  dommn  of  convergence). 
Similarly,  the  unstable  manifold  of  a fixed  point  is  the  set  of  points  which  are  nwpp^  to,  or  are  asymptotic 
to  the  fixed  point  under  inverse  iterations  of  the  map  (when  the  map  is  not  stnctly  invemble,  one  cm  use 
the  idea  of  pre-image  points).  Note  that  the  stable  manifold  of  a saddle  point  is  the  boundary  between 
points  which  branch  away  from  the  saddle  in  different  directions  (it  is  often  referred  to  as  a separatnx). 
For  continuous  maps,  the  source  of  complexity  is  the  intersection  of  the  stable  manjfo  d of  one  sadcUe 
point  with  the  unstable  manifold  of  another  saddle.  Such  an  mterseebon  Iwds  to  the  stable  manifold,  and 
therefore  the  boundary,  winding  in  a very  complicated  manner  which  results  in  infinitely  fine  layered 
structure  for  domains  of  convergence,  and  it  the  most  likely  cause  of  the  observed  behavior. 

We  note  that  in  order  for  such  intersections  to  occur  at  least  two  saddle  points  must  exist,  which  implies 
that  at  least  three  local  maxima  must  exist.  In  a system  with  only  two  local  maxima  Je 
separating  their  domains  of  convergence  cannot,  if  our  conjeemrc  is  correct,  have  this  layered 
problem  solved  here  has  three  local  maxima.  However,  if  the  stiffness  of  tiw^tational  spnngs  r is 
reduced  to  a sufficiently  low  value,  the  number  of  maxima  changes.  In  the  case  r=0,  coiresponding  to  a 
pined-pined  beam,  the  objective  function  has  only  one  maximum  and  hence  the  dommn  of  convergence  is 
Q This  observation  indicates  that  the  chances  of  success  of  the  overall  solution  strategy  can  be 
affected  significantly  by  possibly  small  changes  in  the  models  u^  to  reprwent  the  physicd  ooun^ 
conditions.  Extensions  to  problems  involving  more  than^o  desi^ 

be  careful  since  the  domain  boundaries  are  formed  only  by  the  stable  manifolds  of  saddles  for  which  the 
dimension  of  the  stable  manifold  is  one  less  than  the  design  space. 
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A SUPERLINEAR  INTERIOR  POINTS  ALGORITHM  FOR  ENGINEERING 
DESIGN  OPTIMIZATION 

J.  Herskovits  * 

J.  Asquler  *• 


ABSTRACT: 

We  present  a quasi-Newton  interior  points  algorithm  for  nonlinear  constrained 
optimization.  It  is  based  on  a general  approach  consisting  on  the  iterative 
solution  in  the  primal  and  dual  spaces  of  the  equalities  in 
ICarush— Kuhn— Tucker  Optimality  Conditions.  This  is  done  in  such  a way  to  have 
primal  and  dual  feasibility  at  each  iteration,  which  ensures  satisfaction  of 
those  optimality  conditions  at  the  limit  points. 

This  approach  is  very  strong  and  efficient,  since  at  each  iteration  it  only 
requires  the  solution  of  two  linear  systems  with  the  same  matrix.  Instead  of 
Quadratic  Programming  Subproblems.  It  is  also  particularly  appropriated  for 
Engineering  Design  Optimization  inasmuch  at  each  iteration  a feasible  design 
is  obtained. 

The  present  algorithm  uses  a Quasi-Newton  approximation  of  the  second 
^®**ivatlve  of  the  Lagrangian  Function  in  order  to  have  superlinear  asymptotic 
convergence.  We  discuss  about  theoretical  aspects  of  the  algorithm  and  it's 
computer  implementation. 


1.  INTRODUCTION 

In  this  work  we  present  a quasi-Newton  interior  points  algorithm  for 
nonlinear  inequality  constrained  optimization,  based  on  a general  approach 
which  solves  Karush-Kuhn-Tucker  optimality  criteria  by  means  of  fixed  point 
Iterates  in  the  primal  and  dual  space  [4).  Given  an  initial  point  in  the 
interior  of  the  feasible  region,  a sequence  of  interior  points  is  generated 
in  such  a way  that  the  objective  decreases  monotonlcaily  and  which  converges 
to  a K-K-T  point  of  the  problem. 

This  approach  is  particularly  appropriated  for  Engineering  Design 
Optimization  since  at  each  iteration  a feasible  design  is  obtained  and  it  is 
also  very  strong  and  efficient. 

In  the  next  section,  we  consider  the  inequality  constrained  problem  and 
discuss  the  basic  ideas  of  the  method.  A quasi  - Newton  algorithm  is 
presented  in  the  following  section  and  then  a technique  for  updating  the 
approximation  matrix.  Finally  we  briefly  discuss  some  aspects  about  the 
computer  implementation  of  the  algorithm. 
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Visiting  Research  Fellow  at  COPPE/Federal  University  of  Rio  de  Janeiro. 


204 


2.  THE  INEQUALITY  CONSTRAINED  PROBLEM 


We  consider  now  the  inequality  constrained  nonlinear  programming 
problem  : 

minimize  f(x) 

X 

submitted  to  g(x)  ^ 0,  (1) 

where  feR  and  geR*  are  smooth  functions  in  R".  This  problem  is  normally 
present  in  Engineering  Design,  however  equality  constraints  can  easily  be 
included  using  this  approach  [1]. 


Definitions 

Definition  1-  d e R"  is  a descent  direction  of  f at  x if  d^7f  <0.  □ 

Definition  2.  d € R*'  is  a feasible  direction  of  the  problem  at  x e 0, 

0 s {x  € R^/  g(x)  ^ 0>,  if  for  some  0 > 0 we  have  x + td  6 Q for  all 
t € (0,0).  □ 

Definition  3.  A vector  field  d(x)  defined  on  Q € R*'  is  said  to  be  a 
uniformly  feasible  directions  field  if  there  exists  t > 0 such  that  for  any 
X € Q X + td(x)  € Q for  all  t € (0,t).  □ 

The  present  algorithm  obtains  at  each  iteration  a search  direction  d, 
which  is  a descent  direction  of  the  objective  and  also  a feasible  direction 
of  the  problem.  A line  search  is  then  performed  to  ensure  that  the  new  point 
is  interior  and  the  objective  is  lower.  As  a consequence  of  the  requirement 
of  feasibility,  d must  actually  constitute  an  uniformly  feasible  directions 


field.  Otherwise,  the  step  length  may  go  to  zero  and 
non-s tat ionary  points  may  occur. 

convergence 

to 

Karush-Kuhn-Tucker  first  order  optimality  conditions 
following  system  of  equalities  and  inequalities: 

consist  on 

the 

C + = 0. 

(2) 

G X = 0. 

(3) 

g(x)s  0 amd 

(4) 

X i 0. 

(5) 

where  X € R*  is  the  dual  variables  vector,  C = 7f(x), 
G = dlag  [g(x)l,  G € R““. 

A = 7g(x) , 

and 

Our  approach  consists  on  solving  the  system  of  equations  (2), (3)  in 
(x,X)  by  means  of  a quasi-Newton  algorithm.  This  is  done  in  such  a way  to 
satisfy  inequalities  (4)  and  (5)  at  each  iteration,  in  order  to  ensure  that 
Karush-Kuhn-Tucker  conditions  are  verified  at  the  limit  points. 
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Consider  the  fixed  point  iterates  for  the  solution  of  (2), (3)  defined  by 
the  following  linear  system  of  equations: 


B 

a"' 

X - X 

C + A*^X 

0 

AA 

G 

1 

c 

GX 

_ 

L J 

- ' 

where  B € r"*"  is  symmetric  and  positive  definite,  A € R is  A = diag(A), 
(x,X)  is  the  actual  Iterate  and  Is  a new  estimate.  Taking 

B = H(x,X),  where  H(x,X)  = 7^f(x)  + £ X^V^g^Cx),  (6)  becomes  the  Newton  - 

Raphson’s  iterates.  In  the  present  paper,  we  take  B equal  to  a quasi-Newton 
approximation  of  H(x,X). 

Let  be  d = x - x.  Then,  (6)  becomes 
0 0 

Bd  +A^X  = - C and  (7) 

0 0 

AAd  + GX  = 0.  (8) 

O 0 


which  now  gives  a direction  d^  in  the  primal  space.  It  can  be  proved,  in  a 

similar  way  as  in  [1,3],  that  is  a descent  direction  of  f.  However,  d^  is 

not  useful  as  a search  direction  since  it  does  not  always  constitute  an 
uniformly  feasible  directions  field.  This  is  due  to  the  fact  that  as  any 
constraint  goes  to  zero,  (8)  forces  d to  tend  to  a direction  tangent  to  the 
feasible  set. 

This  effect  is  avoided  by  Including  a negative  vector  (-pe)  in  the  right 
side  of  (8),  where  the  scalar  factor  p is  positive  and  e ■ [1,1,..,!]^, 
e e R".  Then,  solving 

Bd  +A*"X  = - C,  (9) 

AAd  + GX  = - pe  (10) 


we  have  a new  direction  d which  constitutes  an  uniformly  feasible  directions 
field  m. 

Finally,  since  d can  be  considered  as  a perturbation  proportional  to  p 
of  the  descent  direction  d , it  is  possible  to  establish  bounds  on  p which 

ensure  that  d is  also  a descent  direction  of  f. 

The  ideas  pointed  above  are  a basis  for  the  iterative  method  that  we  are 
studying.  In  the  primal  space,  a line  search  is  done  in  direction  of  d while, 
in  the  dual  space,  updating  of  X is  defined  by 

X :=  sup[X  ;clldll^];l*l,m,  e>0,  (11) 

1 01  0 

which  ensures  that  X is  always  feasible. 


206 


3.  THE  ALGORITHM 


The  algorithm  that  we  present  is  stated  as  follows: 

Parameters,  a.  e (0,1),  7 e (0,1),  e > 0,  Tj^and  (0,1),  (tj^  >t^  ),  p >0 
and  V € (0,1). 

Data.  X 6 n,  A > 0 and  B € r"*"  symmetric  and  positive 

definite. 


Step  1.  Computation  of  a search  direction. 

(i)  Compute  (d^,  A^)  by  solving  the  linear  system 

B d + A*’A^=  - C. 

0 0 

A A d + G A„=  0. 

0 0 

If  d = 0,  stop. 

0 

(ii)  Compute  (d^,  A^ ) by  solving  the  linear  system 
Bd^+  A*"A^=  0, 

AAdj+  GA^=-  e. 

(iii)  Compute  the  search  direction 
d = d^>  p-d^, 

where  p = sup  (p;  sup  [ (a-1 )d^C/d^C;  01 >. 

Step  2.  Line  search. 

Find  t>0  such  that: 

f(x  td)  s f(x)  + t Tj^d^’C,  and 

g^  (x  + td)  < 0 : i=l ,m, 

are  true,  and  at  least  one  of  the  following  conditions 
is  also  true: 

d^’Vf  (x-t-td)s  or 

g^(x+td)  2:  7 gj(x):  1=1,2 m. 

Step  3.  Updates. 

(i)  Set 

X :=  X + td,  and 

A :=  sup  [A  ;c  lid  11^  ];  1 = l.m. 

1 01  0 

(il)  Compute  a new  symmetric  positive  definite  approximation 
B to  H(x,A). 

(iii)  Go  back  to  Step  1. 


(12) 

(13) 


(14) 

(15) 

(16) 
(17) 


□ 


The  search  direction  d given  by  (16)  is  the  same  as  the  one  obtained  in 
(10)  and  condition  (17)  on  fx  ensures  that 

d‘c  a o C 
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Then,  since  is  a descent  direction  of  f,  d also  is. 

The  line  search  criteria  is  very  wide  and  easy  to  satisfy.  We  find  the 
step  length  in  an  iterative  way  by  defining  an  initial  t and,  if  the  criteria 
is  not  verified,  making  quadratic  interpolations  or  extrapolations  until  a 
satisfactory  step  length  is  obtained. 


4.  THE  QUASI  - NEWTON  APPROXIMATION  MATRIX 

In  unconstrained  optimization  problems  by  quasi  - Newton  method,  an 
approximation  matrix  B to  the  second  derivative  of  the  function  is  built  up. 
The  formula  preferred  by  several  authors  for  updating  B is  the  BFGS  rule 


s'^BS  6*’7| 


where  5 e R"  is  the  change  of  the  variables  and  ti  e R"  is  the  change  of  the 
gradient  of  the  function.  Since  the  second  derivative  of  the  function  is 
positive  definite  at  the  minimum,  it  can  be  proved  that  if  the  initial  B is 
positive  definite  a new  approximation  matrix  with  the  same  property  is 
obtained,  provided  that 


5%  > 0.  (19) 

In  the  present  algorithm,  B is  an  approximation  to  H(x,X)  which  is  not 

necessarily  positive  definite  at  the  solution.  We  let  y € R"  to  be  the  change 

in  X of  {7f(x)  + A^(x)X>  and,  in  order  to  satisfy  (19),  we  adopt  a procedure 
proposed  by  Powell  [5]  for  the  definition  of  tj. 

Consider  ^ € R defined  as  follows: 

^ = 1.  if  i 0.2  a^Ba.  or 

. 0.8  a^Ba  otherwise. 

<P  = 

a^’Ba  - s^7 

Then,  we  define  t)  to  be 

T»  = + (i-^)Ba 

and  B given  by  the  updating  rule  (18). 


5.  NUMERICAL  IMPLEMENTATION 

Several  items  involved  in  the  implementation  of  the  present  algorithm 
merit  a wider  discussion.  One  question  Is  that  of  efficiently  solving  linear 
systems  (12,13)  and  (14,15).  It  can  be  proved  that  the  corresponding  matrix 
is  nonsingular  [3];  however  it  is  not  symmetric  neither  positive  definite. 
Different  technics  can  be  employed  which  lead  to  systems  involving  symmetric 
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and  positive  definite  matrices  with  smaller  dimensions.  Another  Important 
Dolnt  Is  that  of  the  line  search  procedure,  since  a good  Implementation  can 
result  in  important  benefits  in  the  global  efficiency  of  the  algorithm.  Quasi 
- Newton  updating  can  be  done  as  In  (18)  but  It  is^  also  possible  to 
approximate  the  inverse  of  H(x,A)  or  to  generate  Cholesky  s decomposition  of 
both  approximation  matrices. 
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ABSTRACT 


Previous  wrork  in  3-D  shape  optimization  involved  specifying  design  variables  by 
associating  parameters  directly  with  mesh  points.  More  recent  work  has  shown  the 
use  of  fully-automatic  mesh  generation  based  upon  a parameterized  geometric 
representation.  Design  variables  have  been  associated  with  a mathematical  model  of 
the  part  rather  than  the  discretized  representation.  The  mesh  generation  procedure 
uses  a nonuniform  grid  intersection  technique  to  place  nodal  points  directly  on  the 
surface  geometry.  Although  there  exists  an  associativity  between  the  mesh  and  the 
geometrical/topological  entities,  there  is  no  mathematical  functional  relationship.  This 
poses  a probjem  during  certain  steps  in  the  optimization  process  in  which  geometry 
modification  is  required.  For  the  large  geometrical  changes  which  occur  at  the 
beginning  of  each  optimization  step,  a completely  new  mesh  is  created.  However,  for 
gradient  calculations  many  small  changes  must  be  made  and  it  would  be  too  costly 
to  regenerate  the  mesh  for  each  design  variable  perturbation.  For  that  reason,  a 
local  remeshing  procedure  has  been  implemented  which  operates  only  on  the  specific 
edges  and  faces  associated  with  the  design  variable  being  perturbed.  Two  realistic 
design  problems  are  presented  which  show  the  efficiency  of  this  process  and  test  the 
accuracy  of  the  gradient  computations. 

SHAPE  PARAMETERIZATION 

Of  the  many  aspects  of  a shape  optimization  system,  the  most  controversial 
issue,  and  the  issue  still  unresolved,  is  the  process  by  which  design  variables  are 
assigned  to  the  mesh.  There  are  essentially  four  approaches  being  investigated,  two 
dealing  with  some  form  of  mesh  generation  and  two  which  work  from  an  existing 
mesh.  The  method  based  upon  mapped  mesh  generation[l,2]  requires  the 
association  of  design  parameters  with  key  nodes  of  3-D  iso-parametric  hyper-patches. 
In  this  case,  as  the  shape  changes,  internal  nodes  are  moved  automatically.  The 
method  developed  by  Yang|3]  assumes  the  existence  of  a mesh  generated  manually 
using  a coriventional  modeling  system.  Using  graphics,  design  variables  can  be 
directly  assigned  to  mesh  points.  No  attempt  is  made  to  move  internal  points.  A 
third  method,  originally  developed  by  Belegundu  and  Rajan[4,5]  also  assumes  a mesh 
exists.  This  approach  however  uses  fictitious  loads  as  design  variables.  The 
deformed  shapes  resulting  from  the  application  of  special  loading  and  boundary 
condition  sets  are  used  as  design  variations.  The  advantage  of  this  method  is  that 
interior  node  movements  are  directly  obtained.  All  of  the  above  techniques  pose 
certain  problems  in  developing  the  design  models.  For  that  reason  Botkin[6] 
proposed  the  use  of  fully  automatic  mesh  generation  based  upon  the  use  of  a 
parameterized  3-D  mathematical  surface  model.  For  each  step  in  the  optimization 
process,  the  current  set  of  design  variables  produces  a new  geometrical  model  from 
which  a mesh  can  be  automatically  generated.  There  is  no  need  in  this  case  to 
relate  finite  element  nodes  to  design  variables  and  internal  nodes  are  moved 
automatically.  Since  the  first  three  methods  directly  assign  nodes  to  design 
variables,  shape  sensitivities  are  easily  obtained,  i.e..  small  perturbations  in  design 
variables  can  produce  small  perturbations  in  mesh  points.  However,  no  such  direct 
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relationship  exists  for  the  fourth  approach  and  special  consideration  will  be  given  to 
this  aspect  of  the  problem  in  the  next  section. 

SENSITIVITY  ANALYSIS 


The  following  relationship  expresses  the  association  between  the  geometric 
model,  G and  the  mesh,  M: 

G(ff)  M (1) 

in  which  6 represents  the  design  variables.  Whereas  the  model  is  an  explicit 
function  of  the  design  variables,  the  mesh  is  only  obtained  through  the  operation  ■». 

Using  the  symbolic  relationship  (1)  the  behavioral  sensitivities  can  be  computed 
as  follows: 


OR  OR  „ OM  „ OG 

55  * 5fl  * 8G  * 85 


(2) 


in  which  R is  a response  quantity.  Most  of  the  questions  regarding  shape 
sensitivities  have  been  answered[7l  but  have  dealt  only  with  the  first  term  of  Eq.  2. 
Term  three  is  analytical  and  can  be  easily  computed.  One  aspect  as  it  pertains  to 
automatic  mesh  generation  still  has  to  be  investigated,  and  deals  with  term  two.  As 
the  design  variables  are  sequentially  perturbed,  a resulting  perturbed  mesh  must  be 
obtained.  Figure  1 represents  a two-dimensional  segment  of  a mesh,  the  associated 
geometry,  and  design  variables  using  the  notation  of  relationship  (1).  The  bold 
curve  represents  a typical  shape  variation.  The  subscripted  variable  refers  to 
mesh  points  on  the  surface  geometry  and  variable  Mj  refers  to  points  m the  interior. 
It  would  not  be  desirable  to  regenerate  an  entirely  new  mesh  for  each  design  variable 
perturbation.  A5|,  but  only  recompute  the  surface  point  locations,  M^,  locally.  Since 
the  mesh  is  tied  to  the  geometrical  description  through  an  operation,  it  is  only 
indirectly  associated  with  the  design  variables.  For  that  reason  a local  remeshing 
procedure  was  implemented  which  operates  only  upon  the  mesh  data  for  specific 
edges  and  faces.  Associativity  information  between  the  topology  and  the  mesh 
allows  only  pertinent  nodes  to  be  identified  for  repositioning.  There  is  still  some 
question  about  the  accuracy  of  this  localized  numerical  process  when  only  small 
changes  are  required  as  in  the  sensitivity  calculations.  In  an  attempt  to  improve  the 
accuracy  a methodology  was  developed  in  which  rather  substantial  boundary 
movements  are  first  performed  to  obtain  the  direction  of  the  velocity  field[7]  and 
then  scaled  to  the  small  changes  required.  Finally,  it  still  may  be  necessary  to 
devise  an  approach,  such  as  Laplacian  smoothing,  to  move  internal  points.  Mg,  as 
well  to  use  as  velocities  in  Ref.  7.  This  aspect  of  the  problem  should  be 
investigated  further  since  there  is  a possibility  that  too  much  nonlinearity  exists  in 
such  a smoothing  operation  to  produce  accurate  sensitivities. 
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DESIGN  EXAMPLES 


The  following  examples  were  modeled  using  the  mesh  generation  capability 
developed  by  Shephard  and  Yerry[8,9]  and  documented  in  Reference  6.  Computer 
times  given  are  for  an  IBM  3090.  Response  sensitivities  were  computed  using  a 
special  version  of  NASTRAN  in  which  semi-analytic  grid  sensitivities  were 
implemented. 

.Tvvo  examples  are  used  to  investigate  the  efficiency  and  accuracy  of  shape 
sensitivities  using  automatic  mesh  generation.  For  an  idealized  torque  arm  shown  in 
Fig.  2 and  an  upper  control  arm  shown  in  Fig.  3 the  model  size  information  is  given 
in  Table  1.  The  torque  arm  is  loaded  at  one  hole  and  clamped  at  the  other.  The 
control  arm  is  loaded  at  the  small  end  and  clamped  at  both  holes  on  the  large  end. 
The  geometrical  models  are  shown  in  Figs.  4 and  5.  The  cross-hatched  surfaces  in 
these  figures  indicate  the  design  variation  used  to  compute  sensitivities.  In  an  actual 
design  study,  it  would  be  desirable  to  allow  all  surfaces  to  vary,  but  for  this 
example  only  a single  surface  will  be  considered.  Behavioral  sensitivities  will  be 
computed  for  the  displacement  at  the  loaded  node  with  respect  to  the  specific 
surface  movement  taking  the  form  of  a quadratic  function.  Stress  sensitivities  were 
not  computed  since  they  are  merely  a function  of  displacement  sensitivities.  Table  2 
gwes  ^the  perturbation  data.  Only  a small  fraction  of  the  initial  mesh  generation 
time  IS  required  to  locally  update  the  mesh  for  sensitivity  calculations  and  the 
sensitivities  agree  quite  well  with  the  finite  difference  values.  It  is  believed  however 
that  the  analytical  values  are  more  accurate  than  the  finite  difference  values.  It  is 
very  difficult  to  accurately  input  the  perturbed  mesh  data  to  NASTRAN,  even  using 
extended  precision  fields,  whereas  the  grid  point  sensitivity  data  for  the  analytical 
calculation  requires  the  velocity[7]  values  which  can  be  input  much  more  accurately. 

Table  1 Mesh  Generation  Data 


NODES  SOLIDS  MESH  GENERAHON  TIME 


TORQUE  ARM 

826 

2875 

35  sec 

CONTROL  ARM 

975 

3192 

49  sec 

Table  2 Mesh  Sensitivity  Data 


MESH  PERTURBAHON  TIME 

SENSITIVITY 

F.O.  SENSmVITY 

TORQME  ARM 
CONTROL  ARM 

1.3  sec 
1.8  sec 

.00280 

.00405 

.00286(250 
.00401 (-150 
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Fig.  1 Mesh-Geometry-Dimension  Relationship 
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Fig.  3 Control  Arm  Mesh 
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Fig.  5 Geometric  Model  for  Control  Arm 
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Summary:  This  paper  presents  a technique  for  the  integration  of  structural  optimization  facilities  into  a Computer  Aided 
Design  environment  Problems  in  connection  with  the  flexibility  of  the  mathematical  formulation  and  the  system  design 
are  discussed.  The  techniques  have  been  implemented  in  the  structural  optimization  system  CAOS,  and  a practical 
example  of  the  use  of  this  system  is  presented. 


1.  Introduction 

Structural  optimization  has  attracted  the  anention  since  the  days  of  Galileo.  Oihoff  & Taylor  [1]  have  produced  an  excellent 
overview  of  the  classical  research  within  this  field.  However,  the  interest  in  structural  optimization  has  increased  greatly  during 
the  last  decade  due  to  the  advent  of  reliable  general  numerical  analysis  methods  and  the  computer  power  necessary  to  use  them 
efficiently.  This  has  created  the  possibility  of  developing  general  numerical  systems  for  shape  optimization.  Several  authors, 
eg,,  Esping  [2],  Braibant  & Flcury  [3],  Bennet  & Botkin  [4],  Botkin,  Yang  & Bennet  [5]  and  Stanton  [6]  have  published 
practical  and  successful  applications  of  general  optimization  systems.  Ding  [7]  and  Hdmlein  [8]  have  prt^uced  extensive 
overviews  of  available  systems.  Furthermore,  a number  of  commercial  optimization  systems  based  on  well->estabiished  finite 
element  codes  have  been  introduced.  Systems  like  ANSYS,  IDEAS,  OASIS  and  NISAOPT  are  widely  known  examples. 

In  parallel  to  this  development,  the  technology  of  Computer  Aided  Design  (CAD)  has  gained  a large  influence  on  the  design 
process  of  mechanical  engineering.  The  CAD  technology  has  already  lived  through  a rapid  development  driven  by  the 
drastically  growing  capabilities  of  digital  computers.  However,  the  systems  of  today  are  still  considered  as  being  only  the  first 
generation  of  a long  row  of  Computer  Integrated  Manufacniring  (CIM)  systems.  These  systems  to  come  will  offer  an  integrated 
environment  for  design,  analysis  and  fabrication  of  products  of  almost  any  charaaer.  Thus,  the  CAD  system  could  be  regarded 
as  simply  a database  for  geometrical  information  equipped  with  a numb^  of  tools  with  the  purpose  of  helping  the  user  in  the 
design  process.  Among  these  tools  are  facilities  for  structural  analysis  and  optimization  as  well  as  present  standard  CAD 
features  like  drawing,  modelling  and  visualization  tools. 

The  state  of  the  art  of  structural  optimization  is  that  a large  amount  of  mathematical  and  mechanical  techniques  are  available 
for  the  solution  of  single  problems.  By  implementing  collections  of  the  available  techniques  into  general  software  systems, 
operational  environments  for  strucniral  optimization  have  been  created.  The  forthcoming  years  must  bring  solutions  to  the 
problem  of  integrating  such  systems’  into  more  general  design  environments.  The  restilt  of  this  work  should  be  CAD  systems 
for  rational  design  in  which  structural  optimization  is  one  important  design  tool  among  many  others. 


2.  The  structural  optimization  system  CAOS 

A CAD  based  structural  optimization  system  by  the  name  of  CAOS  (Computer  Aided  Optimization  of  Shapes)  has  been 
developed  at  the  Institute  of  Mechanical  ^gineering,  Aalborg  University,  Denmark.  The  purpose  of  this  work  is  to  conduct 
experiments  with  various  solutions  to  the  CAD  integration  problems  outlined  in  the  preceding  section.  The  widely  used 
commercial  CAD  system  AutoCAD  is  used  as  the  basis  for  CAOS,  but  the  system  concept  is  independent  of  the  AutoCAD 
data  structure  and  the  tecniques  used  in  CAOS  can  therefore  be  applied  in  connection  with  most  other  CAD  systems  as  well. 

CAOS  has  been  under  constant  development  over  a period  of  four  years  and  is  today  a fully  operational  shape  and  topology 
design  system  with  a number  of  interesting  features.  In  particular,  CAOS  offers  solutions  to  the  following  important  problems 
of  CAD  integrated  shape  optimization: 

1.  There  is  a large  number  of  possible  formulations  of  the  shape  optimization  problem.  One  may  choose  to  minimize  weight, 
stress,  compliance,  displacement  or  any  other  property  that  can  be  derived  from  the  geometrical  model  or  the  output  from 
an  analysis  program  which  is  usually  a finite  element  module.  The  same  set  of  possibilities  should  be  available  for 
specification  of  constraints.  Mathematically,  these  different  formulations  lead  to  very  different  optimization  problems. 

2,  In  order  to  use  a mathematical  programming  technique  to  solve  the  problem,  the  contixmous  shape  of  the  geometry  must 
be  described  by  a finite,  preferably  small,  number  of  design  variables.  This  problem  is  closely  connected  with  the  data 
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stpKture  of  Iho  CAD  sysiom  »hij*  In 

’■  . 

A c^an^  that  are  crucial  to  the  functionality  or  fabrication 

p««“-  *”'*“*  "■“■ " 

lity  of  the  geometiy  throughout  the  optimization  process. 

5 The  initial  CAD  model  of  the  structure  has  to  be  It  is  nm  acceptable 

■ £f“  siSfirs  “fi  r.' 

s:ri;r.f  0,^.  ^ »p--  ■"“■  ■” 

served. 


3.  Design  model  and  analysis  model 


CAOS  is  based  on  the  important  distinrtion  *e  modef^d^udlrrsthlct  from  the  ^tc 

SS“£S^.3S."ss--“““-'-“"^ 

b^d  on  ihe  oonent  stapo  of  iht  dosign  model  is  achieved. 

2.  The  hoondafies  of  Ihe  design  elemenis  ^ °f  reqohemenno  the 

^S^^Te^'Sr  » me  hom-aAea  m goes, ion. 

’•  iTevis 

d.  irZ'd.a.h.g  aids  of  me  CAD  system  1,  . ve.  easy  to  dta.  the  deal,  emmeorn  h,  a aepamt.  dm«ht,  Uye,  o.  mp 
of  the  original  drawing. 

same  element  configuration. 


4.  Optimization  type 

“ Sl“f  t a“‘:m“™  ravTi.Se“lo,utS.  I^t  home,  mfom»dt„  »■  m.  homogemnatmn  rnemod. 
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available  in  the  CAD  system.  This  also  means  that  the  specifications  can  be  erased,  moved,  redefined  or  otherwise  modified 
as  any  other  entity  in  the  CAD  model.  Based  on  these  specifications,  a number  of  simple  text  files  specifying  the  optimization 
problem  are  generated.  The  actual  optimization  is  solely  based  on  these  files  and  is  therefore  independent  of  the  CAD  system 
data  structure. 


5.  Mathematical  formulation 

The  mathematical  formulation  of  the  shape  optimization  problem  is  as  follows: 


Minimize 

i=l..n-l 

(1) 

Subject  to 

g,(ai)  s G,. 

i=l..n-l,  j=l..m 

(2) 

a*  s ai  s a„ 

i=l..n-l 

(3) 

where  n-1  is  the  number  of  so-called  design  variables,  a^  and  m is  the  number  of  constraints.  (3)  are  side  constraints,  i.e., 
upper  and  lower  limits  for  the  design  variables.  The  functions  f and  g^  are  specified  by  the  user  as  a part  of  the  optimization 
specification.  They  can  be  picked  and  combined  freely  from  a library  with  the  following  contents: 

1.  Wei^t 

2.  Elastic  displacement  of  a given  material  point 

3.  Maximum  elastic  displacement  of  any  point  in  the  structure 

4.  Stress  (several  types)  at  a given  material  point 

5.  Maximum  stress  (several  types)  at  any  point  in  the  structure 

6.  Compliance 

Mathematically,  different  entries  in  this  list  lead  to  very  different  optimization  problems.  Entries  2 and  4 are  ordinary  scalar 
functions  that  can  be  derived  directly  from  the  output  of  the  finite  element  analysis.  Entries  1 and  6 are  of  integral  type  and 
require  some  postprocessing  of  the  results  to  be  evaluated.  Entries  3 and  6 lead  to  min/max-problems  with  non-differentiable 
objective  functions. 

CAOS  makes  use  of  the  so-called  bound  formulation  presented  by  Olhoff  [10].  This  formulation  enables  the  CAOS  system 
to  handle  the  optimization  problem  in  a uniform  way  regardless  of  the  blend  of  scalar-,  integral-  and  min/max-criteria  defined 
by  the  user. 

Given  the  min/max  objective  function  f = max(fj),  j=l..pa,  and  a number  of  constraints,  g*  = max(g  J ^ G^,  k=l..m,  j=l..pk, 
we  get  the  following  bound  formulation  of  the  problem: 


Minimize 

aj,  fl 

Subject  to 


s 

(4) 

- B s 0. 

j=l..Po»  i=l.,n-l 

(5) 

'jg^(ai)  - B * 0, 

kal.m,  j=l,.Pk,  i=l..n-l 

(6) 

a.  * 

i=l..n-l 

(7) 

An  extra  design  variable,  Q,  has  been  introduced,  rendering  the  total  number  of  variables  to  n.  By  m we  designate  the 
original  number  of  constraints  regardless  of  whether  these  are  scalar-,  integral-  or  min/max-functions.  The  number  of  points 
whereby  a min/max-condition  k is  represented,  eg.  the  number  of  nodal  stresses  among  which  the  maximum  stress  is  to  be 
found,  is  termed  p^.  This  number  is  obviously  1 if  condition  k is  scalar  or  integral.  The  weighting  factors  w^  are  imposed  on 
the  constraints  to  allow  them  to  be  limited  by  the  same  S-value  as  f.  Prior  to  the  call  of  the  optimizer,  w^  is  found  from  the 
relation: 
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= Q -•  Wk  * (VG» 


(8) 


The  tableau  (4)  through  (7)  is  valid  regardless  of  the  blend  of  fui^ioiB  f and 
are^jS^e  idStical  forUy  problenTthat  the  user  could 
programming  using  either  a SIMPLEX  algorithm  or  the  Method  of  Movmg 


g_  and  the  irwthematical  operations  perform^ 
The  problem  (4)-(7)  is  solved  by  sequential 
Asymptotes  by  Svanberg  [11]. 


6.  Practical  example 


c«rio  ail  Ui. 


Fig.  1.  Initial  geometry  with  loads  and  boundary  conditions. 


1.  m 0PI«  ««1  lower  .«rtK«  b.  pl«»r  »d  «»  4«««.  «««  c«»«  b.  ch»f^ 

Z The  mmimom  denection  ol  the  beam  most  not  ejteeed  9.4  mm  owlet  the  even  load. 

3.  The  maximum  von  Miscs  stress  must  not  exceed  385  N/mm^. 

4 Them  moat  be  a number  of  bolea  in  dre  anuenn.  to  aUo.  for  ent.  » paaa  donosb-  -n*  "o-nbee.  Poeil»i“ 

' and  shapes  of  the  holes  arc  free  as  long  as  they  are  of  reasonable  sue. 

The  porpoae  0,  the  opdmizaho.  ia ^ the 

IL“&S^5^o^;iSSn  m sT'  l^oviL.  mat  a rLher  o,  hmea  ahowing  for  the  neceaaarT  peaaae 

of  wires,  pipes  etc.  have  emerged.  u.-,j  „„  thi<  tnnoloav  We  therefore  return  to  the  original  definition  of  the 

We  shaU  now  attempt  a shape  optimization  l^  m tho  oeatkm  of  the  shape  optimization  model,  we 

problem.  i.e.  minimize  vol^e  with  a bound  *erefore  E tept  at  a minimum,  le.. 

pramical  for  a arroemm  UK.  don  Fmrhermme.  dm  upper  right  moner  of  the 
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Fig*  2.  Result  of  topology  optimization. 


Fig.  3*  Initial  finite  element  mesh  of  optimized  topology. 


Fig.  4.  Final  finite  element  model. 


frame  has  been  removed.  This  part  of  the  geometry  has  a function, 
but  it  is  structurally  insi^ificant  and  can  therefore  be  excluded 
from  the  shape  optimization  and  added  to  the  modified  structure 
afterwards.  This  simplification  greatly  facilitates  the  generation  of 
the  d^ign  model.  Fig.  2 illustrates  the  modifications  that  have 
been  imposed  on  the  optimized  topology  and  the  resulting  initial 
finite  element  model  is  shown  in  fig.  3. 

CAOS  reduces  the  volume  significantly  by  changing  the  shape 
of  the  the  design  of  fig.  3.  The  final  design  is  illustrated  in  fig.  4, 
based  on  which  the  designer  can  update  the  CAD  model  and 
perform  the  final  adjustments,  eg.  add  the  structurally  insignificant 
upper  right  comer  that  was  removed  in  order  to  facilitate  the 
generation  of  an  analysis  model,  and  thereby  yield  the  final  design 
of  fig.  5.  This  design  is  feasible  and  the  volume  is  reduced  by 
42%  in  comparison  with  the  initial  design  of  fig.  1.  Because  of  the 
CAD  integration,  this  rather  complicated  geometry  is  available 
directly  in  the  CAD  system  where  the  continued  design  process 
can  take  place. 

TTic  initial  topolo^  optimization  allows  in  many  cases  the  shape 
optimiMtion  to  arrive  at  a much  better  final  result  than  could 
otherwise  be  achieved.  A shape  optimization  of  the  topology  of  fig. 

1 has  been  attempted  and  result^  in  a volume  reduction  of  only 
problems  like  the  this,  where  there  are  large  pos- 
sibilities for  geometrical  variations,  the  topology  optimization  is  a 
valuable  tool  in  the  design  process.  It  is  the  experience  from  the 
present  example  that  topology  optimization  should  be  used  in  the 
early  stages  of  the  development  in  order  to  inspire  the  designer  and 
lead  him/her  in  a beneficial  direction.  The  result  of  the  topology 
optiinization  is  merely  a crude  guess  and  can  therefore  safely  be 
modified  by  the  designer  to  meet  practical  requirements,  before  the 
more  detailed  shape  optimization  is  performed. 
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7.  Conclusion 


c.  u-  ™.;th  r'An*;  i«  that  the  CAD  integration  of  structural  optimization  is  a most  valuable  tool  in 

of  analysis  facilities. 
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Abstract 

A geometric  representation  scheme  is  outlined  which  uti- 
lizes the  natural  design  variable  concept.  A base  configu- 
ration with  distinct  topological  features  is  created.  This 
configuration  is  then  deformed  to  define  components  with 
similar  topology  but  different  geometry.  The  values  of 
the  deforming  loads  are  the  geometric  entities  used  in  the 
shape  representation.  The  representation  can  be  used  for 
all  geometric  design  studies;  it  is  demonstrated  here  for 
structur8d  optimization.  This  technique  can  be  used  in 
parametric  design  studies,  where  the  system  response  is 
defined  as  functions  of  geometric  entities.  It  can  also  be 
used  in  shape  optimization,  where  the  geometric  entities 
of  an  original  design  are  modified  to  maximize  perfor- 
mance and  satisfy  constraints.  Two  example  problems 
are  provided.  A cantilever  beam  is  elongated  to  meet 
new  design  specifications  and  then  optimized  to  reduce 
volume  and  satisfy  stress  constraints.  A similar  optimiza- 
tion problem  is  presented  for  an  automobile  crankshaft 
section.  The  finite  element  method  is  used  to  perform 
the  analyses. 

1 INTRODUCTION 

A shape  representation  scheme  is  outlined  which  utilizes 
the  natural  design  variable  concept.  It  is  ideally  suited  for 
modeling  objects  with  similar  topology  but  different  ge- 
ometry. This  approach  is  explored  in  [1,  2,  3,  4,  5]  where 
the  values  of  loads,  used  to  deform  the  body,  are  the  de- 
sign variables  in  the  shape  optimization;  hence,  the  ter- 
minology natural  design  variables.  The  method  is  suited 
for  all  geometric  design  applications;  and  is  demonstrated 
here  for  structural  optimization. 

Shape  representation  is  a concern  in  parametric  design 
studies.  In  these  studies,  a base  design  is  created  which 
is  characterized  by  a series  of  fixed  topological  features, 
(e.g.  holes  and  fillets)  and  variable  geometric  entities  (e.g. 
dimensions).  An  analysis  technique,  derived  from  the  ge- 
ometric entities,  is  formulated  to  evaluate  the  system’s 
response.  The  response  for  new  designs  with  varied  ge- 
ometries is  then  readily  determined.  For  example,  con- 
sider a cantilever  beam  with  transverse  tip  load  P,  In  this 
problem,  the  dimensions:  length  /,  width  w,  and  height 


h,  comprise  the  geometric  entities;  and  the  maximum 
bending  stress  is  defined  through  the  formula  <t  = 
When  the  finite  element  method  is  used  as  the  analysis 
tool,  2m  automatic  mesh  generator  program  is  developed 
which  creates  the  input  deck.  This  approach  is  presented 
in  [6]  for  piston  design.  Creation  of  these  mesh  genera- 
tors can  be  time  consuming.  Furthermore,  large  geomet- 
ric variations  or  changes  in  topology  necessitate  modifica- 
tions to  the  mesh  generation  program;  these  modifications 
may  also  be  time  consuming. 

Detailed  reviews  of  structural  shape  optimization 
methodologies  appear  in  [7,  8,  9,  10].  In  these  articles  it 
is  noted  that  geometric  representation  comprises  a crit- 
ical aspect  of  the  shape  optimization  problem.  A sub- 
set of  the  geometric  design  entities  are  chosen  as  the  de- 
sign variables  in  the  optimizaticxi.  The  remaining  entities 
are  fixed  to  meet  design  and  manufacturing  requirements. 
The  design  variables  are  altered  to  improve  performance 
(usually  volume  dependent)  and  satisfy  constraints  (typ- 
ically stress  and  displacement  dependent).  For  example, 
in  the  cantilever  beam  problem  one  may  wish  to  mini- 
mize volume  and  limit  the  maximum  bending  stress  to  a 
percentage  of  the  yield  strength.  In  this  case,  only  two 
of  the  three  geometric  entities  that  describe  the  beam  are 
used  as  design  variables.  The  span  is  fixed  by  the  design 
requirements,  so  the  length  is  invariable.  Only  the  height 
and  width  are  varied  to  obtain  the  optimum  shape. 

Several  means  for  selecting  the  geometric  design  vziri- 
ables  have  been  proposed  when  the  finite  element  method 
is  used  to  perform  the  analyses  required  by  the  shape 
optimization  algorithm.  A convenient  choice  for  these 
variables  are  the  elements  of  the  node  coordinate  vector. 
However,  as  noted  in  [13],  this  vector  contains  too  many 
elements  which  leads  to  convergence  problems  in  opti- 
mization algorithms,  geometric  discontinuities  over  the 
boundaries,  and  poor  quality  finite  element  meshes.  To 
alleviate  this  problem,  hierarchical  parametrization  meth- 
ods have  been  suggested.  In  these  methods  the  node  coor- 
dinates are  related  to  a small  number  of  control  points,  for 
instance  see  [11, 12,  13, 14].  The  control  point  coordinates 
are  then  used  as  the  design  variables.  Unfortunately,  cre- 
ation of  the  hierarchical  design  structures  can  be  tedious 
for  large  finite  element  models.  Currently,  commercial  fi- 
nite element  pre-processors  offer  no  capabilities  to  assist 
the  engineer  with  this  task. 

Recently,  natural  design  variable  concepts  have  been 
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introduced  for  shape  representation  [1,  2,  3,  4,  5].  In 
these  methods,  the  original  design  configuration  is  sub- 
ject to  a set  of  design  loads  and  a shape  change  analysis 
is  performed.  The  elements  of  the  design  load  set,  i.e.  the 
load  parameters,  are  the  design  variables  used  in  the  op- 
timization; and  the  deformation  produced  by  these  loads 
transforms  the  original  structure  into  the  optimal  shape. 
To  meet  geometric  constraints  for  design  and  manufac- 
turing speciRcations  (eg.  Rxed  surfaces,  planar  surfaces 
remaining  planar,  or  cylinders  remaining  cylinders)  addi- 
tional loads  in  the  form  of  displacement  boundary  condi- 
tions are  applied;  and  linear  multi- point-constraints  are 
used.  In  this  way,  when  the  finite  element  method  is 
used  to  perform  the  analyses,  commercially  available  pre- 
processors can  be  used  to  create  the  design  data.  Internal 
mesh  distortions  introduced  from  this  natural  design  vari- 
able approach  are  observed  to  be  less  severe  than  those 
resulting  from  purely  geometric  methods  [10], 

To  maintain  boundary  smoothness  requirements,  Ra- 
jan  and  Belegundu  [3,  4]  lay  second-order  elements  over 
the  existing  structure  when  performing  the  shape  change 
analysis.  Yao  and  Choi  [5]  pave  the  bounding  surfaces 
with  Bezier  surfaces  in  a manner  similar  to  that  sug- 
gested in  [14]  to  retain  surface  regularity.  In  this  latter 
technique,  movements  of  all  surface  nodes  are  linked  to 
the  motion  of  the  control  points.  Prescribed  displace- 
ments, used  as  the  design  variables,  are  then  enforced  at 
the  control  points  to  deform  the  structure.  Mathematical 
relationships  are  used  to  relate  the  displacements  of  the 
control  points  to  the  surface  points.  By  using  prescribed 
displacements  as  the  design  variables  rather  than  forces, 
the  effects  that  the  design  loads  have  on  the  structural 
shape  are  more  readily  interpreted  by  the  designer. 

In  some  cases,  the  design  loads  can  be  accumulated 
throughout  the  optimization  process  [5].  In  [2,  3,  4]  this 
accumulation  is  not  performed.  Instead,  after  each  design 
iteration  during  the  optimization,  the  structure  is  rede- 
fined by  the  deformed  configuration  resulting  from  the 
shape  change  analysis;  and  the  design  loads  are  zeroed. 
This  can  be  thought  of  as  an  updated- Lagrangian  shape 
Ttpreseniaiion  If  the  shape  change  problem  is  linear,  this 
practice  of  resetting  the  design  variables  leads  to  unnec- 
essary computations,  as  will  be  seen  later. 

In  this  paper,  a detailed  development  of  the  natural  de- 
sign variable  concept  is  presented  as  it  applies  to  paramet- 
ric design  studies  and  shape  optimization.  The  method- 
ology follows  that  of  in  [1,  2,  4,  3,  5].  Here,  as  in  [5], 
the  design  variables  are  not  reset  after  each  design  it- 
eration, i.e.  a total- Lagrangian  shape  representation  is 
presented.  In  this  way,  great  computational  saving  are 
obtained  if  the  shape  change  problem  is  linear.  Thermal 
loads  are  introduced  into  the  design  load  field  to  obtain 
localized  shape  changes.  For  example,  consider  the  can- 
tilever beam  problem.  A global  deformation  of  the  entire 
beam  is  produced  if  transverse  design  loads  are  applied 
at  the  free  end.  Ideally,  we  would  like  to  obtain  localized 
shape  changes  of  the  tip  region  to  optimize  the  body. 


This  localized  deformation  can  be  obtained  from  thermal 
expansion  which  results  from  heating  or  cooling  the  tip 
region.  Boundary  regularity  is  maintained  by  using  the 
methods  in  [1,  4,  3,  5].  Geometric  constraints  are  en- 
forced with  essential  boundary  conditions  and  nonlinear 
multi-point-constraints,  thus  surfaces  described  by  cylin- 
drical, spherical,  and  toriodal  surfaces  are  retained.  To 
incorporate  nonlinear  multi-point  constraints  the  sensi- 
tivity derivations  that  appear  in  [15]  are  utilized.  The 
treatment  of  nonlinear  shape  change  problems  extends 
the  works  of  [1,  2,  4,  3,  5]. 

In  the  following  section,  the  shape  representation 
scheme  is  presented  as  it  applies  to  parametric  design 
studies  and  optimal  design  algorithms.  Then,  two  ex- 
ample problems  are  provided.  In  the  first,  a cantilever 
beam  is  elongated  and  then  optimized  to  reduce  volume 
and  satisfy  stress  constraints.  In  a similar  problem,  an 
existing  automobile  crankshaft  is  optimized.  The  finite 
element  method  is  used  to  perform  the  analyses. 

2 SHAPE  REPRESENTATION 
CONCEPT 

In  this  section,  the  shape  representation  scheme  is  pre- 
sented. Initially,  it  is  described  in  the  context  of  the  opti- 
mal design  process.  Then,  it  is  specialized  for  parametric 
design  studies.  Some  general  remarks  regarding  the  algo- 
rithm are  also  supplied. 

2.1  OPTIMAL  DESIGN  ALGORITHM 

In  the  optimal  design  process,  two  configurations  of  a 
body  Q with  bounding  surface  F are  considered,  the  base 
configuration  design  configuration  Xk^  ■ X* 

and  denote  the  places  that  a particle  X E T occu- 
pies in  the  base  and  design  configurations,  respectively. 
The  base  configuration  remains  fixed  and  coincides  with 
the  body  f);  so  is  the  position  vector  of  the  material 
particle  X.  The  design  configuration  is  obtained  through 
the  deformation  that  results  from  an  application  of  the  of 
design  load  field  = [b^, 

X^  = X*-hu^  (1) 

and  denote  the  design  body  force,  initial 
strain,  and  initial  stress  acting  in  Q;  and  and 
represent  prescribed  displacement  and  prescribed  surface 
traction  acting  on  F.  is  the  resulting  shape  displace- 
ment field. 

We  consider  two  analyses  in  this  development.  The 
shape  displacement  field  u*^,  is  determined  by  a shape 
change  analysis.  Once  is  known,  equation  (1)  is  used 
to  define  the  design  configuration  Next,  the  real 

analysis  is  performed.  This  is  the  conventional  analy- 
sis performed  by  the  engineer.  The  real  load  field  ^ is 
applied  to  the  current  design  \k^  smd  the  real  response 
field  5^,  of  the  system  is  evaluated.  Thus,  the 
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undeformed  (original)  configuration  for  the  real  analysis. 
Once  is  known,  the  cost  and  constraint  functionals 
for  the  design  are  determined  on  Xk*  • The  values  of  these 
functions  are  the  components  of  the  constraini  vector  field 
G. 

Conservation  of  mass  requires  the  density  of  the  real 
configuration  to  vary  as  is  modified.  Here,  we  consider 
this  variation  when  performing  the  shape  change  analysis. 
However,  before  we  perform  the  real  analysis  we  equate 
the  density  of  Xk*  that  of  Xk*\  * we  use  a constant 
density  in  Xk^  for  real  analyses.  If  this  were  not  the 
case,  the  real  body  forces  and  mass  would  remain  constant 
for  all  design  configurations.  Clearly,  this  situation  must 
not  be  allowed. 

In  a finite  element  implementation  of  the  natural  de- 
sign variable  concept  second-order  elements  (e.g.  beams 
and  plates),  Bezier  surfaces,  and  multi- point  constraints 
may  be  used  to  retain  design  requirements.  Second-order 
elements  can  be  placed  on  the  surface  of  the  body  when 
performing  the  shape  change  analysis  [3,  4],  In  this  way, 
boundary  regularity  of  the  deformed  finite  element  mesh 
(and  hence  the  design  configuration)  is  maintained.  These 
elements  must  be  removed  before  the  real  analysis  is  initi- 
ated, Design  loads  in  the  form  of  prescribed  displacement 
boundary  conditions,  defined  through  the  control  point 
movements  of  Bezier  surfaces,  can  also  be  used  to  main- 
tain boundary  regularity  [1,  5],  Multi- point  constraints 
may  be  applied  to  enforce  dimensional  requirements.  For 
example,  rigid  bars  can  be  arranged  as  the  spokes  on  a 
wheel  of  a cylinder  to  fix  the  radius,  thus  allowing  trans- 
lation and  rotation  of  the  cylinder.  Like  the  second  order 
elements,  these  added  constraints  are  to  be  removed  be- 
fore performing  the  real  analysis.  The  suggested  use  of 
linear  multi-point  constraints  appears  in  [2].  Here,  we 
use  the  developments  in  [15]  to  extend  this  idea  so  that 
nonlinear  constraints  may  be  incorporated. 

The  real  response  is  an  implicit  function  of  the  design 
forces.  Vzkriations  in  produce  alternate  design  con- 
figurations ultimately  affect  the  value  of  G.  In 

a shape  optimization,  the  design  field  is  defined  to  mini- 
mize the  cost  function  and  satisfy  the  constraints.  Here, 
the  design  field  is  equivalent  to 

In  this  paper,  we  rely  on  numerical  optimization  al- 
gorithms to  select  the  optimal  load  set  These  algo- 
rithms are  restricted  to  finite-dimensional  design  spaces. 
With  this  motivation,  we  parameterize  over  by  an 
M-dimensionaJ  vector  suid  an  N-dimensional  vector  (p 
and  a set  of  basis  functions.  This  type  of  parameteriza- 
tion is  used  in  the  finite  element  method,  where  the  load 
fields  are  defined  at  node  points  and  interpreted  locally 
in  each  element  by  shape  functions  [16].  The  parameters 
in  ^ are  used  to  maintain  geometric  design  and  manufac- 
turing constraints.  Typically,  they  define  prescribed  dis- 
placements over  selected  surfaces;  they  are  held  constant 
during  the  optimization.  The  parameters  in  (p  describe 
loads  which  locally  deform  portions  of  the  body  into  the 
optimum  shape.  They  arc  selected  by  the  optimization 


algorithm;  thus  they  serve  as  the  design  variables.  G 
is  written  as  an  L-dimensional  vector;  its  elements  con- 
sist of  the  values  of  the  cost  function  and  the  L — 1 con- 
straint functions.  The  discretized  constraints  components 
Ga  a = 2,7V  can  be  defined  by  evaluating  the  constraint 
field  G at  a distinct  point  or  averaging  the  value  of  G 
over  a sub-region  of  Xk*  ■ 

For  exaumple,  suppose  it  is  desired  to  optimize  a can- 
tilever beam  of  length  /'  for  minimum  mass  subject  to  a 
constraint  on  the  maximum  bending  stress.  A beam  of 
length  /,  width  ly,  and  height  h serves  as  the  base  con- 
figuration To  ensure  the  length  requirement  is  met, 
a prescribed  displacement  with  value  P — I is  enforced  at 
the  tip  face  in  the  longitudinal  direction.  This  value 
is  given  by  a parameter  in  4>.  Thermal  loads  are  applied 
to  locally  deform  the  beam’s  height  and  width.  These 
load  values  are  related  to  parameters  in  p.  The  design 
load  field  (composed  of  the  prescribed  displacement 
and  thermal  loads)  is  applied  to  Xk^  I ^ shape  change 
analysis  is  performed  to  determine  the  current  design  con- 
figuration XK*t  of  the  beam.  Then,  the  real  loads  are 
applied  to  I the  real  analysis  is  performed  to  evaluate 
the  real  response  ; and  the  maximum  bending  stress 
is  determined.  At  this  point  the  mass  is  evaluated  over 
Xk*-  Next,  G is  assembled;  its  components  consist  of  the 
mass  and  the  mzocimum  bending  stress.  As  the  values 
in  p change,  the  design  configuration  Xk**  is  modified, 
and  the  value  of  G is  altered.  To  determine  the  p that 
will  minimize  mass  and  satisfy  the  stress  constraint  an 
optimization  algorithm  is  used. 

Most  numerical  optimization  strategies  are  iterative. 
The  existing  design  configuration  Xk*^  is  modified;  and 
G is  re-evaluated  on  the  modified  structure.  The  design 
sensitivities  must  also  be  evaluated  for  each  iteration. 
Sensitivity  information  is  used  by  the  optimizer  to  select 
the  direction  of  the  design  variation  6p^  that  will  produce 
the  most  improved  design.  The  magnitude  of  6p  is  deter- 
mined by  one  of  several  methods  [17].  Once  6p  is  known, 
the  design  is  updated  to  ^ = p-^  6p\  and  the  next  design 
iteration  commences.  After  several  iterations,  the  magni- 
tude of  8p  becomes  small;  at  this  point,  the  program  has 
converged  to  the  optimized  design. 

In  the  present  approach,  one  shape  change  analysis  is 
performed  for  each  design  iteration  to  determine  the  de- 
sign configuration  Xk*-  These  time  consuming  analyses 
represent  one  serious  drawback  of  natural  design  variable 
method.  However,  if  the  shape  change  problem  is  linear, 
only  one  shape  change  analysis  is  required  throughout  the 
design  process.  We  use  superposition  to  define  current 
configuration  Xst*  fo^  each  subsequent  design  iteration, 
i.e. 

X<'=X*  + uJ  + ^u^.V»<,  (2) 

osl 

where  is  the  displacement  field  on  Xk^  obtained  by 
equating  p in  to  zero;  and  is  the  displacement 
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field  on  x*»  obtained  by  equating  in  T'^  to  one,  and 
equating  all  the  remaining  parameters  in  <t>  and  <p  to  zero. 
In  all,  this  requires  N + 1 analyses  to  determine  the  dis- 
placement fields  defined  in  equation  (2).  If  the  finite  el- 
ement method  is  used  to  solve  the  shape  change  prob- 
lem, then  this  amounts  to  one  stiffness  matrix  assembly 
and  decomposition  followed  by  N + l load  vector  assem- 
blies and  back  substitutions  for  all  design  updates.  In  the 
updated-Lagrangian  shape  representation  approach,  the 
base  configuration  is  updated  after  each  design  iteration. 
This  requires  a stiffness  matrix  assembly  and  decomposi- 
tion followed  by  N + l load  vector  assemblies  and  back 
substitutions  for  each  design  update.  Thus,  in  the  total- 
Lagrangian  shape  representation  formulation,  significant 
computational  advantages  are  obtained.  Comparisons 
between  finite  element  meshes  created  by  the  updated- 
Lagrangian  and  total-Lagrangian  methods  exhibit  subtle 
differences  [5].  Thus,  the  total-Lagrangian  method  may 
be  preferred  in  light  of  its  efficiency.  In  [5],  the  base  de- 
sign  is  updated  periodically  during  the  optimization. 

Consider  the  case  where  we  wish  to  design  several  com- 
ponents which  are  characterized  the  same  base  configu- 
ration but  different  values  of  0,  i.e.  they  have  different 
dimensions.  If  the  shape  change  problem  is  linear,  we 
express  as 

M 


u=i 

where  is  the  displacement  field  on  x*‘  obtained  by 
equating  <l>fl  in  to  one,  and  equating  all  the  remaining 
parameters  in  <t>  and  to  zero.  This  equation  requires 
the  solution  of  M additional  analysis.  In  finite  element 
method  implementations,  M additional  load  vector  as- 
semblies and  back  substitutions  are  required.  In  all,  one 
stiffness  matrix  assembly  and  decomposition,  followed  by 
M + N load  vector  assemblies  and  back  substitutions  are 
performed  for  the  shape  change  analysis.  After  this  initial 
analysis  is  completed,  we  can  readily  obtain  the  design 
configuration  that  corresponds  to  any  <t>  - combination 
from  equations  (2)  and  (3);  no  re-analysis  is  necessary. 

To  evaluate  the  sensitivities  we  follow  the  approach 
used  in  [18, 15].  Therein,  explicit  sensitivities  of  a general 
response  functional  are  derived  with  respect  to  the  vari- 
ations of  both  shape  and  non-shape  design  parameters. 
Domain  parameterization  is  used  to  derive  shape  sensi- 
tivities [19].  In  this  technique,  an  invertable  mapping 
is  introduced  which  relates  the  undeformed  configuration 
to  a fixed  reference  configuration  and  a finite  set  of  de- 
sign parameters.  The  shape  sensitivities  are  expressed 
in  terms  of  the  explicit  variations  of  the  mapping.  In 
[11,  12,  13,  14]  the  mappings  are  defined  by  Bezier  and 
parametric  curves  and  surfaces  [20].  Variations  of  interior 
line  and  surface  points  with  respect  to  control  point  vari- 
ations are  readily  determined  for  these  mappings.  Once 
these  explicit  variations  are  known,  the  shape  sensitivity 
amalyses  can  be  performed  by  following  the  procedures 


outlined  in  [18,  15].  As  noted  in  [15],  if  the  number  of 
design  parameters  exceed  the  number  of  constraint  func- 
tionals the  adjoint  sensitivity  method  requires  less  anal- 
yses than  the  direct  differentiation  method  and  should 
be  used;  otherwise  the  direct  differentiation  technique  is 
preferred. 

When  the  natural  design  variable  method  is  used,  addi- 
tion consideration  is  required  to  evaluate  the  shape  serisi- 
tivities.  Here,  equation  (1)  defines  the  invertable  mapping 
X''  = X''(X*,v’),  fbat  relates  the  undeformed  configura- 
tion Xk*  l-o  reference  configuration  design 

parameters  <p.  The  problem  arises  when  we  attempt  to 
determine  the  explicit  variations  of  this  mapping.  X 
is  implicitly  defined  by  ^ and  a boundary-vdue  problem; 
thus  the  explicit  variations  of  the  mapping  are  not 

readily  available.  To  determine  ^ consider  the  identity 

dX“  ^ 3(X*  -b  u“) 

dtp  dtp 

= ^ (*) 

dtp 

derived  from  equation  (1);  recall  that  X‘  is  constant. 

is  the  partial  derivative  of  the  shape  displacement 
field  with  respect  to  the  design  vector  This  term  can 
be  obtained  by  using  the  direct  differentiation  method 
described  in  [15].  Thus,  two  sensitivity  analyses  are  re- 
quired at  each  design  iteration  when  the  natural  design 
variable  method  is  implemented.  First,  a direct  differenti- 
ation design  sensitivity  analysis  of  the  shape  change  prob- 
lem (defined  on  x**  with  loads  is  used  to  determine 
2al  Once  is  known,  a second,  adjoint  (if  L < N) 


or  direct  differentiation  (if  L > N)  sensitivity  analysis  is 
performed  for  the  reo/ problem  (defined  on  x*<  with  loads 
aG* 

to  determine 

The  fact  that  two  sensitivity  analyses  are  required  for 
each  design  iteration  represents  the  second  serious  draw 
back  of  the  natural  design  variable  method.  Fortunately, 
these  sensitivities  can  be  obtained  in  an  efficient  manner 
if  the  finite  element  method  is  used.  In  the  real  sensitiv- 
ity analysis,  a minimum  of  L or  N load  vector  assembly 
and  back  substitutions  are  required  to  determine 
These  analyses  are  performed  using  the  decomposed  tan- 
gent stiffness  matrix  from  the  real  analysis.  The  form  of 
the  load  vectors  and  the  means  for  evaluating  the  sensitiv- 
ity ^ is  given  in  [15].  However,  before  these  sensitivities 

are  evaluated,  ^ must  be  determined.  This  requires  N 
additional  load  vector  assemblies  and  back  substitutions. 
These  N analyses  use  the  decomposed  tangent  stiffness 
matrix  from  the  shape  change  problem.  Each  of  the  N 
load  vectors  is  obtained  by  equating  tpa  in  ^ to  one,  and 
setting  all  the  remaining  parameters  in  <t>  and  to  zero 
(see  [15]  for  details).  The  resulting  N displacement  fields 

equal  the  sensitivities  |^,  a = I,  S. 

The  natural  design  variable  method  requires  one  shape 
change  analysis  to  determine  the  displacement  u”*  and 
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one  sensitivity  analysis  to  evaluate  the  sensitivities 
at  each  design  iteration.  In  the  finite  element  context, 
this  requires  one  additional  stiffness  matrix  formulation 
and  decomposition,  followed  by  iV  + 1 additional  load  vec- 
tor assemblies  and  back  substitutions  in  addition  to  the 
real  analyses  used  to  evaluate  and  at  each  design 
iteration.  Thus,  a significant  computational  penalty  is 
paid. 

This  computational  penalty  is  significantly  reduced  if 
the  shape  change  problem  is  linear.  As  previously  noted, 
one  analysis  is  performed  and  then  superposition  is  uti- 
lized to  evaluate  (cf.  equation  (2)).  In  addition,  we 
will  show  that  no  additional  analysis  is  required  to  eval- 
uate the  sensitivity  For  this  linear  problem,  the 

tangent  stiffness  matrix  is  constant,  i.e.  independent  of 
and  from  [15]  it  is  seen  that 

where  are  the  displacement  fields  which  have  already 
been  evaluated  in  equation  (2).  ^ Thus,  no  shape  change 
sensitivity  analysis  is  required.  In  all,  to  evaluate  the 
deformed  configuration  sensitivities  for  aii 

design  iterations,  only  one  stiffness  matrix  assembly  and 
decomposition,  followed  by  a total  of  M -h  JV  load  vector 
assemblies  and  back  substitutions  are  performed.  The 
current  design  configuration  is  obtained  from  equations 
(2)  and  (3);  and  the  sensitivities  are  evaluated  from  equa- 
tion (5).  Further,  no  additional  shape  change  analyses 
are  required  to  optimize  designs  with  different  ^ values; 
i.e.  only  one  shape  change  analysis  is  performed  to  opti- 
mize any  design  created  from  For  the  linear  shape 
change  problem  only  a small  computational  penalty  is 
paid  when  we  incorporate  the  natural  design  variable 
technique  with  the  total- Lagrangian  shape  representa- 
tion. In  the  updated-Lagrangian  shape  representation, 
this  computational  savings  is  not  realized. 

We  are  now  in  position  to  outline  the  optimization  al- 
gorithm which  utilizes  the  sequential  linear  programming 
strategy  [17].  Initially,  a base  design  configuration  Xic^  is 
chosen;  the  geometric  constraints  ^ are  specified;  a start- 
ing value  of  the  design  variables  (p  is  selected;  and  the  real 
load  field  7^  is  supplied.  For  each  design  iteration,  the 
design  load  field  is  assembled;  a shape  change  analysis 
is  performed  to  evaluate  the  shape  displacement  field 
and  the  sensitivities  the  current  design  configuration 
Xk*  is  updated  from  equation  (1);  the  real  response  S7  is 
determined;  the  constraint  vector  G and  sensitivities  ^ 
are  evaluated;  and  the  optimizer  is  called.  The  design  pa- 
rameters in  p are  modified  by  the  optimizer  and  the  pro- 
cess is  repeated  until  the  design  converges.  If  the  shape 
change  problem  is  linear,  then  the  shape  change  analysis 
is  initially  performed,  rather  than  at  each  design  itera- 
tion, to  evaluate  the  displacement  fields  /?  = l,iVf 

^ These  sensitivities  are  consistent  with  those  appearing  in  [2]. 


and  = 1^,  or  = l,iV.  At  each  design  iteration,  the 
current  design  configuration  Xk*  updated  from  equa- 
tions (2)  and  (3). 

2.2  PARAMETRIC  DESIGN  STUDY 

In  a parametric  design  study,  a portion  of  the  aforemen- 
tioned algorithm  is  used.  The  base  design  configuration 
is  supplied  and  is  subsequently  deformed  by  applying 
the  load  set  7^,  ^ is  chosen  to  ensure  that  the  appropri- 
ate geometric  design  and  manufacturing  cons tr aunts  are 
satisfied.  The  elements  of  p comprise  the  design  param- 
eters. For  each  p,  the  design  load  field  7^  is  assembled; 
a shape  change  analysis  is  performed;  the  current  design 
configuration  x«^  is  updated  from  equation  (1)  the  real 
response  S’  is  determined;  and  the  constraint  vector  G 
is  evaluated.  Plots  or  tables  of  performance  verses  de- 
sign parameters  are  then  used  to  choose  possible  design 
candidates.  No  sensitivity  information  is  required. 

When  the  finite  element  method  is  used  to  perform  the 
analyses,  this  procedure  creates  the  finite  element  mesh 
for  each  of  the  varied  designs.  For  this  reason,  it  is  viewed 
as  a mesh  generator  [Ij.  If  large  geometric  changes  or 
topological  changes  are  desired,  then  the  base  design  must 
be  altered.  If  a mesh  generator  is  used,  additional  cod- 
ing is  required  to  reflect  any  such  changes.  Most  likely, 
changes  to  the  base  design  can  be  performed  more  easily 
than  changes  to  the  mesh  generation  program. 

2.3  SIDE  NOTES 

The  format  of  the  optimal  design  algorithm  is  not  unique. 
Here,  sequential  linear  programming  is  utilized.  Other 
possibilities  are  sequential  quadratic  programming  or  the 
modified  method  of  feasible  directions  [17].  In  these  meth- 
ods, an  inner  1- dimension  search  loop  is  used  to  determine 
the  magnitude  of  the  design  variation  vector  Sp,  In  this 
loop,  the  the  design  variables  are  modified  and  the  value 
of  the  constraint  vector  G is  re-evaluated;  no  gradient 
information  is  requested.  Often,  rather  than  performing 
a complete  reanadysis  to  determine  G,  efficient  approx- 
imate problems  are  created  to  predict  these  values,  for 
example  see  [21]. 

The  means  for  evaluating  the  shape  sensitivities 
is  not  unique.  The  material  derivative  approach  [22]  or 
semi-analytical  approach  [23]  are  also  viable  options.  All 
of  these  approaches  yield  identical  results  when  used  cor- 
rectly. 

Several  techniques  have  been  suggested  to  reduce  com- 
putational requirements.  In  [3]  it  is  noted  that  softer  ma- 
terial properties  for  the  shape  change  analysis  may  lead 
to  faster  convergence  of  the  optimization.  It  is  suggested 
in  [1,5]  to  use  substructuring  when  performing  the  shape 

the  th&pe  change  problem  is  linear,  the  ditplacemeni  fields 
/?  = l,Af  and  or  = 1,N  are  evaluated  once;  and  the 

current  design  configuration  i*  updated  from  equations  (2)  and 

(3). 
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Figure  1:  Cantilever  beam  base  design. 


Figure  2:  Cantilever  beam  initial  design. 


change  analysis.  In  this  way,  the  shape  change  analyses 
can  be  performed  more  efficiently  if  a portion  of  the  finite 
element  model  is  held  fixed  during  the  design  process. 

Finally,  note  that  this  methodology  is  not  restricted  to 
the  finite  element  method,  or  structural  problems.  Any 
means  may  be  used  to  evaluate  the  system’s  respond, 
and  the  response  for  any  system  which  is  governed  by 
geometric  entities  (e.g.  heat  transfer  and  fluids  problems) 
can  be  optimized  or  studied  in  a parametric  manner. 


3 EXAMPLES 

Two  example  problems  are  presented  in  this  section.  A 
cantilever  beam  is  elongated  to  meet  new  design  spec 
ifications;  and  then  it  is  optimized  to  reduce  volume 
and  satisfy  stress  constraints.  In  a similar  problem,  an 
automobile  crankshaft  is  optimized.  In  all  cases,  the 
displacement-based  finite  element  method  is  used  to  per- 
form the  analyses;  and  sequential  linear  programming  is 
used  to  perform  the  optimization. 

3.1  CANTILEVER  BEAM 

Consider  the  finite  element  model  of  a cantilever  beam 
shown  in  figure  1.  The  beam  is  fixed  at  the  wall  and  su^ 
jected  to  a distributed  transverse  tip  load  of  10,000N.  The 
isotropic  beam  has  a Young’s  modulus  of  1.0  x 10  MPa 
and  a Poisson’s  ratio  of  0.3.  The  length,  width,  and 
height  of  the  beam  is  50mm,  10mm,  and  20mm, 
tively.  The  finite  element  model  consisU  of  80  8-node 
bilinear  hexahedrons,  189  nodes,  and  540  degrees  of  free- 
dom. Current  design  requiremenU  limit  the  maximum 
allowable  bending  stress  magnitude  to  3000  MPa.  A sim- 
ilar problem  appears  in  [24,  11). 

For  the  current  design  problem,  the  beam  is  required 
to  be  60mm  long  and  10mm  wide;  only  the  height  is  al- 


lowed to  vary.  The  existing  finite  element  model,  i.e. 
the  50  X 10  X 20mm  beam,  shown  in  figure  1,  is  used 
as  the  base  design  configuration  x«‘-  To  meet  the  geo- 
metric design  constraints,  prescribed  displacements  with 
magnitude  10mm  are  applied  in  the  positive  r-direction 
to  the  free  end  of  the  beam;  the  side  surfaces  are  con- 
strained in  the  z-direction;  the  fixed  end  is  constrained  in 
the  x-direction;  and  the  bottom  edge  of  the  fixed  end  is 
constrained  in  the  y-direction.  The  parameters  descri^ 
ing  these  prescribed  displacements  are  the  elements  in  4>- 
The  first  parameter  = 10  = 60-50,  defines  the  beam’s 
length;  the  second  parameter  = 0 = 10  - 10,  defines 


.he  width. 

The  design  variables  in  <p  describe  thermal  loads  that 
ire  applied  during  the  shape  change  analysis.  Movuig 
from  left  to  right,  eleven  regions  5*,  /i  = Ml 
consist  of  elements  1-8,  9-16,  17-24,  25-32,  33-40,  41-48, 
49-56,  57-64,  65-72,  73-76,  and  77-80  are  defined.  Each 
region  is  characterized  by  distinct  coefficients  of  thermal 
expansion;  thus  each  region  is  subjected  to  different  ther- 
mal strains  The  eleven  coefficienU  comprise  The 
temperature  of  the  body  is  uniform,  1*C.  Initially,  (fi  is 
«ero;  ultimately,  it  is  defined  by  the  optimization  algo 

rithm.  ...  c o 

The  initial  design  configuration  is  shown  in  ngure  z. 
This  beam  U slightly  thinner  than  the  base  configuration 
due  to  the  Possion’s  effect.  Results  of  the  real  analysis  in 
which  the  initial  design  configuration  is  subjected  to  the 
tip  load  are  shown  in  figure  3.  This  contour  plot  depicts 
the  bending  stress  magnitude.  As  seen  from  this  figure, 
the  beam  is  greatly  over  designed.  ... 

To  reduce  the  beam’s  volume  a shape  optimization  is 
performed.  The  objective  function  is  the  volume  and  the 


*(  )<  Mid  ( )‘  denote  quaiUitiee  defined  in  the  design  configura- 
tion configuration  Xk*  • respectively. 
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Figure  3:  Cantilever  beam  initial  design  stress  contours. 


negative  constraint  value  denotes  constraint  satisfaction). 
The  stress  is  evaluated  at  the  nodes  using  nodal  averag- 
ing techniques.  We  use  symmetry  to  define  the  stress 
constraint  locations.  The  node  positions  along  the  top 
surface,  specifically  the  center  line  and  one  edge,  of  the 
beam  are  chosen;  a total  of  42  constraints  are  defined. 

A linear  shape  change  analysis  is  performed  for  this 
problem.  Before  the  first  design  iteration  the  stiffness  ma- 
trix used  for  the  shape  change  analysis  is  assembled  and 
decomposed  once.  The  displacement  fields  = 1,2 

and  o = 1,11,  are  computed  as  discussed  in 

the  last  section.  A total  of  thirteen  load  vector  assemblies 
and  back  substitutions  are  required. 

For  each  design  iteration,  equations  (2)  and  (3)  are  used 
to  update  the  current  design  configuration.  A real  anal- 
ysis is  performed  over  evaluate  the  real  response 

resulting  from  the  tip  load.  The  constraint  vector  G and 
sensitivities  are  subsequently  evaluated.  Finally,  the 
optimizer  is  called;  and  (p  is  updated. 

Results  of  the  optimization  appear  in  figures  4-6. 
These  figures  depict  the  optimized  configuration,  the 
stress  contours  at  the  optimal  configuration,  and  the  de- 
sign history.  The  top  and  bottom  surfaces,  with  the 
exception  of  the  base  and  tip  regions,  are  maximally 
stressed.  The  volume  is  reduced  from  an  initial  value 
of  10.97142  cm^  to  4.38744  cm^.  9 design  iterations  were 
required,  although  convergence  was  reached  after  itera- 
tion 7.  A total  of  93.28  CPU  seconds  were  required  on 
a single  processor  of  a CRAY  XM-P  computer.  A ma- 
jority of  the  computational  expense  was  sp>ent  computing 
the  shape  sensitivities  o = 1,11.  This  result  closely 
resembles  the  theoretical  solution  given  in  [11]. 

Suppose  we  now  wished  to  optimize  a beam  70mm  long 
and  15mm  wide.  No  additional  shape  change  analyses 
would  be  performed.  and  4^^  are  equated  to  20mm 


Figure  4:  Cantilever  beam  optimal  design. 
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Figure  5:  Cantilever  beam  optimal  design  stress  contours. 
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Figure  6:  Cantilever  beam  optimization  history. 
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Figure  7:  Constrained  cantilever  beam  optimal  design. 


and  5mm,  respectively;  and  the  optimization  process  is 
repeated.  It  may  be  advisable  to  initialize  the  starting 
value  of  ^ for  the  70mm  beam  optimization  to  the  opti- 
mized value  of  ^ obtained  from  the  60mm  beam  design. 
This  initial  guess  may  lead  to  quicker  convergence,  hence 
reduced  computational  expense. 

As  a second  exercise,  the  same  problem  is  optimized. 
However,  this  time,  additional  geometric  manufacturing 
requirements  are  specified  that  restrict  the  beam  s top 
and  bottom  faces  to  consist  of  four  piece-wise  planar  sur- 
faces, One  way  to  maintain  this  piece-wise  planar  condi- 
tion is  to  apply  nonlinear  multi-point-constraints  to  the 
previous  shape  change  problem.  The  form  of  these  con- 
straint equations  are  given  in  the  appendix.  Figures  7 
- 9 are  analagous  to  figures  4 - 6 for  the  first  problem. 
In  this  latter  problem,  the  optimized  volume  is  slightly 
greater,  4.39131  cm^,  possibly  due  to  the  shape  restric- 
tion. The  optimization  required  8 cycles,  although  con- 
vergence was  reached  after  6.  Computational  require- 
ments for  this  problem  were  considerably  greater,  140.1s 
even  though  fewer  iterations  were  required.  The  increase 
is  attributed  to  the  nonlinear  shape  change  problem. 
Several  Newton- Raphson  iterations  are  required  to  com- 
pute the  shape  displacement  at  each  design  iteration; 
then  eleven  additional  load  vector  assemblies  and  back 
substitutions  are  performed  to  evaluate  the  sensitivities 


^,0=1,11. 

*^s  an  alternative,  we  could  have  eliminated  the  non- 
inear  multi-point  constraints  by  carefully  applying  pre- 
cribed  displacements  over  the  planar  surfaces.  These 
iisplacements  would  be  prescribed  at  the  plane  interfaces 
md  vary  linearly  over  the  adjacent  planes  (in  a manner 


♦Nonlincaritie*  atc  introduced  via  the  multi-point-constrainta. 
All  remaining  relationships  are  linear  (eg.  stress-strain,  strain- 
diipUcement). 
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Figure  8:  Constrained  cantilever  beam  optimal  design 
stress  contours. 


Figure  10:  Automobile  crankshaft  original  design. 
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Figure  9:  Constrained  cantilever  beam  optimization  his- 
tory. 


forced  over  linear  finite  elements).  In  this  case,  the  shape 
change  problem  is  linear  zmd  the  values  of  the  displace- 
ments represent  the  design  variables. 

3.2  AUTOMOBILE  CRANKSHAFT 

In  this  problem,  an  existing  automobile  crankshaft  is  re- 
designed to  reduce  weight  and  maintain  the  original  de- 
sign’s stress  levels.  To  perform  the  analyses,  the  natu- 
r^d  design  variable  concept  has  been  implemented  in  the 
general  purpose  GM  optimization  code,  ODYSSEY.  The 
shape  optimization  portion  of  this  program  is  similar  to 
that  of  the  SHOP3D  program  [26]. 

The  original  design  and  response  is  illustrated  in  figure 
10.  Symmetry  has  been  used  to  reduce  computations. 
The  model  consists  of  1357  linear  solid  elements  and  1636 
nodes.  The  contour  plot  illustrates  the  major  principal 
stress  under  a bending  load.  The  load  results  from  the 
gas  forces  that  are  transmitted  to  the  pin  Journal  via  the 
piston  and  connecting  rod.  The  main  bearing  journal 
(with  the  cored  section)  is  constrained  by  the  engine  block 
and  bearing  caps. 

Only  the  arm  section  geometry  is  allowed  to  vary  dur- 
ing the  optimization.  All  three  degrees  of  freedom  of  the 
main  and  pin  journals  and  the  refined  hllet  area  and  the 
radial  degrees  of  freedom  of  the  core  are  fixed  by  applying 
homogeneous  boundary  conditions.  The  bottom  width  of 
the  arm  is  also  fixed,  as  a counterweight  is  attached  to 
this  region.  The  shoulder  region  around  the  pin  journal 
is  fixed  by  constraining  the  fillet  region.  The  shoulder 
region  around  the  main  journal  is  similarly  constrained. 

The  design  loads  consist  of  42  thermal  load  sets  and 
2 prescribed  displacement  sets.  All  of  the  load  sets  were 
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quickly  creat6(J  by  using  an  interactive  finite  element  pre- 
processor program.  The  thermaJ  loads  are  defined  by  ap- 
plying unit  nodal  temperatures  to  sub-regions  of  the  arm. 
The  thermal  expansion  coefficient  is  constant  throughout 
the  crankshaft.  Unit  prescribed  displacements  are  applied 
to  the  surface  nodes  opposite  the  plane  of  symmetry  in  the 
front  view  (lower  left)  in  the  transverse  direction.  Only 
those  nodes  which  are  not  attached  to  the  two  shoulders 
are  loaded.  All  the  nodes  in  the  axial  direction  are  given 
the  same  prescribed  displacement.  In  all,  two  displace- 
ment scU  are  defined.  The  nodal  temperature  values  and 
the  prescribed  displacement  values  are  used  as  the  de- 
sign variables  and  adjusted  during  the  optimization.  In 
the  shape  change  analysis,  one  stiffness  matrix  decom- 
position and  44  back  substitutions  are  performed.  The 
analysis  is  linear  and  hence,  it  is  performed  only  once. 

The  constraints  consist  of  the  maximum  nodal  major 
principal  stress  for  each  clement,  except  those  adjacent  to 
the  load  application  point.  In  all  1350  constraints  were 
defined,  however  only  5-6  were  active  during  the  opti- 
mization. Eight  optimization  iterations  were  performed, 
after  which  several  elements  experienced  undesirable  dis- 
tortions so  the  optimization  was  terminated. 

The  results  of  the  optimization  are  seen  in  figure  11. 
The  total  mass  reduction  is  8.89%.  This  is  computed 
over  the  entire  model,  so  the  arm  mass  reduction  is  con- 
siderably higher.  The  maximum  stress  was  also  slightly 
reduced.  It  is  seen  that  mass  is  added  opposite  the  lower 
pin  and  subtracted  opposite  the  upper  pin  and  main.  It 
is  also  noted  that  the  width  of  the  arm  is  reduced.  How- 
ever, it  is  believed  that  this  arm  reduction  will  lead  to  an 
increased  torsional  vibration.  Ideally,  the  optimization 
should  account  for  both  the  bending  and  torsional  load 
cases. 

The  arm  surface  opposite  the  pin  is  fairly  rough.  This 
area  could  be  smoothed  by  adding  more  temi^srature  load 
sets  in  this  region  or  by  using  prescribed  displacements 
defined  from  Bezier  surfaces  as  in  [5].  The  ability  to  ap- 
ply these  prescribed  displacements  is  somewhat  limited 
as  we  have  access  to  only  the  finite  element  model  data. 
Nevertheless,  the  trends  obtained  from  this  exercise  give 
designers  invaluable  information. 

4 Summary 

A shape  representation  scheme  has  been  presented  and 
fully  detailed.  The  method  uses  the  naturJ  design  vari- 
able concept  which  has  been  previously  introduced  in 
the  literature.  The  total-Lagrangian  shape  representa- 
tion is  incorporated  which  offers  distinct  advantages  over 
the  previously  used  updated-Lagrangian  representations 
if  the  shape  change  problem  is  linear.  The  representation 
can  be  used  for  shape  optimization  and  parametric  de- 
sign studies;  and  it  is  applicable  to  any  problem  which  is 
governed  by  geometric  entities. 

When  the  finite  element  method  is  used  to  perform  the 
analyses,  then  the  shape  change  problem  can  be  easily 


Figure  11:  Automobile  crankshaft  optimal  design. 


created  by  applying  additional  load  sets  to  the  existing 
finite  element  mesh.  These  load  sets  can  be  created  by  us- 
ing commercially  available  finite  element  pre-processors. 
On  the  other  hand,  if  the  shape  representation  relies  on 
hierarchical  parametrization  methods,  then  the  d^ign 
model  may  be  more  difficult  to  create  as  no  commercially 
available  software  has  been  developed  for  this  purpose. 
For  linear  shape  change  problems,  the  additional  cost  to 
implement  the  shape  representation  amounU  to  one  stiff- 
ens matrix  formation  and  decomposition  followed  by  nu- 
merous load  vector  assemblies  and  back  substitutions. 

In  the  example  problems,  thermal  loads  were  applied  to 
deform  the  base  configuration  into  the  optimally  shaped 
design.  Thermal  loads  were  chosen  to  create  a local- 
ized deformation  in  the  structure.  In  the  cantilever  beam 
problem,  the  optimized  designs  appeared  to  be  maximally 
stressed  and  convergence  was  reached  after  a few  itera- 
tions. It  was  seen  that  the  nonlinear  shape  change  prob- 
lem required  a considerable  amount  of  additional  CPU 
time  as  compared  to  the  linear  shape  change  problem.  In 
the  automobile  crankshaft  problem,  mesh  distortions  led 
to  an  early  termination.  Nonetheless,  the  modified  design 
was  considerably  improved. 
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6 APPENDIX 

A constraint  equation  which  constrains  an  independent 
point  to  lie  on  a plane  defined  by  three  dependent  points 
is  defined  as  folbws. 

Initially  the  points  X^,  a = 0, 3 are  coplanar.  Xq  is  the 
dependent  point  and  lies  on  the  plane  defined  by  the  three 
independent  non-collinear  points.  Each  point  displaces 
by  the  amount  Ua,,  a = 0,4  under  a deformation  and  the 
new  point  locations  are  defined  XJ^  = X«  + Uo,  a = 0,3. 

After  the  deformation,  the  point  Xq  is  constrained  to 
lie  on  the  plane  defined  by  the  points  X^,  a = 1,3.  This 
constraint  is  met  if  the  the  following  equation  is  satisfied 
(25] 

h(u)=0  = n'v;o  (6) 

where  - X^,  a,0  = 0,4  and  n'  = x 

Vis/dV'ijI  iVial).  • denotes  the  dot  product;  x denotes 
the  cross  product;  and  | | denotes  the  magnitude. 

The  Lagrange  multiplier  method  is  used  [16]  and 

pkdv  is  augmented  to  the  generalized  potential  energy 
function,  where  p is  the  Lagrange  multiplier.  The  station- 
ary condition  of  the  augmented  functional  with  respect  to 
admissible  variations  of  u and  p yields  the  solution  to  the 
boundary-value  problem.  This  problem  is  nonlinear  due 
to  the  form  of  h.  Sensitivities  for  this  type  of  problem 
appear  in  [15]. 

In  the  cantilever  beam  example  problem,  each  plane 
consists  of  eighteen  node  points.  Three  nodes  are  chosen 
as  the  independent  points,  fifteen  constraint  equations 
are  defined  to  ensure  the  remaining  nodes  will  lie  on  the 
plane  after  the  shape  change  analysis.  The  element  faces 
defined  by  these  nodes  remain  planer  due  to  the  form  of 
isoparametric  paraunetric  mapping.  In  all  one-hundred 
constraint  equations  are  defined,  some  equations  along 
common  edges  are  redundant,  thus  they  are  eliminated. 
Additionally,  the  nodes  along  the  bottom  edge  of  the  fixed 
end  are  not  constrained  because  of  the  applied  boundary 
conditions. 
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1 Introduction 

Optimal  helicopter  blade  design  with  computer-based  mathematical  programming  has 
received  more  and  more  attention  in  recent  years.  Most  of  the  research  has  focused  on 
optimum  dynamic  characteristics  of  rotor  blades  to  reduce  vehicle  vibration,  Refs.  1 to 
4 There  is  also  work  on  optimization  of  aerodynamic  performance,  Ref.  5,  and  on  com- 
posite structural  design,  Ref.  6.  This  research  has  greatly  increased  our  understanding  of 

helicopter  optimum  design  in  each  of  these  aspects. 

Helicopter  design  is  an  inherently  multidisciplinary  process  involving  strong  interactions 
among  various  discipUnes  which  can  appropriately  include  aerodynamics,  dynamics  (both 
flight  dynamics  and  structural  dynamics),  aeroelastidty  (vibrations  and  stability),  and 
even  acoustics.  Therefore,  the  helicopter  design  process  must  satisfy  mamfold  requirments 
related  to  the  aforementioned  diverse  disciplines.  In  our  present  work,  we  attempt  to 
combine  several  of  these  important  effects  in  a unified  manner.  First,  we  desi^  a blade 
with  optimum  aerodynamic  performance  by  proper  layout  of  blade  planform  and  spanwise 
twist.  Second,  the  blade  is  designed  to  have  natural  frequencies  that  are  ^^^5' 

from  integer  multiples  of  the  rotor  speed  for  a good  dynamic  charactenstics.  Third,  the 
structure  is  made  as  light  as  possible  with  sufficient  rotational  inertia  to  allow  for  autoro- 
tational  landing,  with  safe  stress  margins  and  flight  fatigue  life  at  each  cross- sect  ion,  and 
with  aeroelastical  stability  and  low  vibrations.  Finally,  a unified  optimization  refines  the 

solution. 


2 Mathematical  Formulation 

For  an  optimal  design  process  of  a helicopter,  our  mathematical  formulation  can  be 

posed  as  a constrained  minimization  problem.  j , r»  r o t'i. 

The  baseline  configuration  used  for  the  rotor  blade  is  a box-beam  model,  Ref.  2.  The 
primitive  design  variables  for  the  box  beam  are  its  width,  its  flange  thickness,  and  its 
web  thicknesses.  Two  additional  primitive  design  parameters  allow  for  further  freedom  in 
weight  distribution.  These  seven  design  parameters  (along  with  pven  material  properties) 
define  the  blade  mass  and  structural  properties.  Naturally,  they  are  constrained  such  that 

the  pieces  must  fit  within  the  aerodynamic  envelope. 

The  first  phase  in  our  multi-disciplinary  design  of  rotor  blades  is  to  improve  the  aer^ 
dynamic  performance.  The  objective  function  is  chosen  to  be  the  power  required  for  the 
main  rotor  in  hovering  flight.  In  the  aerodynamic  performance  analysis,  the  blade  chord 
and  twist  are  chosen  as  design  variables.  In  the  current  study,  we  do  not  confine  ourself  to 
linear  twist  or  taper  only.  A more  general  distribution  is  assumed.  The  chord  and  twist 
are  expressed  in  the  following  polynomial  form 

C{f)  = Co -i- ci(r  - 0.75) -I- c,(f  - 0.75)* -}-••  • (1) 

tf(f)  = tfo + ^i(f'- 0*75) + 0-75)’ + •••  (2) 

By  doing  this,  the  distribution  coefficients  Co,  ci,  • • and  tfo,  “d  etc.  become  design 
variables.  Therefore,  we  create  an  opportuity  to  test  various  types  of  possible  chord  and 
twist  distributions  for  an  optimum  aerodynamic  design. 


235 


For  the  second  phase  of  optimization,  we  work  on  blade  natural  frequency  placement.  V 


A finite  element  approach  with  coupled  blade  flapping,  lead-lag,  and  torsion  motions  is 
applied  as  an  eigenvalue  analysis.  In  the  current  study,  our  goal  is  to  keep  the  frequencies 
away  from  resonance  with  rotor  speed  harmonics  up  to  the  ninth  mode.  The  prescribed 
windows  EU'e  set  up  such  that  each  of  these  frequencies  is  away  frx>m  any  integer  multiple 
of  rotor  rotational  speed.  Because  stress  and  flutter  are  important  aspects  of  the  current 
optimization  process,  the  yield  stresses  and  fatigue  life,  as  well  as  classical  bending-torsion 
flutter  of  the  blade  have  been  added  as  constradnts  in  the  optimization. 

The  CONMIN  optimization  code  has  been  used  as  optimizer.  It  is  a first-order  pro- 
graming method  that  uses  a feasible  search  direction  obtained  from  a compromise  between 
gradients  of  objective  function  and  imposed  constraints.  Initially,  we  tried  a unified  ap- 
proach where  we  chose  the  power  required  in  hover  as  the  objective  fimction  with  all 
contraints  (autorotational  inertia,  blade  natural  frequencies,  stress  at  each  cross  section, 
chordwise  c.g.,  emd  side  constraints  on  design  variables).  We  wanted  to  obtedn  an  opti- 
mum solution  in  one  single  run;  but,  this  approach  failed.  The  optimizer  stops  after  it  has 
been  imable  to  obtain  desired  improvements  in  the  objective  fimction  within  a reasonable 
number  of  iterations. 

Thus,  we  decided  to  phase  the  whole  optimization  process  into  several  stages.  First, 
we  use  power  required  in  hover  as  the  objective  function  with  autorotation  inertia  as  a 
constraint.  Therefore,  the  blade  chord  and  twist  distributions,  together  with  the  lumped 
mass,  are  applied  as  design  variables.  After  the  performance  optimization,  the  blade  chord 
and  twist  have  changed  significantly,  thus  resulting  in  a significant  shift  in  blade  natural 
frequencies.  It  is  then  necessary  to  perform  blade  frequency-placement  optimization  to 
bring  them  back  into  the  prescribed  windows.  Next,  we  turn  to  minimize  the  rotor  power 
with  all  constraints  (frequencies,  stress,  chordwise  c.g.).  Because  blade  weight  is  a strong 
contributer  to  power  required  (for  a given  payload)  and  because  the  aerodynamic  taper  and 
twist  are  already  near  optimum,  this  last  phase  is  equivalent  to  minimizing  weight.  Thus, 
at  the  end,  we  reach  our  overall  objective  (i.e.,  an  optimum  aerodynamic  performance, 
properly  placed  blade  natural  frequencyies,  satisfied  blade  sectional  critical  stresses,  and 
free  of  aeroelastic  instabilities). 


3 Results  and  Discussion 

The  results  obtained  thus  far  show  the  interactions  among  aerodyanmic  performeince, 
blade  dynamics  properties,  and  cross  sectional  stresses.  Figures  la- Id  present  hover  per- 
formance optimization  results.  As  shown,  the  mathematical  optimizer,  like  a helicopter 
design  expert,  knows  exactly  how  to  make  a tapered  blade  to  reduce  power  required  while 
maintaining  thrust  needed  to  lift  the  vehicle.  The  original  blade  has  a -8®  twist  which 
offers  quite  good  performance  (Figure  of  Merit  is  0.76).  However,  the  optimization  process 
has  been  able  to  gain  more  benefit  through  taper.  A 4%  saving  in  total  power  required  and 
a Figure  of  Merit  of  0.7892  are  achieved  from  the  optimum  design  even  though  the  original 
design,  as  mentioned,  had  a high  Figure  of  Merit.  Figure  Ic  shows  that  the  inboard  section 
has  smooth  blade  loading.  Thus,  as  expected,  the  power  required  varies  in  its  distribution, 
with  less  power  consumed  at  the  tip  region  (which  is  critical  for  the  reduction  of  power 
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consumption  while  maintaining  the  specified  lifting  capacity),  Fig.  Id.  These  figures  also 
compare  the  linear,  parabolic,  and  cubic  chord  and  twist  designs.  It  is  noted  that  we 
obtain  a curve-shape  blade  planform  for  both  parabolic  and  cubic  designs.  The  chord  is 
not  decreased  all  the  way  to  the  tip.  Instead,  we  have  a cup-shape  there.  It  is  interesting 
to  know  that  we  achieve  almost  the  same  final  Figure  of  Merit  (close  to  0.79)  for  the  de- 
sign with  either  hnear  or  higher-order  chord  and  twist  variations  This  is  to  say  that  the 
linear  twist  and  tapered  blade  produces  the  essential  gain  for  aerodynamic  performance. 
At  least,  this  conclusion  is  true  for  hovering  flight.  It  remains  to  be  tested  in  forward 
flight.  The  higher-order  distributions  do  have  a faster  convergence  rate  in  the  numerical 
design  process  than  the  hnear  case.  Since  rotor  performance  is  very  sensitive  to  the  blade 
tip  loading,  it  is  interesting  to  examine  different  tip  loss  formulas.  Fig.  2 compares  the 
optimized  results  with  Prandtl,  Wheatley,  Wald,  and  Peters  tip  loss  approaches.  Prandtl’s 
and  Peters’  formulas  yield  similar  design;  Wheatley’s  formula  produces  more  taper  at  the 
tip;  and  Wald’s  formula  gives  a relatively  poor  design. 

Strong  interactions  exist  between  aerodynamic  performance  optimization  and  the  tai- 
loring of  blade  structural  dynamics  since  the  changes  in  both  chord  and  twist  distributions 
significantly  affect  blade  natural  frequencies  and  mode  shapes.  Table  1 compares  the  blade 
natural  frequencies  before  and  after  aerodynamics  optimization.  Large  frequency  shifts  oc- 
cur on  all  higher  frequency  modes.  For  example,  nondimensional  frequencies  of  Isf  torsion, 
and  4th  and  5th  flapping  modes  change  by  more  than  15%,  and  even  shift  into  another 
frequency  window.  To  accompUsh  optimum  design  with  respect  to  both  aerodynamics  and 
dynamics,  we  need  to  bring  these  shifted  frequencies  into  prescribed  windows.  The  results 
from  the  two-step  frequency  placement  are  presented  in  Table  1.  As  shown,  all  frequencies, 
except  the  5th  flapping  mode,  are  successfully  brought  into  the  windows,  even  though  they 
have  been  shifted  greatly.  The  5th  flapping  frequency  is  slightly  off  the  window,  but  it  is 
going  in  the  direction  toward  the  inside  of  the  window  at  each  iteration.  It  just  converges 
slowly. 

Both  yield  and  fatigue  stresses  at  each  blade  cross-section  have  been  imposed  as  con- 
straints to  insure  no  structural  failure  due  to  excessive  stresses  for  final  optimum  design. 
Figures  3a  and  3b  show  static  and  critical  stress  distributions  for  the  initial  blade  struc- 
ture, the  optimal  aerodynamic  performance  design,  and  the  finsJ  multi-displinary  design 
with  stress  constraints.  The  optimal  aerodynamic  performance  design  (dashed  fine)  has 
a significant  impact  on  blade  cross-section  stresses.  In  particular,  large  stresses  occur 
around  the  critical  stress  region  (55%  to  87%  radial  stations)  as  compared  to  the  initial 
design  (doted  fine).  Optimization  with  stress  constraints  (solid  line)  improves  the  design 
around  this  critical  region.  Figure  3c  compares  the  total  critical  stress  distribution  for 
the  optimum  design  with  and  without  stress  constraints.  The  optimum  design  without 
stress  constraint  has  a poor  fatigue  life,  with  possible  structural  fatigue  failure  (at  about 
82%  radial  station);  but  the  optimum  design  with  proper  stress  constraints  has  lowered 
the  total  blade  cross-section  stresses,  offering  a safe  fatigue  life  for  the  optimally  designed 
blades. 

To  summarize,  the  optimal  aerodynamic  performance  in  hover  and  proper  rotor  blade 
natural  frequencies  have  been  achieved  with  constraints  on  autorotational  inertia,  blade 
chordwise  c.g.  and  blade  sectional  critical  stresses.  This  hats  been  done  by  a proper  division 
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of  the  design  optimization  into  stages.  The  paper  presents  various  types  of  taper  and 
twist  for  optimal  aerodynamic  performance  and  shows  significant  influence  of  the  optimum 
aerodynamic  design  on  the  blade  dynamic  properties  and  cross-sectional  stresses. 
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ABSTRACT 

The  general  problem  of  optimization  with  arbitrary  merit  and  constraint  functions,  which  could  be  convex, 
concave,  monotonic  or  non-monotonic,  is  treated  using  stochastic  methods.  To  improve  the  efficiency  of  the  random 
search  methods,  a genetic  algorithm  for  the  search  phase  and  a discriminant  function  for  the  constraint-control 
phase  were  utilized.  The  validity  of  the  technique  is  demonstrated  by  comparing  the  results  to  published  test 
problem  results.  Numerical  experimentation  indicated  that  for  cases  where  a quick  near  optimum  solution  is  desired, 
a general,  user-friendly  optimization  code  can  be  developed  without  serious  penalties  in  both  total  computer  time 
and  accuracy. 

INTRODUCTION 

Several  commercially  available  optimization  programs  with  particular  application  to  aircraft  structures  and  perfor- 
mance have  been  in  use  for  decades.  A great  majority  of  these  programs  are  deterministic  and  based  on  mathematical 
nonlinear  programming  algorithms.  They  also  require  the  evaluation  of  at  least  the  first  derivative  of  several  func- 
tions involved  in  the  calculation,  user  decision  for  the  step  lengths  and,  monotonic  functions  for  best  results.  Several 
methods  have  also  been  tried  to  avoid  the  local  optimum  versus  the  global  optimum  handicap.  On  the  other  hand 
the  most  important  argument  against  the  stochastic  search  procedures  is  their  inefficiency  and  impracticality  for 
meaningful  real  world  problems  involving  very  large  number  of  design  variables  and  constraint  functions.  With  the 
new  computer  capabilities,  both  the  memory  requirements  and  the  execution  time  lengths  for  even  the  most  complex 
optimization  problems  ceased  to  be  decisive  factors  for  the  chioce  of  solution  methods.  Thus  the  total  engineering 
time  required  for  a feasible  optimum  solution  became  the  most  important  parameter.  Random  search  methods  are 
inherently  easy  to  use  and  do  not  require  special  engineering  expertise,  therefore  improvement  efforts  were  directed 
mainly  to  the  savings  in  the  computer  CP Uh- RESOURCE  times.  Replacement  of  the  total  unbaised  random  search 
with  more  logical  improvement  methods  such  as  the  genetic  algorithm  method  dates  back  to  the  Fogel’s  original 
dissertation  titled  “ Artificial  Intelligence  Through  Simulated  Evolution  ”[1]  and  since  then  it  has  been  subjected  to 
several  studies  [2,3,4]. 

As  of  this  time  the  authors  are  not  aware  of  the  existence  of  a complete  mathematical  proof  of  convergence  for 
the  genetic  algorithm  methods,  only  numerical  results  showing  convergence  are  available,  and  they  are  promising. 
The  other  important  cost  saving  area  is  in  the  time  spent  on  checking  the  design  points  against  the  constraint 
functions  to  decide  whether  they  are  acceptable  or  not.  A method  based  on  the  discriminant  function  idea  has  been 
utilized  to  reduce  the  effort  of  checking  against  the  actual  constrainU  by  replacing  them  with  a hyper  separation 
surface  [5,6].  By  minimizing  the  risk  of  accepting  an  unacceptable  design  point  or  rejecting  an  acceptable  point  this 
quasi-constraint  technique  provided  time  saving  solutions. 

DEVELOPMENT  OF  THE  SEARCH  PROCEDURE 

The  procedure  has  four  phases: 

1.  Initial  grid  sampling  and  evaluation. 

2.  Establishment  of  the  Discriminant  function,  which  is  to  be  utilized  as  a Quasi-constraint  function. 

3.  Generation  of  new  design  points  via  genetic  algorithm,  and  evaluation  with  the  discriminant  function. 

4.  Control  of  final  near-optimum  design  points  with  actual  constraints. 

1.  Initial  Grid  Sampling 

In  an  optimization  problem  involving  n variables  the  design  point  A'(xi,i2, . . . , Xn)  is  the  member  of  the  design 
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set  5,  which  contains  all  the  possible  combinations  of  the  design  parameters.  S can  also  be  considered  as  an  n 
dimensional  volume  in  a design  space  bounded  by  the  side  constraints.  This  hyper  volume  is  divided  into  two  regions 
called  the  region  of  acceptable  design  points  A and  the  region  of  unacceptable  design  poinU  U.  Both  A and  U are 
assumed  to  be  non-multiply-connected  regions.  In  other  words  all  the  main  constraints  can  be  combined  into  a 
single  hypersurface  dividing  the  two  regions. 

By  partioning  each  design  parameter  into  t parts,  t"  cells  can  be  formed  in  5 and,  assigning  one  X to  the  center  of 
each  cell  initial  grid  sampling  can  be  performed.  This  type  of  a uniformly  distributed  sampling  provides  information 
in  an  unbaised  manner  about  the  whole  space. 

2.  Establishment  of  the  Discriminant  Function 

The  initial  sampling  provides  a set  of  points  in  the  region  of  acceptable  points  and  another  set  in  the  region  of 
unacceptable  design  points.  Since  both  regions  are  not  multiply  connected  these  two  sets  are  disjoints  and  a criterion 
can  be  obtained  to  distinguish  between  the  elements  of  these  two  sets.  By  using  linear  programming  techniques  a 
hyper  surface  can  be  found  that  separates  the  region  of  acceptable  points  from  the  region  of  unacceptable  design 
points.  This  hypersurface  then  can  be  used  to  replace  the  actual  main  constraint  hyper  surface  for  checking  new 
design  points.  The  main  idea  here  is  the  utilization  of  the  information  obtained  during  the  grid  sampling  phase  to 
create  an  artificial  constraint  surface  which  is  much  easier  to  check  against  than  the  actual  constraints.  Mathematical 
derivations  involved  in  the  discrimination  technique  are  given  in  Appendix  I and  reference  [7], 

3.  Genetic  Algorithm 

In  this  phase  acceptable  design  points  with  best  merit  function  attributes  are  selected  as  the  parent  population 
for  the  second  generation  design  points.  In  most  genetic  algorithm  applications  design  variables  are  represented  in 
strings  of  zeros  and  ones  in  a binary  manner  e.g.  (0, 0, 1, 1. 0, 1,0).  However  in  this  study  actual  values  of  the  design 
parameters  are  interchanged  and  mutated  randomly  to  produce  the  characteristics  of  the  new  generation  of  design 
points.  * 

A random  number  generator  is  used  to  decide  which  parameter  of  which  parent  will  show  up  in  the  next  generation 
and  what  will  be  the  magnitude  of  the  change  in  that  parameter  if  any.  In  other  words  an  attempt  to  mimick  the 
randomness  of  the  natural  selection  procedure  has  been  mside.  This  way  each  new  generation  had  a chance  to  inherit 
the  best  characteristic  of  their  parents,  who  were  already  members  of  the  top  performance  set,  but  not  necessarily 
in  the  exact  magnitude. 

Selection  procedure  was  repeated  until  no  appreciable  improvement  in  the  MF  can  be  obtained.  In  this  phase, 
decision  of  acceptability  is  based  only  on  the  discriminant  function  filtering. 

4.  Final  Control 

At  the  end  of  the  genetic  search,  final  control  of  the  selected  near  optimum  points  were  performed  against  all  the 
actual  constraints  to  ensure  the  acceptability  of  the  solution.  More  than  one,  autceptable  and  near-optimum  design 
points  provided  so  that  the  designer  will  have  several  alternatives  to  choose  from  with  similar  optimality  but  different 
design  parameter  values. 

CONCLUDING  REMARKS 

The  aim  of  this  study  was  to  illustrate  the  feasibility  of  a direct,  non-gradient-dependent  search  method  which 
also  possesses  good  economic  characteristics  such  as  total  engineering  and  computational  expenses.  This  was  achieved 
by  short  cutting  the  time  consuming  constraint  checks  with  the  use  of  discriminant  function  and,  move-direction 
and  step-size  computations  with  the  use  of  genetic  search.  Obviously  more  numerical  experimantation  both  with 
test  problems  and,  meaningful  real  life  problems  are  required  to  improve  the  present  crude  attempt. 

Appendix  I:  Linear  and  Quadratic  Discrimination 

~ V ■ ■ ■ • J acceptable  points  and  C7  = {«i,  u;,  . . . , Uf  } of  unaccepatable  points  in  TV* , we 

would  like  to  determine  a hyperplane  cx  = a separating  A and  U if  possible.  If  the  vector  c € TZ’' , a € TZ  satisfies 
the  conditions: 


a,x  < a 1 = 

ujx  > a j = I,. . . ,C 


(1) 

(2) 
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then  we  say  the  hyperplane  cx  = a separates  A and  U.  Assuming  such  a separation  is  possible,  one  can  find  such  an 
hyperplane  by  solving  the  linear  program  (LP): 


LPi:  subject  to 


maoc6 

(3) 

c.a,  j 

a,  c <0  — 6 1 = 1,.. 

.,  k 

(4) 

UjC  > a 6 ; = 

1 

(5) 

This  LP  is  always  feasible,  (0,0,0)  is  feasible  and  for  any  feasible  (c,  or,  S)  and  /?  > 0,  /?(c,  is  again  feasible.  So 
one  needs  to  add  a normalizaiion  or  boundedness  conditions  to  guarentee  that  the  above  LP  has  a finite  optimum. 
One  such  possibility  is  as  follows: 

||c||cc  = l or  -e<c<e  (6) 

where  c is  a vector  of  Ts  of  suitable  dimension.  Now  we  can  recast  LPi  with  (6)  as 


L?2 


max  6 

e,  a,  i 


subject  to:  (4-6) 


This  LP  is  always  feasible  and  bounded.  Let 

A = 26  = inf{cu>  : ; = 1,  sup{ca<  : i + 1,  . . . , * } 

If  A > 0 (A  < 0)  then  a linear  separation  is  possible  (impossible).  When  When  5 < 0,  if  we  delete  points  satisfying 

a + 5<cx<a  — 6 


then  the  remaining  points  are  separable.  Thus  LP:  will  find  the  ‘best*  separation  in  the  above  sense. 


Weighted  Linear  Separation 

Suppose,  furher,  we  assign  weights  Wi  to  and  lyj  to  Uj  with  conditions 

Wi  > 0,  U)'  > 0,  and  , W = ^ toj  = ^ u;'  = 1 (7) 

« i 

By  introducing  slack  variables  s<  and  z,  to  (4)  and  (5)  we  rewrite  them  as 

OiC  — a + S + Si  = 0 i = I,  . . . , k (8) 

UjC-Q-S-zj=0  j = l,...,i  (9) 

s > 0,  z>0  (10) 

Because  of  (7)  we  have  the  equation 

^ + s,  J + XI  + ‘>)  = ^ + L L 

» j 


VVe  can  an  LP  to  find  the  best  weighted  linear  separation  as 


LPa 


max  26  - lUtSi  - wj  Zj 

c,  I,  * , a,  i 

s.t.  (6),  (8  - 10) 


Clearly  LP3  is  feasible  and  bounded  and  for  any  optimal  solution  A = 2 j is  the  maximum  weighted  linear  separation. 
As  before  A > 0 means  separation  is  possible,  othwerwise  it  is  not  possible. 
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r 

k 

4 


Quadratic  Separation 

Now  we  would  like  to  separate  the  sets  A and  U with  quadratic  function 


f(x)  = r^Dx  + c^x  - a. 


(12) 


In  other  words,  we  would  like  to  determine  D E c € 7^^  a € so  that  /(a<)  < 0,  Vi  and  f(u  )>Q  Vi 


LP^ 


max  6 

cif  D<i{  H“  (if  c < a — ^ Vi 
ujDuj +uJc>a  + 6 Vj 
-l<d,y<l  Vi,j 

-1  < C.  < 1 V I 


(13) 

(14) 

(15) 

(16) 
(17) 


nfifLii  ^7.°’  ^ = 0.  “ = <5  = 0 is  a feasible  solution,  and  it  is  bounded  because  of 

can  refot  ”tT“r  ~u  9^  0 or  c 0),  separation  is  possible.  If  separation  is  not  possible  we 

can  reformulate  the  LP  so  that  for  the  new  LP  will  have  <J  < 0.  A possible  method  is  setting 


dij  = ±1  or  c.-  = ±1 


(18) 


for  some  (i,j)  or  i respectively. 

Clearly  a weighted  version  of  LP4  can  be  written  similar  to  LP3. 

Enclosing  the  A region  by  hyperplanes 

(6)  «nd  a*.ara.  that  »p„„ion  i,  not  po«ibk  Thop 
o - 0,  o = < = 0 an  optimal  solution.  Than  on.  can  Snd  a ‘bast’  s.par.tlon  b,  taquiring,  as  in  LP, 


LP'(i..+) 


= 1 or 

Ci 

= — 

resulting 

LP 

as: 

max 

<5 

a,  c < a 

-(5 

Vi 

WjC  > or 

+ 5 

V; 

-1  < c,- 

< 1 

Vi 

(19) 


Ci,  = 1 


- - 

n (n;=,/f-) 

APPENDIX  II  - Results  of  Numerical  Experimentations 

JnZroSlXn^  “““T  ‘ - 

method  to  a real  aeroelastic  tailoring  problem  application  of  the 

The  folloiving  standard  notation  will  be  used: 

MF  = Design  Objective  function  to  be  minimized 

X Design  vector  in  an  n dimensional  space,  where  n is  the  number  of  variables 
Gj  = Constraint  functions,  for  both  side  constraints  and  main  constraints. 
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Test  Problem  1 

X = {Xl,X2,X3,X^) 

A//’  = xf  + r|  4-  2x|  + xj  - 5xi  - 5xj  - 21x3  4-  7x^ 

With  side  constraints  —3  < X{  < +3  i = 1,2, 3, 4 and  with  main  constraints; 

Gf)  - - X^  - xl~  xl- Xi  + X2  - X3  + n +8  >0 

Ge)  -xl~  2x|  - x|  - 2x;  + xi  + X4  + 10  > 0 
Gj)  - 2xj  - xj  - x|  - 2xi  + X2  + X4  + 5 > 0 

Consisted  of  5\  a total  of  625  design  points.  (53)  acceptable,  satisfying  all  the  constraints  and 
(572)  unacceptable,  failing  in  at  least  one  constraint,  points  were  located.  The  best  MF  value  for  an  acceptable 
point,  obtained  from  the  grid  sampling  was  (-33.84).  The  discriminant  function  based  on  the  grid  sampling  results 
was  obtained  using  a linear  programming  (LP)  type  solution  described  in  Appendix  I is: 

-1.2<xi<1.2,  -1.2<X2<1.2,  -2.4<X3<2.2,  -1.2  < x<  < 2.4  for  linear  DF  and, 

x^Dx  < 0 =>  X 6 A ; x^Dx  >Q=>x  eU  for  quadratic  DF 

where 


D = 


Genetic  Algorithm  search  consisted  of  selecting  the  four  accepteble  points  with  best  merit  functions  and  cross 
breeding  them  with  a random  number  generator  that  picks  both  the  parent  and  the  amount  of  variation  for  the 
particular  design  variable.  In  this  problem  max  variation  was  limited  to  40  percent.  Genetic  search  results  are  shown 
in  figure  1.  At  the  end  fourth  generation  search,  optimum  design  point  was  given  as:  X = (0.000, 0.864  2 016  —0  576) 
with  MF  = -41.48  which  corresponds  to  the  best  point  in  the  second  generation  meaning  that  further  cross  breeding 
did  not  improve  the  solution.  True  optimum  point  was  X = (0.000,1.000,2.000,-1.000)  with  MF  = -44.00 
Test  Problem  ^ 2 

In  this  problem  the  design  variables  are  the  orientation  angles  of  the  plies  in  a laminated  composite  box  beam 
The  box  beam  represents  the  mam  torque  box  of  a swept-back  wing  [8].  There  are  several  side  constraints  and 
mam  constraints  such  as  the  minimum  and  maximum  number  of  plies,  minimum  and  maximum  separation  of  ply 
angles,  plus  strength,  flutter  and  divergence  requirements;  but  the  main  constraint  functions  are  reduced  to  just  one 
constr^nt  involving  the  required  deflection  shape  of  the  wing  under  the  given  load  conditions.  The  merit  function  is 
(Figur?2r*'*  squir'd  shape  of  twist  and  the  actual  shape  of  twist  obtained  for  the  given  design  point 

X = {Xi,X2,X3,X^)  Xi  = 9i 


MF  = I (required)  — <5j (obtained) 
>=i 


• = 1, 2, 3, 4 ( X4  is  taken  as  xi  + 90) 

(for  a wing  box  with  six  sections) 


Main  constraint  function  G is  | (tfj(given)  - <ij(obtained))/5j (given)  |<  0.1  Vj 

The  miun  idea  for  this  aeroelastic  tailoring  optimization  problem  is  to  obtain  a twist  shape  as  close  as  possible 
to  the  ided  twist  shape  under  a given  set  of  load  conditions  while  satisfying  a given  deflection  shape  in  addition  to 
tne  usual  strength  and  stillness  requirements.  The  results  are  shown  in  Figure  2. 

The  discriminant  function  obtained  with  the  utilization  of  the  grid  sampling  results  is  given  below: 

-128.9  <X3< -111.1,  -71.2  <X4<  93.2 


— 18.8  < < 3.2,  —52.1  < X2  < —41.1, 

for  linear  DF  and 

x^Dx  <0=>xeA 

for  quadratic  DF  where 


x^Dx  > Q ^ X e U 


D = 
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1.  Introduction.  In  this  paper  wc  developed  and  investigated  the  Newton  Methov?  for  solving  constrained  (non- 
smooth) optimization  problems.  This  approach  is  based  on  the  Modified  Barrier  Functions  (MBF)  theory  (sec 
[4])  and  on  the  global  converging  stepsize  version  of  the  Newton  Method  for  smcsxh  unconstrained  optimbation 
(see  for  example  [1]  ).  Due  to  the  excellent  properties  of  the  MBF  near  primal-duat  volution,  the  Newton  Modified 
Barrier  Method  (NMBM)  has  a better  rate  of  convergence,  better  complexity  boun^t  j^rid  is  much  more  sUble  in  the 
final  stage  of  the  computational  process  than  the  methods,  which  are  based  on  Classical  Barrier  Functions 
(CBF)  (sec  [6]  and  bibliography). 

2.  Modified  Barrier  Function.  I^t  f^(x)  and  -Mx),  i = T7m  be  convex,  //x)  e < = q.  m \ and  there 

exists 

( 1 ) = arg  min  {/S(x)/x  € fl) 

where  fl  = (jr  :f^x)  > 0,  i = 1,  m}  (int  Q # 0).  I et  {/ = 0}  = {1, ... , r),  J{x)  - i = l,m)f^,^^x)  = (f^x), 

gradyJ(jc),  / = 0,  = y (/^^)(x))  the  Jacobi  nintrix  of  the  vector  functions 

/{x),  respectively.  Because  int  fl  # 0 the  Karush-Kuhn-Tucker  conditions  holds  true,  i.e.,  there  exists  a vector 

w*  = (w*i 

m 

(2)  L'.(x*,  u*)  =f'^x*)  - = 0*  = 0.  / - T7^. 

We  also  suppose  that  the  standard  second  order  optimality  sufficient  conditions  are  fulfilled. 

(.1)  rank/V)(-r*)  = r,  «*  > 0.  / = 1,  r 
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(4) 


(L  "„(x*.  u*)y.y)  ^ X(y,y),  -I  > 0 Vj;  # 0 :/V)(Jf*)>'  = 0 


i.c.,  the  problem  (I)  is  nondegenerate.  Let  > 0,  — {fcyj  (x)  + 1^0,  i—  — [x'.k  )n{kf^x)+  1) 

^ 0,  / = 1,  m)  . Therefore,  the  problem 

(5)  X*  = arg  min  {/o(x)  | ^ ' In  {kf,{x)  + 1)  ^ 0,  / = 1,  m) 


is  equivalent  to  (1). 


I^t  us  consider  the  Qassical  Ugrangian  L (x,  u,  k)  =/o(x)  - A"'  £ Uf\n{kf^,x)  + 1)  for  the  equivalent  problem 

im\ 

(5).  The  Modified  Barrier  Function,  which  corresponds  to  the  Frisch  Classical  Barrier  Function  <p(x,  A:)  = 

yo(x)  - A~'  X ln75(x)  [2],  we  define  by  formula 
i-i 


F{x,  u,  k) 


{L(x,u,k)  , xe  intQ^i 
oo  , x¥  into, 


The  MBF  properties  have  been  investigated  in  [4].  Here  we  are  going  to  mention  only  the  basic  facts.  Let 
0 < e < min  {u*i  I i = 1,  r),  D^)  — D^u*,  lcQ,S,t)=  ^ e,  1 | ^ Sk,  k^kQ>0],i=  1,  r,  • D/  (•)  = Dj  (u*, 
ko,S,c)=  (u,:0^u,^Sk,k^ko>0),  D(u\  k^,  S,  t)  = D^)®  ...  ®D^)®  ...  = {«  = («|.  •••  ^n)  ^ 0 :maT 

{c,u*-Sk}^u,^Sk,  O^Ui^Sk,  / = r+  l.m}.  «♦  = {x e Q :^(x)  =^(x*)},  |lx||= 

3 Basic  Theorems. 

Theorem  1 Let  ^(x)  and  -f^x),  i = Tm  are  convex  and  smooth,  Q is  compact  then  for  any  u = («, ^„)  > 0 and 

any  k>0 

1)  there  exists  such  a vector  x sx(w.  A:)  = argmin  {F(x.  u,  *) /xe /?"},  and  u = m(m,  fc)  = [diag  (A:yj(x) 

+ l]^,i/thatFy5.«,ifc)  = L';,(J?,fi)=/'o(^)-  i4/'K^)  = 0 

2)  x(«*.  *)  = X*  = argmin  {F(x,  u*.  *)  | x e /?"}  F(x*.  u*.  k)  (x*)  and  F^x*.  u*.  k)  = L ',(x*,  u*)  = 

M 

3)  u(u*.  k)  = u*,  i.c.  u*  is  a fixed  point  of  the  mapping  u -»  u(u,  k) 

Theorem  2 I>et  yj(x)  e C^,  / = 0,  m and  the  conditions  (2)  • (4)  arc  fulfilled  then: 
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I)  for  any  (u,k)e  D(u*,k^,S,t)  there  exists  x = x(w.  A:)  = Jc(  ) and  u ^ u(u,  k)  = u(.)  such  that 
^)»  = 0,  the  estimation 


max  (||i  - x*||,  ||i  - u*||}  ^ c^:''||w  - u*||  = yj||u  _ u*|| 
holds  true  and  c independent  of  k^, 

2)  F(x,  u,  k)  is  strongly  convex  in  the  neighborhood  of  x = x(u,  k)  uniformly  on  {u,  k)  e D {u*k^,  6,  c)  i.e„  there 
exists  Mo>0  that 


mineigval  F"„(x(u,  k),  u,k)^pt^>0.  V(u,  k)eD  («♦,  k„,  S.  e). 


3)  Ut  (3*.[diag.,ML,  Ih™  '^''x.(A:^«^t)-i•-„(a^u•)  + 4/■J;(;r•)l/./V,Mand  totaimsuch 

Ai  > 0 that 


mineigval  F"„  (x*.  u*.  k)^/i>n,  Vk^k^. 

4)  Let  i ^ *0  fixed  and  A/  = maxeigval  F»„  (x*.  «♦,  k)  then  them  exists  0 < « < 1.  which  is  independent  of 
u € Uf^  that  the  next  inequality 

co"«l  ^ (^(w.  *).  u,k)^a  cond  F"„(x*,  u*,  k)^afiM'' 

holds  uniformly  in  u € t/*,  i.e.  cond  F {i[u,  k),  u,  k)  is  stable  for  any  fixed  k^k^. 

— ^ emphasize  that  theorem  2 takes  place  without  the  assumption  of  convexity 

^(x)and  -y;(x), /•=  l.m 

Newton  Modified  Barrier  Method  (NMBM)  We  consider  a bounded  set  K = A'  x f/ : X<=R'',  U^R’", 

X*  c AT,  u*  e i/  and  k > 0 . On  the  K x /?j,  we  consider  a nonnegative  fiinction  v (y,  k)  = v (x,  u,  k)  = 

^ “•  *)ll'  Z ^ lyj(->f)  I ).  It  is  clear  that  for  any  convex  programming  problem,  the 

next  relation 


(9) 


vCy,  k)  = 0=>y  =y*  = (x*,  u*) 
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holds  true  for  any  A:  > 0.  Along  with  consider  a set  = {x  :ff,x)  > A~',  /=  I , m}  is  fl,  a small 

enough  c>0  and  a monotone  increasing  sequence  > Ai^, J|ii^ A-,  = oo.  l^t  A:  = Ai(0)  = 

A:,  >Aio.  40)=  1.  0<  y ^ Vi  is  fixed. 

Now  we  are  going  to  describe  the  NMBM.  We  will  start  with  x = = e = (1, , 1)  e , 

and  let  , u,  d{s)  have  already  been  found.  To  find  the  approximation  one  has  to  fulfill 

the  next  operation. 

0.  Start  X : = x^  = x . 

1 . Set  w : = i : = fc(r),  d : = d{s). 

2.  Find  { = C(x,  w,  k)  by  solving  the  system 

(10)  F^.(x.w./r)C  = -F'.(x.M,fc) 

and  set  / : = I . 

3.  Check  x + / C € and  F(x  + /C,  w,  k)  - F{x,  w,  i)  ^ t {F\(x,  u,  k),  C). 

4.  If  X + / C e the  inequality  is  fulfiUed  and  / =lsetx:  = x + C and  go  to  5,  if  x + r C € Clf^,  the  inequality 
is  fulfilled  and  / < 1 set  x : = x + r C and  go  to  2,  if  x + / C e or  the  inequality  does  not  fulfill  set  / : = -y 
and  go  to  3. 

5.  If  |(C||  ^ c go  to  6,  otherwise  go  to  2. 

6.  Set  X : = X,  1/ : = [diag  (kf^x)  + = (x,  w)  and  check  v(p,  k)  ^ c.  If  v(p,  k)<t  set  y*  : 

otherwise,  i.e.  if  e < v(p.  k)  ^ y^^'  set  x^^*  : = x,  : = m,  start  x : = x^'^\d{s  + 1) ; = d(s)  + 1 , 
A:(j  + 1) : = k(s),  j + 1 : =s  and  go  to  1 . 

7.  If  v(p,  A)>y^'*’*  set  ? s=  max  {fx  + f(x  — x)  € = / X H“  (1  — /)x.  : = M®,  )fe(j+ 1) : = 

rf(j  + 1)  = 1,  j + 1 : = s and  go  to  0.  Tbc  next  theorem  is  a consequence  of  theorems  1 and  2 and  the  Newton 
Method  properties  (sec  [5]). 

Theorem  3 If^(x)  and  —fi(x),  /=  1,  m are  convex,  ® f = 0,  m and  the  conditions  (2)  - (4)  are  fulfiUed. 
Then  for  a small  enough  e > 0 and  0 < y ^ yj^  ^ Vi  there  exists  such  Sq  that  for  j ^ Jq  (Tiot'  start).  The  next 
statements 

1)  k{s)  — k^  — k and  the  stepsize  / = 1, 
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2)  every  NMBM  step  (large'  step),  i.e.,  every  updating  of  the  vector  m requires  0 (Ig2lg2c~')  Newton  steps, 

3)  the  sequence  = (x^®,  e))  converges  to  y*  = (x*,  u*)  with  the  estimation 

(11)  max  {||jr'  - jc*||,  ||u'  - «*||)  ^ y“' 
holds  true. 

Now  we  are  going  to  consider  briefly  the  implementation  of  the  NMBM  for  a simultaneous  solution  of  the  next 
dual  pair  Linear  Programming  (LP)  problems: 

(12)  Jc*  = argmin  {(p,x)/r(jr)  = /4x-^^0},rXx)  = (/4x-^)„/  = T7m;  ft  = {x  : r (jc)  ^ 0) 

(13)  u*  = argmin  ((</,  u)//t  ^u  = p,  u ^ 0} 

where  Ahmxn  matrix,  pe  R",  qe  R”',m>  n,  rank  /(  = n,  ft*  = {x : r^x)  ^ -k~\ i = T7m}.  The  MBP  and 
v{y,  k),  which  corresponds  to  the  problem  ( 1 2)  are 


M i)  = i ^ (*  (^)  + I) 


F(x.  M,  k) 


X c int  fti 
x¥  intfti 


and  v(j',  k)  = v(x,  u,  k)  = max  { — min  r/(x),  \\p  — uA 

1 


-I 


<-i 


where  A(x,  k)  = [diag  {k  r,{x)  + 1)],” , . 

The  system  ( 1 0)  turns  into  the  normal  system  of  equations 

(14)  A ^kUA  \x,  k)AC  — -{p  - u A~'(Jt,  k)A) 

where  V = [diag  t^X_, . Taking  e = 2 (L  - number  of  ttts  of  the  input  data),  we  obtain  due  to  theorem  3,  that 
for  any  nondegeneratc,  dual  pair  of  the  LP  problems  beginiung  at  the  *hot*  start,  one  can  improve  (see  (11)) 
the  current  approximation  of  at  least  twice  (y  S Vi)  in  0 (IgjL)  Newton  Method  steps  in  the  worth  case. 
Suppose  that  a^J,  pj,  qf,  i = I,  m,  J = I,  n aic  integers  and 
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Under  this  natural  assumption:  /<  < n<  m the  input  length  L can  be  estimated  by  /(m-h  1)^.  So  beginning 
at  the  "hot"  start,  which  depends  on  the  "measure"  of  the  nondegeneracy  of  the  primal-dual  solution,  one  can 
improve  the  current  approximation  of  at  least  twice  in  OOga'w)  Newton  Method  steps  in  the  worth  case. 
Therefore  it  seems  promising  to  combine  the  universal  self-concordant  properties  (see  [3]),  of  the  CBF  which 
guarantees  the  polynomial  complexity  bound  of  the  1PM,  beginning  at  the  "warm"  start,  with  exceUent  MBF 
properties  (see  theorems  1,2),  which  guarantees  the  essential  improvement  of  this  bound  beginning  at  the  "hot" 
start.  In  other  words,  following  along  the  CBF  trajectory  from  "warm"  to  the  "hot"  start,  one  can  guarantee 
the  improvement  of  the  current  approximation  at  least  twice  in  Newton  Method  steps  while  following 

along  the  MBF  trajectory,  beginning  at  the  "hot"  start,  it  is  possible  to  guarantee  the  same  improvement  in 
0 082  Newton  steps  in  the  worth  case.  Moreover,  the  system  (4)  is  much  more  stable  than  the  correspondent 
system  which  one  has  to  solve  at  every  step  in  the  interior  paint  methods. 
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prograrrming  problems  in  the  field  of  structural 

constraint  ^notions  by  accumulating  the  function  ^olu^sifpZt!LTl‘^?tedd^‘^^^ 

be  competitive  for  a number  of  well-knnum  t - t ^ ■ oesign  points,  ine  method  has  proven  to 


1.  Introduction 


of  “ -U-ods  b«e<l  o„  . 

stresses,  displacements  and  eigenfrequencies  are  usu^v  hiahiv  nl^u  involved  in  structural  optimization,  for  instance 
inaccurately  af^roximated  by  linear  functions’  On  thp  nfh«  m the  space  of  design  variables,  and  therefore 

to  allow  for  the  ’'S!^f*higher  or^' ^ »f  sensitivity  analysis  is  usuaUy  too  time  consuming 

ch^X“  ““  ,hap. 

that  the  problem  from  a mathematical  oroaraiS^inr^^,’  ‘ ^ number  of  constraints,  eg.  100.  This  means 

constraints  arc  implicitly  defined  as  the  result  of  costlv^umeriral*r  i**  T However,  the  objective  function  and 

Numerical  sensitivity  analysis  is  used  for  the  eeneratinn  nf  r °^®n  performed  by  a finite  element  module. 

design.  The  OASIS VeJ  by  Es^g  [1]  «d  the  CAOS  sweS^lSSS^^  “ improved 

strategy.  The  time  consumption  for  a*typical  shaoe  examples  of  implementations  of  this 

analysis  and  less  than  1%  actual  optimization.  ^ ^ problem  consists  of  more  than  99%  analysis  and  sensitivity 

in  ,5,1.  and  fo,  physical 

(CONUN)  by  Fleury  131  and  The  MethnH  nf  m better  than  linear  functions  do.  Convex  Linearization 

point  and  disregard  the  information  obSinKi  ^evti  Sarins  ^ 

h.  “pSnt SSSldTSrS  iiS'rciK^ „'“rT  f”“t  «r'-*ods  n.c„.ioned  ahpvc; 
evaluations,  time  is  weU-spent  on  the  op  Sr  frit  reS^tomdS^"  f 

sequently,  all  available  information  should  be  retained  in  the  >i  Yi®  “ mcreased  rate  of  convergence.  Con- 

r.  usil  toedon  appronS”  “^y  i.  I 'f  “ l™acd 

points  arc  also  included  in  the  aDDroximatinn  in  nrH-at- » ^ ^ f design  point,  but  function  values  of  previous  design 

Sdm»d«p  H»  S^s”^dlJrrr'iSaT„  “7“^'  “ T*"' 

ACAP  is  a ™„  „h«.  ^chpi,,.  ^ 


2.  Traditional  methods 

caU^^deS^v^S^x  e°S‘ m displawment.  strain  and  stress  fields,  depend  on  the  so- 

found  as  thfresult  ofSuylme^^S  JtiS  °nly  be 

to  perform  an  optimization  with  the  purpose  of  finding  a s«  o?di*ien°^^h?*^  u^own.  It  is  therefore  a challenging  task 
weight  or  maximum  stress,  while  fulfiUing  a number  ®of  consJahits.*^(x^  ^ mmimizcs  some  objective,  f(x),  eg. 
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Minimize 


Subject  to 


f(x) 


(1) 


g,(x)  s G,  (i=l  . m) 


When  solving  this  impUcit  problem  by  sequential  linear  programming,  f and  & are  approximated  by  a succ^ion  of  e^Ucit 
pLtions  f md  & are  evaluated  at  the  current  design  point.  x»>.  and  a sensitivity  analysis  lead  ng  to 
derivatives  of  f and  g,  w.r.t.  each  design  variable  is  performed.  Based  on  this  mformation  the  foUowmg  explicit  problem  is 
generated: 


Minimize 


Subject  to 


f(x>0  + Vf<x-x^>) 


(2) 


g.(x«‘0  + Vg,<x-x<^>)  s G,  (i=l..m) 


Ea  f2)  is  a linear  problem  and  can  be  solved  by  means  of  the  SIMPLEX  method.  It  is  important  to  not^  t^t  g)  is  a 
mere^p^ximation  of  Ae  original  nonlinear  problem  (1).  Thus,  (2)  is  only  reUable  in  a smaU  region  surrounding 
called  Zsx  region  to  which  the  solution  is  restricted.  New  approximations  are  successively  ^wated 
trust  regions  imtil  convergence  is  achieved.  UsuaUy,  the  functions  f and  & are  non-lmw  which  *at  a 

high  number  of  iterations  are  required  to  reach  the  optimum.  Since  each  iteration  can  be  very  costly,  the  fuU  solution  of  the 

”*’**Se^!tiarpri^ai^^'*b2d*o?S^^  is  not  the  only  way  of  solving  structural  optimization 

problems.  Various  other  possibilities  are  available; 

- Sequential  quadratic  programming  (SQP)  is  based  on  the  assumption  that  a quadratic  approximation 

function  wiU  increase  the  convergence.  In  many  cases  of  structural  optimization,  the  objeenve  function  a in  fact  Imein  (for 
h^ce  weight),  in  which  case  quadratic  approximation  is  unlikely  to  help  very  much.  Furthermore.  SQP  offers  no  solution 
to  the  problem  of  inaccurate  sensitivities. 

- Various  types  of  line-search  algOTithms  have  been  known  to  be  very  reUable.  They  rely  on  gradient  evaluations  to  pick  a 
search  direrton,  but  the  line  search  itself  can  be  based  exclusively  on  function  evaluations,  le.,  no  sensitivity  analysis  is 
required.  However,  function  evaluations  are.  as  previously  explained,  usually  rather  costly. 


3.  Accumulated  approximation 

The  observations  of  the  preceding  section  have  lead  to  the  idea  of  improving  the  linear  approximation  of  the  obje^ive 
function  and  constraints,  ie.  the  n-dimensional  surfaces  created  by  the  first  order  sensitivity  analysis,  by  mcludmg  the  fu^on 
values  of  previous  design  points.  The  modification  should  have  no  influence  when  the  process  converges  stMdily,  but  m 
regions  of  instable  convergence,  design  points  wiU  accumulate  and  lead  to  improved  accuracy  of  the  ap^ximation. 

Let  Ffx)  be  the  function  to  be  approximated  (F  could  be  either  the  objective  function  or  a constraint).  The  aonimdated 
approximation  P(x)  of  F is  based  on  a usual  first  order  approximation,  L<‘’(x),  generated  by  sensitivity  analysis  and  ongmated 
atihe  latest  design  point,  In  the  forthcoming  examples,  a linear  approximation  is  used,  le.. 


L^'Cx)  « F(x«)  + VF(x«Hx-x«) 


(3) 


Furthermore,  consider  the  functions 
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(4) 


Fig,  2,  Influence  function  <I>p. 


n 

d,(x)  = 2 (Xi-x,*")* 

j=l 


where  the  design  variables  Xj  0=l  -n)  are  assumed  to  be  of  the  same 
dimension.  The  function  d,(x)  is  thus  the  squared  distance  from  x“  to  any 
point  X in  n dimensions.  We  shall  use  d,  in  the  definition  of  the  influence 
function  of  the  p'th  design  point; 


d,(x) 


(5) 


where  s,  > 0.  has  its  maximum  = 1 at  x = x*^‘  and  vanishes  for  dp(x)  -*  <».  The  exponent  is  rendered  dimensionless  by  the 
parameter  s,  which  could  be  considered  as  the  square  of  a characteristic  distance.  The  size  of  s.  is  thus  a measure  of  the  sphere 
of  influence  of  <!►,.  We  are  now  ready  to  define  ihe  k'th  accumulated  approximation  P'*’  of  the  function  F: 


= 


k-1  k-1 

L«(x)  n [l-4»,(x)J  + [l-<I>*(x)]  2 4»,(x)F(x‘^>) 

p=l  p=l 


k-1  k-1 

n [l-^,(x)]  + (l-4»^(x)]  2 4>,(x) 

P=1  p=l 


(6) 


(6)  IS  constructed  with  tlw  purpose  of  letting  known  functional  values  influence  the  approximation  In  regions  where 
su^  values  are  not  available,  P®  takes  the  value  of  the  first  order  approximation,  The  product  of  terms  fl-«I>,(x)]  tends 
to  0 near  previous  design  points  and  makes  sure  that  L**  looses  its  influence.  Similarly,  the  factor  [l-4»,(x)]  causes  previous 
design  points  to  lowe  their  influence  in  the  vicinity  of  the  current  point.  This  is  the  well  known  technique  of  Ugrangian 
mterpoiation.  The  denominator  is  the  sum  of  influence  functions  and  has  its  primary  effect  in  rendering  the  sum  of  influences 
to  unity  m regions  where  P is  mfluenced  by  several  design  points.  Please  notice  that,  for  k=l,  the  convention 


0 

n [l-<I»,(x)]  = 1 
p=l 


(7) 


renders  *e  first  approximation  P«'(x)  = U«(x).  The  gradients  of  F in  previous  points  are  disposed  and  not  used  in  (6).  This 
mews  Aat,  as  more  previoiK  points  become  available,  the  influence  of  possibly  inaccurate  sensitivities  decreases. 

In  choiKmg  the  chara^ristic  distance  s,  we  notice  that  using  a large  s^  will  cause  the  p'th  design  point  to  influence  a 
relatively  large  region  and  reduce  the  accuracy  of  P(x“)  (p=l..k-l)  because  influences  from  other  functional  values  than  F(x<'>) 
may  l^o^e  significant.  On  the  other  hand,  relatively  small  values  of  s,  tend  to  generate  local  extrema  of  P at  each  x<" 
(p=l..k-l)  If  these  are  far  apart  compared  to  s,.  Thus,  the  foUowing  recalculation  of  aU  s.'s  (p=l..k-l)  for  each  new  itera- 
tion  k IS  suggested:  ^ 


a 2 (x  «-x“)*  = a d/x<^*) 

j=l 


(8) 
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where  a is  a dimensionless  factor.  This  scheme  has  the  effect  of  giving  points  far  away  from  the  current^mt  x«,  ^ge 
sphere  of  influence.  Points  close  to  x«  have  very  local  influence  and  do  not  impede  the  local  accuracy  of  For  the  current 

point  x<”,  the  parameter  is  given  by 

s,  = a d^.,(x«) 

It  is  the  intention  of  the  present  work  to  replace  the  usual  first  order  approximations  of  the  ^jective 
by  the  accumulated  approximation  of  eq.  (6),  thereby  taking  the  maximum  advantage  of  the  available  mformation. 

4.  Subproblem  solution 

Accumulated  approximation  of  the  objective  function  and  the  constraints  leads  to  a non-linear  explicit 
methods  of  solving  this  problem  have  been  tested,  and  a simple  sequential  Imear  programmmg  approach  has  proved  to  be  the 
more  reliable.  However,  the  implementation  of  a subproblem  solver  is  sUghtly  rteky.  The  initial  ^ 

S the  problem  are  very  inaccurate  due  to  the  lack  of  previous  design  points.  This  means  move-1  mi«m^^^^^ 
in  order  to  prevent  the  algorithm  from  subsuntial  oscillations.  Furthermore,  m order  to  obtam  complete  convergence  for 
^erally  uSerconstraintS  non-linear  subproblem  using  SLP,  an  inteUigent  move-liimt  strategy  must  be  emi^oyed  It  is 

important  to  observe  that  the  relative  complexity  of  the  subproblem  is  a mi^  dfficdty  a^  ^Vthe^^oroblem 
expUcitly  and  therefore  inexpensive  to  evaluate  in  the  numerical  solution  procedure.  For  further  information  on  the  subproblem 

solution,  please  refer  to  [5]. 


5.  Numerical  Example 

In  this  section,  the  solution  of  a constrained  non-linear  problet  iresrated.  As  imheated  in  the  ^ 

ACAP  algorithm  has  two  tuning  parameters,  the  influence  parame  airf  a mtwe  lumt.  dwignated 
assigned  values  prior  to  the  call  of  ACAP.  This  feature  is  similar  to  most  other  optimizaO<m  algonthms.  HowevCT,  one  of  the 
phuSo|*ies  of  the  accumulated  approximation  and  the  dimensionless  formulation  of  the  algonthm  is  to  make  it  less  mmuiw 
to  the  value  of  such  parameters,  ie.  we  expect  to  be  able  to  find  a set  of  parameters  which  atates  good  convergence  ^ 
wide  range  of  problems.  The  ten  bar  truss  example  to  be  presented  here  has  been  exited  vwth  the  par^eters  a - 
T = 0.15.  For  a.  experiments  have  revealed  that  lO'*  saa  0.10  is  a reUable  intervd.  The  convergaice  entenon  is  a coMtraint 
violation  less  than  0.1%  and  stationarity  of  the  objective  function  within  0.1%  in  two  consecuuve  iterations.  No  check  o 
necessary  optimality  conditions  is  performed.  ^ 

o I beam  built  up  by  5 beam  elements  as 

a o|  shown  in  fig.  2.  This  example  was 

1^  A ^ I originally  presented  by  Svanberg  [4] 

__  ^ who  used  it  as  a test  of  the  MMA~ 

^ T optimizer.  Svanberg  shows  that  the 

i 2 3 4 5 n CONLIN  optimizer  by  Reury  [3]  docs 

^ converge  at  all  for  this  problem. 

--  The  present  definition  of  the  problem 

^ — X.  follows  that  of  Svanberg  in  every 

A ^ detail. 

jj.ij;.  — , The  problem  is  a challengmg  one 

j ^ for  a first  order  method  because  it 

^ I " ^ contains  more  variables  than  active 

z t ^ O”  constraints  at  the  optimum;  usual  SLP 

^ ^ ^ is  unlikely  to  converge  in  this  case. 

^ ^ The  design  variables  arc  the 

'^^7777777777^  ' ^ heights  of  the  different  beam  ele- 

— * ni«its  while  the  thickness  t remains 

Section  A-A  We  shall  minimize  the  weight 

Z Gmntever  beom  wir/i  5 sizing  design  variuWes. 

force  and  material  characteristics,  the 
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problem  can  be  analytically  fonnulated  according  to  Svanberg! 


Minimize 

X 


Weight  = 0.0624(x,  + Xj  + x,  + + x,) 


Subject  to 


61/x/  + 37/Xj*  + 19/x,'  + 7/x,'  + l/x,'  ^ 1 


the  problem. 


Analytical  solution  of  the  problem  reveals  that  the  optimal  value  of  the  objective  function  is  1.34.  We  shall  start  the  op- 
timizaticm  at  the  feasible  point  = 5 a=l-  5)  which  satisfies  the  constraint  to  equality.  Tab.  1 shows  the  convergence  of 

Nine  iterations  traversing  the  infeasible  domain  are  required  to  reach  the  optimum. 
In  this  respect,  the  result  does  not  compare  well  with  the  MMA  method  which  in  the 
best  case  produces  convergence  m just  four  iterations  for  this  example.  Careful  tuning 
of  the  ACAP  algorithm  for  this  particular  problem  will  reduce  the  necessary  number  of 
iterations  to  five,  but  that  would  not  give  a fair  impression  of  the  performance  of  the 
algorithm  in  the  general  case.  In  any  case,  ACAP  is  a significant  improvement  of  SLP 
which  does  not  converge  at  all  for  this  problem.  The  competitiveness  of  the  algorithm 
is  further  emphasized  by  a number  of  other  test  examples.  For  a further  description  of 
these,  please  refer  to  [5]. 


6.  Influence  of  sensitivity  accuracy 

Barthelemy  & Haftka  [6]  and  Pedersen  et.  al.  [7]  have  shown  that,  for  certain  types 
of  structures,  sensitivities  based  on  finite  difference  may  suffer  from  serious  lack  of 
accuracy.  The  ACAP  algorithm  refines  the  approximation  of  the  objective  function  and 
constraints  as  the  number  of  previous  i»ints  inaease.  This  means  that  the  influence  of 
the  sensitivity  analysis  on  the  optimizatiem  decreases  steadily  and  thus  reduces  the  error 
caused  by  lack  of  accuracy  of  the  sensitivity  analysis. 

^e  influence  of  the  sensitivity  accuracy  has  been  studied  by  means  of  the 
cantilever  beam  example.  The  sensitivities  of  the  objective  function  and  constraints 
are  artificially  disturbed  by  individually  multiplying  them  by  a random  number  in 
the  range  p.8  - 1.2J,  ie.,  a disturbance  of  ± 20%,  before  passing  them  on  to  the 
ACAP  optimizer.  Tab.  2 shows  the  necessary  number  of  iterations  in  ten  attempts. 
The  cwtilever  beam  problem  was  solved  in  9 iterations  with  accurate  sensitivities. 
Experiments  indicate  that  the  convergence  remains  stable  up  to  a disturbance  of  ± 
40%.  Beyond  this  limit,  the  process  may  or  may  not  converge. 


10.  Conclusion 


It.no. 

ViolationI 

1 

1.560 

0.0 

2 

1.425 

13.2 

3 

1.359 

10.0 

4 

1.354 

3.8 

5 

1.331 

4.8 

6 

1.339 

0.9 

7 

1.337 

0.9 

8 

1.338 

0.7 

9 

1.339 

0.3 

10 

1.340 

0.0 

Tab.  1. 


Attest  Ifuaber  of  iterations 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 


11 

10 

11 

11 

12 

9 

12 

12 

9 

10 


The  ACAP  approximation  generates  a significant  improvement  of  SLP  and  produces 
convergence  in  cases  where  neither  SLP  nor  CONUN  converge. 

For  the  example  presented  here,  the  MMA— method  has  shown  faster  conver- 
gence toward  a feasible  solution.  This  is  most  likely  due  to  the  fact  that  MMA  as 
a generalization  of  convex  linearization  is  a far  better  approximation  of  the  true 
structural  problems  than  SLP  is.  Thus,  MMA  starts  out  with  a good  approxima- 
tion whereas,  in  the  case  of  ACAP,  such  an  approximation  has  to  be  generated 
along  the  way. 

The  ACAP  approach  is  not  limited  to  sequential  linear  approximation.  Other 
approximation  types,  MMA  for  instance,  may  be  subjected  to  improvement  by  the 
same  simple  strategy. 

ACAP  reduce  the  influenw  of  possible  inaccurate  sensitivities.  Suble  convergence  is  observed  for  the  cantUever  beam 
problem  wth  random  errors  of  up  to  t 40%  introduced  in  the  sensitivity  analysis.  However,  inaccurate  sensitivities  may 
mcrease  the  necessary  number  of  iterations  in  order  to  teach  the  optimum 


Tab.  2.  The  number  of  iterations  nec^ 
essary  to  obtain  convergence  in  ten  at- 
tempts on  the  cantilever  beam  problem 
with  sensitivities  randomized  by  ± 20 
%. 
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The  ACAP  approximation  (eq.  6)  is  a "first  attempt"  to  include  previous  design  points  into  the  problem.  Interpolation  tech- 
niques is  a vivid  area  of  research  and  better  techniques  may  be  available.  The  ACAP  interpolation  has  several  drawbacks  of 
which  the  worst  is  that  it  is  practically  impossible  to  differentiate  it  analytically.  , , , . c j 

The  algorithm  is  devised  to  allow  the  basic  linear  approximation  L'^Xx)  (eq.  3)  to  be  replaced  by  any  other  first  order 
approximation  type,  eg.  convex  approximation.  The  possibly  positive  influence  of  such  a replacement  is  yet  to  be  mvestigated. 
m flexible  construction  of  the  algorithm  and  the  direct  solution  strategy  furthermore  enables  the  inclusion  of  equality 
constraints  because  these  are  handled  naturally  by  the  SIMPLEX  subproblem  solver. 
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SxxmmBry: 

Oetatleci  investigations  are  carried  out  on  optimal  g lass~^ceramic  mirror  structures  of 
terrestrial  space  technology  (optical  telescopes).  In  order  to  find  an  optimum  design, 
a nonlinear  mu  1 ticriteri a optimization  problem  is  formulated.  "Minimum  deformation  * 
at  "minimum  weight"  are  selected  as  contradictory  objectives,  and  a set  of  further 
constraints  (quilting  effect,  optical  faults  etc.)  is  defined  and  included.  A special  re- 
sult of  the  i n ves tiga t io ns  is  described. 

1.  Introduction 

Optical  astronomy'  includes  observations  in  the  spectrum  from  near  ultra  violet  via 
the  \isible  light  to  infrared.  Tliis  \vave--length  range  will  remain  important  in  future 
as  the  physical  nature  of  extremely  distant  space  projects  can  often  be  observed 
only  within  the  range  of  the  optical  spectrum.  At  present,  the  efficiency'  of  terrestrial 
astronomy'  is  determined  by  the  3 to  5-m-telescopes.  In  recent  years  light  detectors 
used  for  evaluating  the  results  have  been  improved  so  much  (up  to  an  efficiencv  of 
|(')0'/.)  that  these  instruments  have  reached  their  efficiency'  limits.  Thus,  further  dis- 
coveries can  only  be  made  by  collecting  more  light.  For  this,  large  telescopes  with 
effective  mirror-apertures  of  more  than  8 m 0 are  necessary'.  That  means,  the 
traditions  in  telescope  design  have  to  be  replaced  by  new  optical  and  technical 
concepts  [I].  All  over,  the  world  various  types  of  telescopes  are  in  planning,  under 
development  or  already  under  construction  (the  latter  case  applies  to  the  10-m-Keck- 
Telescope  of  the  University'  of  California.  Berkeley).  Though,  an  important  problem  is 
that  the  costs  for  constructing  and  erecting  such  giant  telescopes  will  increase 
astronomical ly , The  following  two  fundamental  demands  have  to  be  met: 
observance  of  an  extraordinarily  high  precision  of  the  mirror  surface  (<50  nm). 

- minimization  of  the  costs  and  thus  giving  the  guarantee  that  such  a project  can  be 
financially  suppuorted. 

When  dealing  with  an  optimization  problem,  one  should  principally  proceed  according 
to  the  Three-Columns-Concept".  The  first  step  is  the  theoretical  formulation  of  the 
optimization  problem  regarding  all  relevant  requirements  on  the  structure.  Then,  the 
sub-problems  "structural  modelling"  and  "optimization  modelling"  have  to  be  solved. 
After  selecting  an  appropriate  optimization  algorithm,  this  algorithm  is  linked  with 
the  structural  model  and  the  optimization  model  so  that  a closed  optimization  loop 
is  formed  [2]. 
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2.  Structural  Modelling  and  Structural  Analysis 
This  paper  deals  with  some  problems  of  minimal  mirror  designs  as  elements  of  an 
entire  mirror.  The  mirror  elements  are  made  of  glass-ceramic  materials  (quartz  glass, 
zerodur)  loaded  by  pressure  and  temperature. 

Fig.  1 illustrates  the  structure  of  a circular  mirror  plate  with  the  following  design 
parameters: 

- mirror  shape  (circle,  rectangle,  hexagon). 

- core  cell  structure  (quadratic,  triangular,  hexagonal), 

- cell  size  or  rib  distance, 

- height  of  a cell  structure. 

- thickness  of  the  layers. 

- thickness  of  the  boundary  stiffening. 

- arrangement  of  the  supports. 


upper  surface  layer 
core  ceil  structure 

boundary  stiffening 

lower  surface  layer 
support  points 


Fig.  1:  Design  parameters 

of  a mirror  plate 


The  following  requirernents  on  the  material  have  to  be  fulfilled  for  mirror  structures: 

- thermal  expansion  coefficient  as  small  as  possible, 

- homogeneity  of  the  themal  expansion  coefficient  over  the  material  volume. 

- pore- free  surface. 

- corrosion-resistance, 

- no  h>  groscopicity, 

- good  mechanical  workability  for  exact  surfaces, 

- chemical  durability  in  the  case  of  separation  and  removal  of  the  reflecting  layer, 

- thermal  stability  of  the  material  structure  up  to  the  transformation  temperature 
(transition  from  a solid  condition  into  the  viscous  fusibility  range). 

With  the  above-mentioned  requirements  we  take  a porous,  but  isotropic,  linear-elastic 
material  as  a basis  for  the  structural  analysis  calculations.  In  addition  to  the  FE- 
method.  two  analytical  methods  have  been  applied  [33. 
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a) 


Tl.li.  circular  plate  with  variable  thlckueaa  polnt-aupported  In  the  middle 


The  following  approach  for  the  wall  thickness  curve  is  chosen  (Fig.  2); 


t(r) 


-x/3 


\ = thickness  parameter. 
r^=  outer  radius  of  the  plate. 

thickness  at  the  outer  radius. 


(1) 


Thus,  the  differential  equations  of  the  plate  read  as  follows: 


K’(r) 
K (r) 


(2  + V ) — w" 
r 


K”(r) 

K(r) 


(2) 


where  - — . and  the  variable  plate  stiffness  K(r)  = K f— K = ^ 

oLro  J • o i2(1-v2)  • 

b)  Thin  point-supported  circular  plate  on  a concentric  circle 

Fig.  3 shows  the  arrangement  of  point-supports  for  a circular  plate  with  constant 
plate  thickness 

i_  J M I I I W I I I 1 I 1 

' ' ■-  

I i i f 


The  differential  equation  of  a point-supported  plate  is  given  by 


AAw  = 


F 

Kn:a- 


with  S = DELTA-functions. 


k 

V 


S(r-b) 

b 


(3) 
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Development  by  Fourier-series 

' an  'ST' 
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leads  to 


(+) 


This  solution  yields  with  the  separation  approach 


m = 0: 


m i 1: 


00 
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For  a plate  with  r = 150  mm.  the  deflections  and  corresponding 
compared  in  Fig.  +. 


(5) 

S (r-b)  , (6a) 

r b,  (6b) 

r ^ b.  (6c) 

analysis  methods  are 


dispUcemenc 


Fig.  4:  Comparison  of  the  displacements  of  a circular  plate 

3.  Optimization  Modelling  and  Procedure 

The  present  structural  optimization  task  is  considered  as  a Multicriteria-Optimiza- 
tion-Problem  (MC-Problem).  In  this  case,  a design  variable  vector  x is  to  be  found 
which  makes  the  m components  of  the  objective  Function  vector  f as  small  as  possible 
while  fulfilling  all  constraints.  A MC-Problem  can  mathematically  be  defined  by  the 
following  model  formulations  [21; 


262 


a)  Model  1;  Continuous,  deterministic  MC-Problem 

"Min'*  {f(x)  : h(x)  = 0.  g<x)  i 0} 
xclR"  ' 

with  the  following  symbols 

IR  set  of  real  numbers. 

f vector  of  m objective  functions  (weight,  surface  quality), 

X£  IR  vector  of  n design  variables 

g vector  of  p inequality  constraints  (quilting  effect,  failure  criteria,  bounds), 

h vector  of  q equality  constraints  (e.g.  system  equations  for  determining 

stresses  and  deformations), 

and 

X : = {x  € (R ” : h (x)  = 0 . g(x)  ^ 0} 

-feasible"  domain  where  s is  to  be  interpreted  for  each  single  component, 

b)  Model  2;  Discrete,  deterministic  MC-Problem: 

"Min"  {f(x)} 


with  the  discrete  design  space 

X :=  {xtiR"  I \ .£  X.  : j = 1 N : g(x)  s 0.  h(x)  = 0} 

and  the  N sets  of  discrete  values 

^i  " ^ - ^ ^ }.  X.  c :r  V I = I N 

with  n.  number  of  discrete  values  of  the  j-th  design  variable. 

c)  Model  3:  Stochastic  MC-Problem 

"Mjn'  [f(\)  I P[f(y)]  = r^  P[g(y)s  0]=  r®} 

^ vector  of  N random  variables  (loads,  dimensions,  characteristic 

values  of  the  material)  including  design  variables. 

Y vector  of  the  expected  values  of  the  N random  variables. 

] probabilit>. 

r . rs  vectors  of  the  m or  q reliabilities  concerning  the  objective 

and  inequality  constraints. 


For  the  optimal  layout  it  is  especially  important  to  apply  the  appropriate  optimiza- 
tion model.  The  optimization  problem  itself  is  defined  by  two  main  criteria  (objective 
functions),  namely  the  weight  of  the  mirror  structure"  and  the  "surface  accuracy  ". 
The  quilting-effect  as  a special  manufacturing  error  is  considered  as  an  inequality 
constraint.  Here,  the  core  cell  of  the  mirror  structure  is  slightly  deformed  b>  the 
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polisliin^  lo3ci.  This  pillowTshspcd  dcformstion  Icsds  to  3 pcriodicsl  dcformstion  of 
the  total  mirror  surface  Cl].  Due  to  the  probabilistic  material  values  (Weibull-distri- 
bution  of  strength)  and  the  numerous  discrete  design  parameters  (number  of  cells 
and  layers),  the  optimization  models  2 and  3.  respectively,  have  been  established  and 
special  optimization  algorithms  are  applied  in  order  to  find  the  most  appropriate 
solutions. 

4.  Optimal  Designs  of  Mirror  Plates 

Optimization  calculations  were  carried  out  for  an  orthotropic  plate  with  a quadratic 
cell  structure  under  combined  pressure  and  temperature  loads.  Some  results  of  the 
optimization  process  are  shown  in  Figure  5 , whereas  the  Pareto-efficient  curves  for 
a zerodur  and  a quartz  glass  mirror  plate  are  compared.  The  curves  of  the 
zerodur  mirror  plate  and  the  quartz-glass  mirror  plate  with  the  same  weight  and  the 
same  loads  show  that  the  zerodur  mirror  plates  provide  a four  times  higher  surface 
accuracy  Cl]. 


L > US  S,  - Ul 
t,  • • aj 


■ ika]  , 


4) 

I,  • US  t,  • 

X,  • Ml  I*  • nJ 


1,  • I,  • 

1,  . 4St  *4  • 4IJ 


Fig.  5:  p-efficient  solutions 
of  a mirror  plate 


Further  investigations  have  been  carried  out  with  regard  to  the  optimal  ratio  of  sup- 
port radii  and  the  optimal  number  of  support  points  as  a function  of  the  rms-value 
of  surface  accuracy.  The  calculations  resulted  in  an  optimal  ratio  of  support  circle 
of  r /r  = 2/3  and  number  of  support  points  n , = 3 for  the  chosen  plate.  The  first 
mentioned  result  approximately  agrees  with  the  one  of  [3],  that  means  that  the  addi- 
tional temperature  load  in  our  calculations  is  of  no  great  relevance  for  these  values. 
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Fig.  6.  Optimsl  rstio  of  support  rsclii  and  optimal  number  of  support  points 


S.  Conclusion 

The  task  of  structural  optimization  is  to  support  the  engineer  in  searching  for  the 
best  possible  design  alternatives  of  specific  structures.  The  **best  possible”  or  ’opti- 
mal” structure  is  that  which  highiv  corresponds  to  the  designer  s desired  concept  and 
his  objectives  while  at  the  same  time  meeting  the  functional,  manufacturing  and  appli- 
cation demands.  B\  means  of  a special  optimization  procedure  it  is  possible  to  estab- 
lish more  realistic  and  more  reliable  models  to  improve  the  computation  of  optimal 
designs  of  a number  of  technicallv  relevant  structures.  Results  of  computation  are 
shown  for  a special  mirror  component  made  of  glass-ceramics  as  a part  of  a large 
mirror. 
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Employment  of  C.B.  models  for  non-linear  dynamic  analysis 

M.R.M.  Klein  * Ph.  Deloo  ***  A.Fournier-Sicre  ** 


Abstract: 

The  non-linear  dynamic  analysis  of  large  structures  is  always  very  time,  effort  and  CPU 
consuming.  Whenever  possible  the  reduction  of  the  size  of  the  mathematical  model  in- 
volved is  of  main  importance  to  speed  up  the  computational  procedures.  Such  reduction 
can  be  performed  for  the  part  of  the  structure  which  perform  linearly.  Most  of  the  time, 
the  classical  Guyan  reduction  process  is  used.  For  non-linear  dynamic  process  where  the 
non-linearity  is  present  at  interfaces  between  different  structures,  Craig-Bampton  mod- 
els can  provide  a very  rich  information,  and  allow  ea^  selection  of  the  relevant  modes 
with  respect  to  the  phenomenon  driving  the  non-linearity. 

The  paper  presents  the  employment  of  Craig-Bampton  models  combined  with  Newmark 
direct  integration  for  solving  non-linear  friction  problems  appearing  at  the  interface  be- 
tween the  Hubble  Space  Telescope  and  its  Solar  Arrajre  during  in-orbit  manoeuvres. 
Theory,  implementation  in  the  reM  code  ASKA  and  practical  results  are  shown. 


1.  Craig-Bampton  models  background 


The  general  equation  of  motion  of  a structure  can  be  written  as 


Mq  + Cq  + Kq  = F(t)  (1) 

Considering  the  interface  of  the  structure  with  other  structures,  we  can  split  the  dof ’s  in 
internal  dof’s  i and  interface  dof’s  j and  write  : 


Mu  Mij 
Mji  Mjj 


+ 


(2) 


where  without  loss  of  generality  we  have  assumed  that  only  interfoce  loads  are  applied 
and  neglected  the  damping  matrix. 

The  Craig-Bampton  approach  consists  of  developing  the  displacements  q on  the  basis 
of  the  static  interface  modes  and  the  elastic  modes  <p,  of  the  structure  clamped  at 

the  interface  j : 

q = qj  + <Ppi]p  = ^ X (3) 

where 

and  jr  = J (4) 

where  K"  Oy  = 0 (5) 


W = (4.,-  q,,) 


* European  Space  Agency  / European  Space  and  Technology  Center  ESA/ESTEC 
Postbus  299,  2200AG  Noordwijk,  The  Netherlands. 

**  ESA/ESTEC,  Space  Telescope  Solar  Array  Manager 

Consultant,  Ikoss  Gmbh,  Waldburgstrasse  21  D-7000-Stuttgart  80,  Federal  Republic 
of  Germany 
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(pip 

0 


(Pp  = 


where  {Ku  - oP-  Mu)  <pip  = 0 (6) 


As  a consequence 
to 


of  such  transformation,  the  initial  equations  of  motion  get  transformed 


Mjj  Mjp 
^pi  ((^pp 


Kji  0 

0 ^pp 


(Ij 

Vp 


(7) 


where  : 
tion 


K|i  is  the  stiffiiess  matrix  statically  reduced  to  the  j interface, 

Mjj  the  mass  matrix  reduced  at  the  interface  according  to  the  Guyan  reduc- 
concept, 

kpp  and  mpp  the  generalized  stiffness  and  mass  matrices, 

^jp  ~ ^ii  (Pip  ^ji  (pip  is  the  modal  participation  factor  matrix. 


It  must  be  noticed  that  both  the  physical  and  CB  representation  of  the  structure  are  mathe- 
matically equivalent,  and  both  sets  of  matrices  represent  the  free-free  struaure. 

Modal  selection  can  be  performed  based  on  the  well  known  ’’Effective  Modal  Mass”  con- 
cept with  respect  to  the  j interface.  However,  modes  with  low  interface  force  contribution 
but  describing  internal  spacecraft  dynamics  which  is  of  interest  have  to  be  kept  in  addition 
to  the  modes  dominating  the  interface  response.  This  selection  reduces  significantly  the 
size  of  the  CB  models,  which  is  one  of  their  advantages. 

Furthermore,  CB  models  avoid  the  usual  stiffness  and  low  frequency  mass  truncation 
problems,  since  the  interface  stiffness  is  included  in  the  Kjj  matrix  and  the  total  mass  in 
the  Mjj  matrix. 

In  the  same  way  FEM  models  are  assembled,  Craig-Bampton  models  can  also  be  as- 
sembled. the  connection  always  taking  place  using  the  physical  dofs.  TTie  reduced  size  of 
all  individual  CB  models  reduces  the  size  of  the  system  CB  model  to  a minimum  set  of 
modes  which  produces  the  most  efficient  representation  of  the  spacecraft.  Currently  3000 
to  10000  dof  FEM  models  can  be  efficiently  reduced  to  30  to  1000  Craig-Bampton  free- 
doms. 


The  final  assembled  system  model  can  if  necessary  be  analyzed  in  free-free  conditions. 
In  this  case,  to  ensure  simplest  correct  recovery  of  interface  forces  and  of  stresses,  most 
of  the  spacecraft  free-free  modes  have  to  be  used.  Using  Craig-Bampton  models  reduces 
this  set  to  the  most  significant  modes  for  the  problem. 


Another  advantage  of  those  models  is  their  relationship  with  the  clamped  modes  identi- 
fied during  testing,  which  provides  a good  engineering  approach. 

2.  Handling  non-linearities 


Craig-Bampton  models  intrinsically  address  linear  phenomenon,  since  constant  material 
properties  and  usual  FEM  small  deformation  and  displacement  theory  is  used.  However, 
there  is  room  for  non-linearity  at  the  interface  freedoms.  This  can  occur  as  variable  stif- 
fness, connected/disconnected  status  of  some  freedoms  and  variable  loads  function  of 
some  interface  freedom  responses. 

These  limited  cases  are,  however,  representative  of  many  practical  interface  effects,  like 
gapping,  non-linear  tension-compression  contact,  torque  limiter  effects,  etc.. 

These  processes  introduce  time  dependent  perturbations  in  the  equations  of  motion,  lim- 
ited to  the  interface  freedoms  for  the  CB  mass  and  stiffiiess  matrices,  which  shall  be  ac- 
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counted  for  in  the  time  integration  process.  They  lead  to  a modification  of  the  clamped 
condition  of  the  interface  freedoms  as  considered  in  the  clamped  modes.  However,  there 
is  no  contradiction  in  releasing  CB  interface  dof’s  since  we  have  seen  that  the  CB  model 
actually  represents  the  complete  free-free  structure. 

Since  non-linearities  are  present  in  the  behaviour  of  the  final  assembled  system,  standard 
time  integrations  methods  as  modal  superposition  cannot  be  applied  anymore.  A direct 
integration  scheme  has  to  be  selected.  This  can  be  performed  without  problems  since  the 
CB  model  is  just  another  representation  of  the  physical  FEM  model.  Integrating  equa- 
tions in  a modal  space  by  direct  integration,  although  being  unusual,  is  not  contradictory. 
It  must  be  noticed  that  the  reduction  of  number  of  equations  to  integrate,  usually  resulting 
from  the  modal  superposition  approach,  has  actually  now  been  performed  at  the  Craig- 
Bampton  model  level.  Thus  this  approach  is  not  penalizing  in  terms  of  size  reduction. 

One  of  the  most  problematic  aspects  of  usual  direct  integration  approach  (i.e.  with  physi- 
cal dof  matrices)  is  the  damping  aspect.  Indeed,  although  modal  damping  values  can  be 
infered  from  engineering  experience  or  derived  firom  testing,  the  implemenation  of  these 
(in  form  of  Raleigh  series  matrices)  is  quite  cumbersome  and  seldom  performed.  Using 
the  CB  approach  on  the  other  hand,  these  values  appear  naturally  in  the  equations  of  mo- 
tion. 


Indeed,  the  physical  damping  matrix  C transforms  into  the  CB  space  as  ... 


C 'P  = 


\jPpC<t>j  q>lCq>p\ 


(8) 


In  case  of  static  determinate  interface,  <I>y  are  the  rigid  body  modes  which  are  assumed 
not  damped,  hence  COy  = 0 and  bolts  down  to 


vpr  c vp 


0 0 
0 [2m^(u] 


(8) 


where  [2m^w]  is  a diagonal  matrix  and  the  ^ are  the  percentages  of  critical  viscous  damp- 
ing ratios  of  the  clamped  interface  modes.  Correcmess  of  this  assumption  can  easily  be 
verified  by  considering  the  global  CB  system  equations  and  clamping  the  system  at  the 
interfaces.  The  modal  response  equations  as  derived  directly  fi'om  the  physical  matrices 
are  identical  to  those  derived  from  the  CB  model  equations. 

In  case  of  non  static-determinate  interfaces,  the  3 other  terms  of  the  damping  matrix  can 
be  either  ignored,  or  handled  in  the  usual  way,  i.e.  using  proportional  damping 
C = a K + ^ M , Raleigh  series  or  discrete  dampers.  The  direct  integration  algorithm 
will  have  no  problem  handling  damping— coupled  equations. 


3.  Implementation  in  ASKA 


The  methodology  described  has  been  implemented  in  the  general  purpose  FEM  package 
ASKA  distributed  by  IKOSS.  Considering  the  application  planned  (torque  limitation  and 
slippage  induced  by  a friction  brake  on  a shaft)  only  static  determinate  interface  was  im- 
plemented in  a first  step. 

'^e  standard  Newmark  integration  scheme  has  been  used,  together  with  matrix  manipula- 
tion and  partition/merge  tools  to  handle  the  interface  condition  charges. 
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The  freedoms  for  which  non-linariries  will  occur  are  anached  to  2 nodes.  These  freedoms 
are  either  disjoint  but  subject  to  self  equilibrating  loads  simulating  friction,  or  connected, 
n this  last  case,  the  combined  equation  of  motion  are  merged  into  one  unique  dof  and 

constrain  rela  tions  are  applied  to  the  other  dof,  thus  maintaining  constant  the  dof  pattern 
or  the  dynamic  system. 

Equihbriuni  Iterations  are  performed  at  each  time  step,  and  variable  time  step  is  used  (bi- 
^ction  method)  to  ensure  a proper  convergence  to  the  change  of  state  of  the  non-linear 
freedoms  (i.e.  slippage/no-slippage).  This  change  of  state  is  defined  considering  the  sys- 

user-written  Fortran  routines  which  can  be  naturally  interfaced  with 
AJiKA.  The  considered  change  conditions  are  : 

No  slippage  - until  maidmal  torque  is  reached  in  shaft; 

Once  slippage  occured  - constant  maximal  balanced  torque  applied  to  both 

disconnected  parts  of  the  shaft; 

- slippage  until  relative  velocity  of  2 shaft  parts  comes  back 
to  zero. 


4.  Application  to  HST 


The  procedure  including  all  features  described  above  has  been  applied  in  the  frame  of 
the  Hubble  Space  Telescope  project,  where  the  European  Space  Agency  (ESA)  is  respon- 
sible for  the  Faint  Object  Camera  and  the  Solar  Arrays.  >^atever  sky  region  the  HST 
is  looking  at,  the  SA  is  designed  to  be  oriented  toward  the  sun  to  get  the  maximal  power. 

V^en  the  optimal  position  is  obtained,  a brake  is  released  to  prevent  any  modification 
of  the  SA  position. 

The  deplo^ent  of  the  SA  in  orbit  occurs  when  the  HST  is  held  on  the  Space  Shuttle  re- 
mote manipulator  system  (RMS).  After  deployment  of  the  SA,  the  HST  is  still  on  the  re- 
mme  manipulator  system  for  a few  hours  before  release.  During  that  period  the  Shuttle 

attitude,  firing  thrusters.  This  induces  loads  on  the  SA.  Since 
the  HST-SA  interface  is  basically  a 6 dof’s  joint,  the  interaction  can  be  described  by  the 
interface  accelerations.  A CB  model  of  the  SA  has  been  developed  by  ESA  to  assess  the 
in  orbit  load  level  when  subject  to  such  manoeuvres 

Figure  1 shows  the  complete  3000  dofs  FEM  model  and  some  of  the  clamped  interface 
mo^s.  The  location  of  the  brake  between  HST  and  SAis  sketch-wise  explained  in  Figure 
la.  The  mam  modes  of  the  SA  in  clamped  interface  conditions  are  identified  in  Table  1 
in  terms  of  modal  masses  (percentage  of  rigid  body  mass  corresponding  terms):  those  21 
modes  were  used  to  build  the  SA  CB  model.  Figure  2 shows  fi-ee-free  modes  computed 
wth  this  model.  Notice  that  although  blanket  aspects  are  completely  accounted  for,  only 
boom  motions  are  visualised  since  those  are  used  later  on  to  compute  boom  bending  mo- 
ments. These  booms  are  indeed  the  most  delicate  mechanical  pans  of  the  deployed  SA. 

The  brake  slippage  procedure  as  been  tested  using  the  angular  acceleration  around  the 
SA  Y ^s  shown  in  Figure  3 applied  at  the  HST  / SA  interface.  The  torque  actually  seen 
by  the  SA  on  the  other  side  of  the  brake  is  shown  in  Figure  4,  and  the  related  SA  angular 
acceleradon  is  in  Figure  5.  "^e  inspection  of  the  re^onse  of  the  system  shows  that  the 
change  of  configuration/loading  procedure  is  working  fine.  The  interactive  torque  never 
exceeds  0.5  Nm  which  is  the  specified  maximum  brake  torque  in  this  test.  The  change  of 
configuration/loading  is  smooth,  however  it  is  interesting  to  note  that  a shock  is  induced 
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in  the  system  (see  Figure  5)  when  the  brake  starts  slipping.  The  SA  oscillates  about  its  axis 
at  a frequency  close  to  1 Hz.  The  mode  which  is  excited  is  equivalent  to  the  free-free  mode 
13  of  the  SA  model  presented  in  Figure  6.  It  shows  a large  rotation  of  the  drum  while  the 
boom  tip  hardly  moves. 

Regarding  in-orbit  actual  manoeuvres,  classical  rigidly  connected  linear  CB  analysis  using 
modal  superposition  method  applied  to  the  free-free  modes  has  shown  that  for  some  types 
of  manoeuvres  the  interface  torque  overshoot  largely  the  torque  the  brake  could  with- 
stand without  slippage.  In  addition  loads  in  the  S A booms  were  exceeding  boom  bending 
moment  allowables.  Thus  the  analysis  had  to  be  refined.  In  order  to  account  for  this  effect, 
transient  analyses  have  been  performed  using  the  procedure  described  above.  This  al- 
lowed changes  of  the  brake  connection  from  rigid  state  to  slippage  state  and  vice-versa 
as  many  times  as  requested  during  each  computer  simulation.  A more  realistic  behaviour 
could  be  simulated,  slippage  of  the  SA  evaluated  and  subsequent  reduction  of  loads  in 
the  booms  demonstrated. 


Figure  6 shows  results  related  to  in-orbit  event  P04  for  the  -I-  V2  wing.  As  can  be  seen, 
the  interface  torque  does  not  overshoot  the  maximun  brake-through  torque  (0.87  Nm) 
and  slippage  occurs  after  this  limit  is  reached.  Table  2 shows  a summary  of  17  worst  load 
cases  which  were  analysed.  Substantial  load  reduction  occurs  for  the  solar  array  booms, 
with  relative  low  array  rotation  which  does  not  affect  significantly  the  SA  power  perform- 
ances. The  computing  time  per  run  was  quite  reasonable  (20  minutes  on  VAX  8650  for 
a response  of  40  sec)  considering  the  highly  non-linear  aspects  of  the  brake  conditions, 
and  allowed  a satisfactory  computation  of  all  cases;  it  must  be  kept  in  mind  that  these  re- 
sults reflect  the  information  related  to  a 3000  dofs  model,  which  itself  could  never  be  used 
for  such  complex  analyses. 

5.  Conclusions 


Craig-Bampton  dynamic  models  enable  a very  rich  information  to  be  condensed  in  a very 
compact  format.  In  combination  with  direct  integration  they  are  able  to  handle  non-linea- 
rities related  to  interface  freedoms.  Moreover,  they  can  use  in  a straightforward  way  the 
usual  modal  damping.  As  such,  they  build  a very  efficient  tool  to  analyse  certain  class  of 
non-linear  problem  with  minimum  computer  resources. 

The  application  to  the  HST  deployment  manoeuvre  scenario  was  very  successful;  it 
showed  substantial  SA  boom  load  reduction  and  allowed  to  estimate  the  SA  rotation. 

This  promising  procedure  is  now  in  development  for  application  to  more  general  cases 
involving  non  static-determinate  interfaces. 
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Figure  1:  F^M  model  and  some  related  main  modes. 
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Table  1 : Main  modes  of  the  FEM  model,  in  terms  of  rigid  mass  percentages. 
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Rgure  2:  Free-free  modes  computed  with  the  Craig-Bampton  model. 
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Figure  3;  angular  acceleration  about  Y axis  at 
the  HST  interface  (HST  side  of  the  brake) 


Rgure  4:  Interface  torque  about  the  Y axis 
( SA  side  of  brake) 
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Figure  6:1  Free-free  mode  13  of  Craig-Bampton 
reduced  model 
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Maximum  angle  obtained  during  simulation  period,  60  seconds. 

Table  2:  Maximum  bending  moments  in  the  Solar  Array  booms. 


Note:  An  modal  critical  viscous  damping  ratio  of  0.5%for  all  modes  was  user  for  the  HST 
analyses.  This  value  derives  from  ground  test  data  (ESA-BAe)  and  agrees  with  results 
of  in-flight  experiment  of  large  solar  arrays  (Nasa  SAFE  in-orbit  experiment). 
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Introduction 

Various  attempt  has  been  made  to  construct  a rigorous  mathematical  theory  of 
optimization  for  size,  shape  and  topology  ( i.e.  layout ) of  an  elastic  structure.  If  these  are 
represented  by  a finite  number  of  parametric  functions,  as  Armand[l,2]  described,  it  is 
possible  to  construct  an  existence  theory  of  the  optimum  design  using  compactness 
argument  in  a finite  dimensional  design  space  or  a closed  admissible  set  of  a finite 
dimensional  design  space,  see  Piionneau(3]  and  Buttazzo  and  Dal  Maso[4].  However,  if 

the  admissible  design  set  is  a subset  of  non-reflexive  Banach  space  such  as  L“*(n), 
construction  of  the  existence  theory  of  the  optimum  design  becomes  suddenly  difficult  ^d 
requires  to  extend  ( i.e.  generalize ) the  design  problem  to  much  more  wider  class  of  design 
that  is  compatible  to  mechanics  of  structures  in  the  sense  of  variational  principle.  Starting 
from  the  smdy  by  Cheng  and  01hoff[5],  Lurie,  Cherkaev,  and  Fedorov[6]  introduced  a 
new  concept  of  convergence  of  design  variables  in  a generalized  sense  and  construct  the 
"G-Qosure"  theory  of  an  extended  ( relaxed ) optimum  design  problem.  Similar  attempt, 
but  independent  in  large  extent,  can  also  be  found  in  Kohn  and  Strang[7]  in  which  the 
shape  and  topology  optimization  problem  is  relaxed  to  allow  to  use  of  perforated 
composites  rather  than  restricting  it  to  usual  solid  structures.  Identical  idea  is  also  stated  in 
Murat  and  Tartar[8]  using  the  notion  of  the  homogenization  theory.  That  is,  intr^ucing 
possibility  of  microscale  perforation  together  with  the  theory  of  homogenization,  the 
optimum  design  problem  is  relaxed  to  construct  its  mathematic^  theory.  It  is  also  not^ 
that  this  type  of  relaxed  design  problem  is  perfectly  match  to  the  variational  principle  in 
structural  mechanics. 


Cheng  and  Olhoff  ( 1980  - 1982  ) 

Optimum  Design  of  the  Plate  Thickness 

Lurie,  Cherkaev,  and  Fedorov 
G-Closure  Theory,  Optimum  Composites 

Kohn  and  Strang 

Relaxed  Design  I^oblem  for  a Perforated  Material 
Murat  and  Tartar 

Application  of  the  Homogenization  Theory  to  Optimum  Design 
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Example  - Design  of  a "Beam"  Structure 

As  simple  examples  of  relaxed  design  problem,  let  us  consider  beam  of  uniform  width 
with  both  ends  rigid  support,  and  point  load  at  the  center.  The  length  of  beam  is  20  and 
hight  of  1 was  taken  as  design  domain.The  solution  of  this  problem  with  thickness  as 
design  variable  and  width  fixed  is  known  to  be  two  hinges  appear  at  1/4  and  3/4  of  length. 

The  objective  function  was  taken  as  mean  compliance  of  structure,  i.e.  load  times 
displacement  at  loading  points.  Using  optimality  criteria  method  in  relaxed  design  problem 
described  before,  and  volume  constraint  10,  15,  18  with  total  volume  of  design  area  20, 
following  results  are  obtained.  These  results  clearly  show  hinges  at  1/4  and  3/4  of  length 
points  in  each  case.  Also  it  is  noteworthy  that  when  constraint  on  volume  is  small,  the 
beam  becomes  sandwich  type  beam,  i.e.  upper  and  lower  surface  and  weak  core  inside. 
Although  this  type  of  structures  are  known  to  be  preferable  when  bending  is  applied, and 
used  often  in  aerospace  industry,  traditional  method  with  thickness  as  design  variable 
cannot  generate  them  unless  this  type  of  structure  is  assumed  a priori. 
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Example  - Design  of  a "Truss"  Structure 
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Example  • Optimum  Reinforcement  of  a Plate 

As  a examples  of  application  of  relaxed  design  problem  to  plate,  design  of  simply 
supported  s<juare  plate  subject  to  point  load  at  the  center  is  considered.  The  thickness  of 
support  layer  and  thickness  of  stiffener  are  fixed.  Relaxed  design  problem  of  minimze 
mean  compliance  subject  to  volume  constraint  is  solved  using  optimality  criteria  methocL 
The  results  are  shown  below.  In  cases  volume  constraint  is  l^ge,  the  final  design 
clearly  shows  four  hinge  lines  of  45  degree  inclined  lines.  It  is  reminded  that  two  hinges 
are  generated  for  a beam  case  also.  Thus,  hinges  in  the  optimal  reinforcement  is  expected 
one.  It  should  be  noted  that  this  docs  not  mepi  c^ondnuity  of  the  ^sverse  displacement 
along  these  hinge  lines.  But  only  the  slope  is  discontinuous,  and  it  is  still  admissible  in  the 
variational  formulation  of  an  clastic  plate  defined  in  the  Sobolev  space 

In  cases  volume  constraint  is  relatively  small,  cross  shape  support  with  with  diagonal 
support  is  optimal.  It  is  noteworthy  that  hinges  also  appear  in  diagonal  supports,  although 
they  are  not  so  conspicuous  as  in  large  material  case.  That  cross  shape  supports  become 
thinner  as  they  approach  edges  can  be  explained  that  minimum  plate  will  disperse  the  load 
as  you  approaches  the  edges. 


(a)  volume  720/900 


(b)  volume  630/900 


Optimal  Layout  of  a Plate  with  Point  Load 
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Example  - Optimum  Reinforcement  of  a Shell 


_ As  a comparison  to  previous  example,  same  type  of  design  problem  is  employed,  while 
in  previous  case  there  was  no  curvature  in  shell  and  there  is  only  bending  effect . but  in  this 
case  there  is  curvature  and  coupling  of  bending  and  in-plane  effect  exists.  The  shape  of 
^ell  IS  z=zmax  sin(;cx/  Xm«)  sin(7ty/ymax)  with  Zmax  /Xmax  = Zmax  /Xmax  = 1/12.  Again, 
boundary  condibon  is  simply  support  and  load  is  applied  at  the  center  of  square. 

The  results  shown  below  are  quite  different  from  previous  design  of  plate.  Surrounding 
area  is  stiffened,  and  loading  point  and  surrounding  stiffener  is  connected  by  diagonal 
support.  ^ * 


These  quite  different  results  from  plate  case  is  very  natural  consequence  considering  the 
fact  that  in  previous  plate  case,  only  bending  moment  is  applied  since  bending  and  tension 
we  totally  decoupled,  while  in  this  shell  with  curvature,  since  there  is  coupling  between 
bending  and  tension  and  rather  tension  is  dominant,  similar  results  to  two  dimensional 
problem  appears. 


(a)  volume  450/900  (b)  volume  270/900 

Shell  with  Point  Load  at  the  Center 
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Example  - A Three-Dimensional  Structure 

The  relaxed  design  problem  can  be  applicable  to  3 dimensional  solid.  In  this  case, 
design  variables  are  6,  3 for  sizes  of  microscopic  rectangle  body  holes  and  3 for  rotational 
angles.  Same  type  of  formulation  and  numerical  method  as  before,  i.e.  minimize  mean 
compliance  with  constraint  on  vulume,  and  discretized  using  finite  element  method  and 
optimized  using  optimality  criteria  method. 

As  a example,  the  cantilever  rectangle  plate  subjected  to  shear  force  is  solved.  The  size 
of  plate  is  32x20  with  thickness  4,  and  4 elements  were  used  in  thickness  direction.  One 
end  is  clamped  and  the  other  end  is  loaded  at  the  center  point  of  section.  Volume  constraint 
was  set  800,  while  volume  of  total  design  domain  is  25^. 

The  result  are  shown  below  as  each  4 layer  in  thickness  direction,  from  top  to  bottom. 
Top  and  bottom  layer  has  triangular  shape  of  full  material  area  to  support  bending  moment 
and  two  layers  in  between  have  very  thin  rim  to  support  interaction  of  top  and  bottom 
layers.  This  types  of  structure  is  known  as  "Sandwitch  structure",  and  supposed  to  be  one 
of  the  best  structure  for  bending. 


2 


1st  Layer 


3rd  Layer 


2nd  Layer 


4th  Layer 
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Convergence  of  Finite  Element  Methods 


natural  question  arises  is  whether  the  shape  and  topology,  i.e  the  confieuration  nf 
mesh^^^rr  ‘Jl®  oP^nial  design  converges  to  the  unique  one  as  finUe  element 

^.axed 

if  the  final  configuration  that  is  design  variable  as  continuous 

that  “nnhe  MshTj”®''  "'**  <='>"““'>“5  design  variable  is  almost  same  as 
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Design  Domain  for  Bending  of  a Shon  Cantilever 


Convergence  of  the  Optimal  Configuration  ( Os  = 60 ) 
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ABSTRACT 

P^cd^es  usually  stan  from  a given  design  topology  and 
T shapes  to  achieve  optimality  under  various 

rh^  Hr/>  » of  structural  optimization  are  distinguished  in 

A major  resoicUrta  toS 
cMes  IS  that  the  design  topology  is  considered  fixed  and  given  Questions 

the  ge„ern/  /ro'o«r  of  a design  (such  as  whether  !Tss  or  a soM 
struc^  should  be  used)  as  weU  as  more  detailed  topology  features  (e  g the 

^ “■  of  holes  in  a solid)  have 

ex^nence  before  formulating  the  structural  optimization 
m<^el.  Design  quality  of  an  optimized  structure  still  depends  X^ty  on 
ei^eering  intuition.  This  article  presents  a novel  approach  fw  initiatine  fomal 
?Pt>^.^tion  at  an  e^lier  stage,  where  the  <tesi^  to^ 

^ selecting  shape  and  size  dimensions.  A three-pha^  design 
ESSSt  a*  optimal  mitial  topology  is  created  by  a homogenization 

ri^od  as  a ^y  level  image,  which  is  then  transformed  to  a reiizablc  dcsign^siEg 
computer  vision  techniques;  this  design  is  then  parameterized  and  ^a^  h?  deraU 
by  sizing  and  shape  optimization.  A fully  automated  process  is  deSribed  for 
trussw.  ^umiranon  of  two-dimensional  solid  structures  is  also  discussed.  Several 
SSolo^°*^^"^*^  examples  illustrate  the  usefulness  of  the  proposed 
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Topology  Optimization  (Phase  I) 


Recently,  Kikuchi  and  Bends0e  [1]  presented  a homogenization  method  for  solving 
generalized  structural  layout  problems.  An  initial  domain,  provided  by  the  designer,  is 
discretized  into  finite  elements.  Boundary  conditions  are  also  supplied  at  this  stage.  The 
density  and  stiffness  properties  of  the  elements  are  determined  by  applying  homogenization 
to  the  model  of  a unit  cell  with  a rectangular  hole;  see  Figure  1.  Using  the  dimensions  (a 
and  b)  and  orientation  angle  (6)  of  the  holes  as  design  variables,  the  method  searches  for 
the  minimum  compliance  or  maximum  stiffness  of  the  structure  subject  to  a volume 
constraint.  In  other  words,  homogenization  solves  the  problem  formulated  in  Eq.  1.  A 
given  amount  of  material  is  thus  redistributed  with  microstructure  properties  as  variables. 
The  resulting  material  distribution  corresponds  to  an  optimum  topology  that  can  vary  from 
truss-like  configurations  to  closed  solid  shapes.  The  method  has  been  successfully 
implemented  to  date  for  two-dimensional  structural  problems  [1,2]. 


solid 


t- ’ 

Figure  1.  Definition  of  a microscale  hole,  i.e.,  a finite  element  for  homogenization  method. 


Minimize  Mean  compliance  of  structure 
subject  to 

Equilibrium  equations  ( 1 ) 

Amount  of  material  as  a percentage  of  total  domain  volume 
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Three-Phase  Design  Methodology  (ISOS) 


**®p  «^csign  optimization  process 

can  be  ijrfon^aaording  to  the  following  general  s^^  ^ non  process 

PhS  II-  *1®  topology  for  the  structure, 

nase  IL  ftocess  and  mterpret  the  topology  information. 

Phase  in:  Create  a par^tric  model  for  detailed  shape  and  size  optimization  of  the 
Thi^  ^PP*y  Standard  optimization  techniques. 

nnriin<.H  !f  ^ Integrated  Strucnnal  Optimization  System  (ISOS) 

outlined  in  Fig.  2,  and  desenbed  in  general  terms  by  Papalambros  and  Chirehdast  in  [3].’ 
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Example  1 


The  operations  performed  by  ISOS  in  Fig.  2 arc  best  iUusti^  ^gh  the  sun^e  example 
shown  in  Rg.  3.  Figure  3(a)  is  the  starting  point  Rguic  3^)  is  the  ou^ut  of  Pha«  I and 
input  to  Phase  H.  Figure  3(c)  is  the  output  of  Phase  II,  and  is  converted  by  the  designer  to 
Fig.  3(d)  as  input  to  Phase  in. 


Figure  3.  Design  example  1:  a)  design  domain  and  boundary  conditions;  b)  density 
distribution  generated  by  homogenization;  c)  processed  image;  d)  user 
interpretation  and  detailed  design  model  (design  variable  xi). 
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Image  Interpretation  Module  (Phase  II) 


Of  higher  level  ImowledgeS^  Ae^cnSit^^  being  extraction  and  processing 

image  processing  and  computer  vision  tJ^ninn^c  generated  by  homogenization  using 
impose  nonsmc^reqSf„„™'“^^  Another  pui^se  of  Phase  II  is  i5 

IS  accomplished  usin^niam-dependenuiile'^^^  I"”"”  rJ*™?  which 

can  only  handle  iwnrdin^„^SriT  homogenizadon 

•iimensional  siruemms  n^T^  dSteSr  ^cs  of  iwo- 

sirucmres.  trusses,  and  frames  ^ strain 

Stress/plane  strain  structures  and  trusses^^  J dealing  with  plane 

amomadon  for  tieattag  msseTinTh^S  >especdvely.  The  degree  of 

Invesdgadon  of  frames  ^ be  the  focus  of  oi  rest^Sta  the“^l^fi,m 


to  Phase  III  (DDM) 

Figurea.  Phase n (Image Intwpretcr Module) in 
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Detailed  Design  Module  (Phase  III) 

A detailed  design  model  is  set  up  in  Phase  in  to  p*erform  sizing  and  shape 
optimizadon.  The  number  of  design  variables  and  constraints  is  usually  numerate  at  this 
point,  and  general  mathematical  programming  algorithms  can  be  used,  allowing  versatility 
in  objective  and  constraint  function  specifications.  In  ISOS,  an  evolved  version  of  the 
structural  optimization  package  SAPOP  [5,6]  is  used;  it  consists  of  a finite  element  program, 
several  constrained  optimization  algorithms  and  standard  pre-  and  post-processors, 
including  automatic  mesh  generation.  At  this  stage,  the  designer  can  once  again  check  if 
the  proposed  design  is  satisfactory.  Figure  5 depicts  a schematic  overview  of  SAPOP  and 
Phase  in.  Two  distinct  models  of  the  design  are  required  by  Si^P.  namely  structural  and 
optimization  model.  For  further  detail  on  this  module  refer  to  either  SAPOP  references  [5,6] 
or  previous  publications  on  ISOS  [3,4]. 


IIM  (Phase  II) 


Modify  Interpretation 
In  Phase  II 


Boundary  Data 
Structural  Membara 


s 


Ik 

DETAILED  DESIGN  MODEL  1 

[B3] 

Structural  Model  (FEM) 

ODtimization  Model  i 

J, 

Design  Variables 
Shape  Functions 


Objectives 

Constraints 


PRE-PROCESSING 


Shape  Functions 
Mesh  Generation 


OPTIMIZATK 

3N  ALGORITHM 

min  f(x] 

IS.L  g(x)sO 

FINITE-ELEMENT 

MODEL 

KfV)u  = 

r(y) 

POST-PROCESSING 


Ob]ectlves,Constralnts 
u f(u) , g(M) 


No 


YYes  , 

1 FINAL  DESIGN 

*1 

Figure  5.  Detailed  flow  chart  of  Phase  HI  (Detailed  Design  Module). 


Example  2 - Truss  Optimization  (Phase  I) 


F=20kN 


(a) 


Figure  6.  (a)  Design  specifications  and  (b)  Optimum  material  distribution  for  Example  2. 
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Example  2 (Output  of  Phase  II  and  Some  Alternative  Designs) 


The  final  output  of  Phase  H for  this  example  is  shown  in  Figure  7 which  results 
automatically  by  performing  the  steps  explained  in  [4].  At  this  stage,  we  search  for  the 
Tninimiim  weight  design  that  satisfies  the  above  specified  stress  and  ^splacement 
constraints.  Design  variables  are  cross  sections  of  tn^  n^beis  and  the  crordmates  ot  the 
unrestrained  and  unloaded  nodes.  To  study  the  optimality  of  the  proposw  topology,  it  is 
compared  with  some  common  truss  topologies.  Truss  models  of  four  diffwnt  topologies 
were  chosen  to  conduct  the  study  and  are  shown  in  Fig.  8,  dotted  hnes  mdicatmg  truss 
elements  removed  by  sizing  optimization. 


Figure  7.  Output  of  Phase  II  for  Example  2. 


Homogenization  Topology  Fourteen-Bar  Topology 

Figure  8.  Alternative  engineering  solutions  for  the  bracket  problem. 
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Example  2 (Phase  III  and  Final  Results) 


of  '^hcre  design  variables  are  only 

• u • a combined  sizing  and  geometry 

are  intrndiirp^ac^'^*"  where  a^tiOTally  coordinates  of  unrestrained  and  unloaded  nodes 
the  loSSt  wdvtfr^n  SI.  f ■ ^if-  proposed  by  Phase  I is  clearly  leading  to 

acsigns.  The  nodes  of  the  homogenization  truss  are  nearly  optimallv  located 
even  before  geometry  optimization  is  perfoimed  in  Phase  m.  opumauy  located 


Table  1.  Comparison  of  initial  and  optimal  weights  resulting  &om  sizing  optimization. 


Model 

Weight  [kg] 
Initial  Final 

Five-Bar  Truss 

31.29 

28.012 

Ten-Bar  Truss 

40.51 

25.527 

Homogenization  Truss 

3227 

23.294 

Fourteen-Bar  Truss 

42.51 

28.095 

Table  2.  Companson  of  initial  and  optimal  weights  resulting  from  sizing  and  geometry  optimization. 


Model 

Weight  [kg] 
Initial  Final 

Five-Bar  Truss 

31.29 

28.012 

Ten-Bar  Truss 

40.51 

23.714 

Homogenization  Truss 

32.27 

22.848 

Fourteen-Bar  Truss 

42.51 

23.540 
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Example  3 - Solid  Two-Dimensional  Structure  (Phase  I) 

A bracket  is  loaded  by  a single  force  and  a nsoment,  shown  in  Fig.  9.  A minimum  weight 
design  subject  to  stress  and  displacement  constraints  is  sought.  The  allowable  equivalent 
stress  is  50  N/mm^  and  the  allowable  deflection  at  the  loading  point  is  0.1  mm.  The 
homogenization  output  is  shown  in  Hg.  10  where  the  imposed  volunoe  constraint  is  50%. 


ThicknoK  18mm 
SqnareHtdet:  10mm  x 10  mm 
F-178(W 
M«45^Nm 


Hgure9.  Boundary  specifkaiioiu  and  initial  desigD  domain  for  Example  3. 


Hgure  10.  Optimum  material  distribution  for  Example  3 (solid/voidtaliOBl/l) 
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Example  3 (Phases  n and  III) 


^ two-dimensional  solid  and  subsequendy 

that  linear  functions  as  wSL  r ^ depicted.  Note 

these  images,  an  initial  design  i?const^r^?*T^  sn^thmg  the  bound^es.  Based  on 
accounting  also  for manufacn^ffrv^c*  ^hieve  structural  optimality  while 

representation  The  elemrnf  straight  lines  and  fillets  arc  used  for  boundary 

Kn  i^igZ  1 1(c)  N?te  Phased 

model  of  Fie  llSSJxSL  transition  from  the  image  shown  in  Fig.  11(b)  to  the 

weight  as  the  objective  with  stress  and  **®*at^®t*  design  model  has 

allows  variations  in  the  iS>n^  cons^ts  as  defined  above,  and 

®=tts.‘55Sss3«irsjK'^^  " 

iterations  with  a ^ftnuMrioi 5 • nted  in  Fig.  11(d),  achieved  after  12  optimization 

minimumweightdesignsatisf^gboth^S^ 


(c) 


(d> 
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Conclusions 

The  integrated  structuial  optimization  system  (ISOS)  described  here  offere  an  exciting  new 
capabUity  for  structural  design.  The  ability  to  generate  topologiw  on  a ngoious  analyuc^ 
foundation  opens  the  way  for  integrating  several  tools  from  different  disciphncs  such  as 
structural  mechanics,  manufacturing,  computer  vision,  exj^  systeim,  and  mame^ncal 
optimization.  A unique  attribute  of  this  system  is  its  capability  to  allow  e^amiMnon 
desim  constraints  in  many  different  domains.  The  mtegrated  program  ISOS  is  obviously  in 
an  evolving  state.  Modules  I and  m are  sufficiendy  dwcloped  to  operate  m m auton^t^ 
way.  In  M^ule  II,  the  image  processing  capability  is  fairly  weU  developed,  but  ^ i^gc 
interpretation  module  is  not  yet  automated  and  wiU  provide  a continumg  challenge.  It 
should  be  noted  that  progress  offered  by  other  researchers  in  feature-bas^  design  and 
design  fw  manufacturability  can  directly  benefit  autcxnatKHi  efforts  for  this  module. 
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AND  DYNAMIC  STIFFNESS 
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1 INTRODOCnON 

Any  optimization  of  structures  for  maximum  stedbility  or  for  raeiximum 
dynamic  stiffness  deals  with  an  eigenvalue  problem.  The  goal  of  this 
optimization  is  to  raise  the  lowest  eigenvalue  (or  eigenvalues)  of  the 
problem  to  its  highest  (optimal)  level  at  a constemt  volume  of  the 
structure.  Likely  the  lowest  eigenvalue  may  be  either  inherently 
multimodal  or  it  can  become  multimodal  as  a result  of  the  optimization 
process.  The  multimodness  introduces  some  ambiguity  to  the  eigenvalue 
problem  and  make  the  optimization  difficult  to  handle.  Thus  far,  only 
the  siiqplest  cases  of  multimodal  structures  have  been  effectively 
optimized  using  rather  elaborate  analytical  methods  ((1-4J).  Numerous 
publications  report  design  of  a minimum  volume  structure  with 
different  eigenvalues  constraints,  in  vdiich,  however,  the  modality  of 
the  problem  is  assumed  a priori  (see  (5-7J,  for  example).  The  method 
presented  here  utilizes  a multimodal  optimality  criteria  and  allows 
for  inclusion  of  an  arbitrary  number  of  buckling  or  vibrations  modes 
which  might  influence  the  optimization  process.  The  real 
multim^ality  of  the  problem,  that  is  the  number  of  modes 
participating  in  the  final  optimal  design  is  determined  iteratively. 
Because  of  a natural  use  of  the  FEM  technique  the  method  is  easy  to 
program  and  might  be  helpful  in  design  of  large  flexible  space 
structures. 

2 THE  OPTIMALITY  CRITERIA 

The  buckling  2und  the  free  vibrations  problems  are  formulated  euid 
solved  using  very  similar  numerical  techniques.  Consequently,  the 
optimality  criteria  for  those  two  cases  must  be  also  very  similar. 
Here,  due  to  space  limitations,  only  the  optimality  criteria  for  the 
highest  frequency  of  free  vibrations  is  briefly  -outlined. 

Using  finite  element  formulation  the  free  vibrations  problem  is 
defined  by; 

(K  - X.M)x^  - 0 (1) 

vAiere  K is  the  elastic  stiffness  matrix,  M the  mass  matrix,  x.  is  the 
i-th  vibrations  mode  and  X.  represents  the  square  of  the  corresponding 
frequency  of  free  vibratiTons.  Multiplying  Eqn.(l)  by  x.,  the 
eigenvalue  X^  can  be  expressed  in  the  form  of  the  Rayleiglf  quotient 
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(2) 


1/2  x.Kx. 

X.  = 

^ 1/2  x^Mx^ 

v^ere  the  mjmerator  represents  the  strain  energy  and  the  denominator 
represents  the  kinetic  energy  of  the  vibrating  structure. 

Using  a proper  eigenvalue  solver  the  solution  to  the  problem  (1)  is 
obtained  in  the  form  of  the  set  of  eigenvalues  vrtiere 

and  the  corresponding  set  of  eigenmodfes'^j^,X2,X3. . . . 

The  purpose  of  optimization  discussed  here  is  to  maximize  the  first 
eigenvalue  X.  for  a structure  of  prescribed  weight.  Clearly  when 
increasing  X^  it  may  become  equal  to  X^,  then  to  ^ and  so  on. . . 
Consequently  the  optimization  finally  may  need  to  ifenitor  N modes. 
Note  that  the  number  of  modes  which  must  be  considered  to  reach  the 
optimal  design  is  unknown  a priori  and  may  be  difficult  to  predict. 


In  order  to  derive  an  optimality  criterion  for  the  above  problem 
consider  the  following  Lagrange  functional: 


N 


F(x,h)  - (1/2  x,KXi)/C,  + E Y. [(1/2  x.Kx. )/C.  - (1/2  x.Kx,)] 
j^llii_2i  iix 

+ E h.  (1/2  x.Mx.  - C. ) + e (E  W.  - W ) 
i-1  ^ 111  J V 


(3) 


vdiere  h is  the  design  variables  vector  representing  a property  (area, 
thickness,  etc.)  of  each  element  to  be  optimized,  Cj^  is  an  arbitrary 
constant  to  normalize  the  i-th  vibrations  mode,  W . and  W_  are  the 
weight  of  the  j-th  element  and  the  total  weight  respectively, 
and  fi  are  the  Lagrange  multipliers. 


The  multipliers  h-  and  3 can  be  determined  explicitly  and  the 
necessary  conditions  for  optimality  of  the  functional  (3),  after  some 
algebra,  are  derived  in  the  form: 

N 1 N X.  . 

(1  - E Y-)  NSE  . + E Y.  [—  (NSE  . - 1)  + 1]  - p-1  (4a) 

i-2  ^ 3 i-2  ^ X^  ^ 

Y.(X.  - Xi  ) - 0 i - 2 ...  N (4b) 

1 1 

where:  NSE^^  - (W^j)  (1/2 

and  K^j  - pKj  - X^Mj 

NSE^ . is  the  normalized  equivalent  strain  energy  of  the  j-th  element 
due  lo  the  i-th  vibrations  mode  and  x.  . must  satisfy  Eqn.  (1).  The 
parameter  p represents  the  relation  betwen  the  stiffness  and  the  mass 
of  each  element  which  was  assumed  in  the  form: 

(Mj)P/Kj  * const. 

Eqn.  (4a)  must  be  satisfied  for  each  element  of  the  structure,  and  the 
switching  conditions  (4b)  must  be  satisfied  by  every  eigenvalue  X.. 

As  can  be  seen  from  Eqn.  (4b)  the  number  of  nonzero  Lagrange 
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iKiltipliers,  t,,  indicates  the  nmdality  of  the  nroblem  Per  eh. 
correct  number"  of  modes  influencing  the  final  o^t^rdesf^ 
equations  (4a)  and  (4b)  can  be  combined  into  one  c^TtioS 

(1  NSE^j  NSE*^  . ,5, 

h°  discussed  in 

optimal  design  represented  here  by  H is,  in 

cSHdet'Ei^  ( 4b’)”''Z'f  ® also 'simultaneously 

consider  Eqn.  (4b).  Unfortunately,  Eon.  (5)  can  be  saticfioH  K,r  ^ 

conditions  (4b).  *?Siis 
features  rakes  the  optimization  procedure  based  only  on  (5) 

somewhat  difficult  to  handle.  ^ 

3 IHE  ITERATIVE  PROCEDURE 

iterative  procedure  is  to  meet  the  optiralitv 
conditions  hy  correcting  the  design  variables  vector,  h^  The  ^ 

Srfou“ing'’jteps“^  cai^^ted’ting 

a)  For  a given  structure  solve  the  eigenvalue  problem  to  obtain  th«» 

b)  5?niz?na''ih^  of  ^es,  N fwe  asLi^tg) 

c)  splprf  a^"n  *^®sults  from  Step  (a)  determine  the  energies  NSE.^. 

proper  set  of  the  multipliers  y.  (see  comnents  beloi^l  * 

d)  Determine  the  local  error  (for  the  j-th  elim^tT  a^  ’ 

N . N - 


(1  - Z Y^)  NSE^.  + E y nSE^.  - p + 1 


(6) 


uI^'X  -“’o.O?01)'4j=  “ assumed  tolerance  a (w 


Ei j I < A for  all  elements  smd  X./Xj^  - 1 < A for  i - 2 


< A for  i 


Nj^+1  . . N 


(7) 

orthe^'s^ ’'i  "r  ®®PC®®ents  the  modality 

f)  If  the  optimality  criteria  are  not  met,  correct  the  desion 
variables  accordingly  to  the  formula  ^ 


5h. 

3 


c^.h. 
3 3 


(8) 


where  c is  a positive  number  and  repeat  steps  (a-e). 


Note  that  in  steps  (a)  and  (b)  only  the  magnitudes  of  nse^  *ro 

fseFtio)^ 

the  convergence  of  the  optimization  prowss.  ^ ^ secures 
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First  the  magnitudes  of  y' ■ are  calculated  minimizing  the  global  error 
defined  as  The  minirttization,  vdien  using  Eqn.  (6),  leads  to  the 

set  of  linear ^algebraic  equations  in  the  form 
N 

E \i  Y'i  “ \ k - 2 ...  N (9) 

vrtiere  aj^^  and  bj^  are  known  functions  of  NSEl’^j 

The  second  phase  inplements  corrections  to  y'^  with  respect  to  the 
difference  tetween  emd  X^  in  the  form; 

Yi  - Y'i  (X^/X.)^"^  i - 2 ...  N (10) 

The  relation  (10)  is  used  to  satisfy  iteratively  the  switching 
condition  (4b)  emd  plays  a very  important  role  in  determination  of  the 
modality  of  the  problem.  For  i ^ the  difference  between  Yi  and  y’ ^ 
gradually  disappears  while  for  i > the  values  of  Yi  are 
consistently  driven  to  zero  the  same  eTiminating  the  corresponding 
modes  fron  optimization. 

4 SOME  RESULTS  AND  DISCUSSIGN 

The  procedure  discussed  here  has  been  used  for  optimal  design  of 
columns,  frames  and  plates.  Some  unimodal  and  bimodal  cases  of  the 
optimization  for  maximum  stability  were  presented  in  [8-10).  The 
optimization  program  interacts  with  ANSYS,  the  FEM  software,  vdiich 
performs  the  euialysis  required  in  step  (a). 

Fig.  1 shows  the  exan^les  of  bimodal  and  trimodal  designs  for  maximum 
stability.  Fig.  2 presents  the  case  of  optimal  design  of  the  plate 
for  maximum  frequency.  In  both  cases  the  optimization  was  initiated 
frcxn  the  uniform  shape  euid  the  increase  in  the  buckling  load  or  in  the 
frequency  of  free  vibrations  is  also  related  to  the  corresponding 
parameter  for  the  uniform  structure. 

The  numerical  experimenting  indicates  that  the  method  is  globally 
convergent,  though  the  process  requires  a high  accuracy  in 
calculations  of  eigenmodes  in  every  iteration. 
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(0)  BIMODAL  OPTIMIZATION  OF  FIXED -FIXED  COLUMN 


(b)  TRIMODAL  OPTIMIZATION  OF  FRAME 


FIG.  I EXAMPLES  OF  MULTIMODAL  OPTIMIZATION  FOR  MAXIMUM  STABILITY 
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ABSTRACT 

vehicin“*"7  in  hypersonic 

vehicles  has  resulted  in  a renewed 

Interest  in  thermal  stress  analysis  of 
airframe  structures.  While  there  are 
numerous  texts  and  papers  on  therma! 

ex^rfe  = ^ = examples  and 

experience  on  li^ht  £a«e  aircraft 
structures  are  fairly  limited  A 
program  has  been  undertaken  at 
■ ■ Dynamics  to  demonstrate  the 

methods 

of  analysis.  gain  experience  in  their 
thermal''  engineering  Judgement  in 

forth),  4^  analysis.  The  approach 
for  this  project  has  been  to  conduct  a 
aeries  of  analyses  of  this  sample  problem 
and  compare  analysis  results  with  test 
data  This  comparison  will  give  an  idea 
Of  how  to  use  our  present  methods  of 
thermal  stress  analysis,  and  how  accurate 
we  can  expect  them  to  be. 

INTRODUCTION 

Several  strategies  for  thermal 
stress  analysis  have  been  used  in  the 
to  the  emergence  of 
mpu  erized  analysis.  numerous  texts 
were  written  on  closed  form  (or 
classical")  methods  (see  Reference  1). 
When  these  have  been  used,  such  as  on  the 
. X-20.  and  B-58.  several  drawbacks 

occurred.  DLength  on  time  required  to 
perform  calculation  made  it  difficult  to 
converge  on  a design  (Reference  2). 
2)Unknowns  such  as  Joint  flexiblity  and 
simplifying  assumptions  often  led  to 
overprediction  of  stresses  (Reference  3) 
or  surprising  failures  (Reference  4). 

With  the  emergence  of  digital 
computers,  the  finite  element  method  came 
into  prominence  for  structural  analysis. 
For  thermal  analysis.  the  finite 
difference  method  has  become  the  primary 
computer  method.  This  resulted  in  more 
detailed  analysis  in  both  specialltes. 

late  1980-s  and  the 
19'0  s.  there  was  little  activity  in 
thermally  stressed  airframe  structures. 
For  example.  the  original  design 
philosophy  of  the  space  shuttle  was  that 
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the  TPS  (Thermal  Protection  System ) would 
tr'’  stresses  fro.  developing  in 
the  orbiter  structure.  This  assumption 
has  proven  to  be  false  (References  5 
through  7).  Reference  S briefly 
discusses  some  of  the  problems  of  thermal 
stress  analysis  as  done  on  the  Space 
Shuttle  Orbiter.  Thermal  Analysis  was 

(finite"  iwp  l“"Psd  parameter 
(finite  difference)  models.  Most 

-tress  analysis  were 
obtained  by  interpolating  between  these 
models.  The  potential  for  error  at  this 
point  in  the  analysis  is  high,  especially 
if  thermal  analysis  models  are  not  in  the 
right  place  or  if  the  distance  between 
the.  is  too  great.  NASA  has  concluded 
that  more  detailed  thermal  models  are 


needed.  This  in 
autonatlng  aethoda 
generation  (slBllar 
preprocessors ) , 2) 


turn  requiresi  1) 
of  theraa  1 nodel 
to  finite  element 
faster  solution 


techniques,  3)  automating  the  search  for 
critical  conditions,  4)  Improved  modeling 
techniques  to  reduce  model  size,  5) 
automating  data  transfer  and/or 
interpolation  between  thermal  analysis 
and  structural  analysis  (slallar  to 
finite  element  post  processors),  and  6) 
aore  reliable  and  accurate  caculatlon  of 
aerodynamic  heating  inputs. 

To  achieve  these  goals,  NASA  Langley 
Research  Center  has  begun  developing  a 
fully  Integrated  finite  element  method, 
encompassing  structural,  thermal,  and 
aerodynamic  analysis  into  a single 
solution.  The  main  reasons  for  this 
strategy  are  1)  to  solve  the  problem  of 
interfacing  the  different  discipines  by 
eliminating  the  interface,  and  2)  taking 
advantage  of  the  model  generating 
capablitles  of  existing  finite  elememnt 
pre/post  processors.  While  this  work  is 
still  in  the  development  stage,  it  shows 
great  promise  <see  References  8 through 
10).  The  method  has  tentatively  been 
named  LIFTS  (Langley  Integrated  Fluid- 
Thermal-Structural  Analysis). 

Until  LIFTS  or  other  new  methods  are 
fully  op.ratlonal,  wm  .uat  work  with 
axistlng  methods.  This  means  using 
ite  element  methods  such  as  NASTRAN 
for  structural  analysis.  finite 
fference  methods  (such  as  SINDA)  for 
thermal  analysis.  and  either 

approximation  methods  (such  as  AEROHEAT) 

! ^‘^o-pvtational  fluid  dynamics) 
methods  for  aerodynamic  heating  analysis. 

* problem  then  becomes  one  of 
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interfacing  and  coordinating  the 
different  analyses.  Our  first  attempts 
quickly  showed  that  if  each  task  was  done 
independently,  without  coordination  and 
cooperation,  results  would  be  dismal.  It 
was  therefore  decided  that  all  three 
analyses  must  be  worked  on  a common  grid 
layout,  and  that  the  interface  between 
them  would  be  automated  by  a computer 
program  to  generate  a SINDA  model  from  a 
NASTRAN  model,  and  to  reformat  SIHDA 
output  for  use  by  NASTRAN.  This  computer 
program,  developed  by  General  Dynamics 
under  discretionary  funding,  is  called 
NASSINDA. 

Once  this  procedure  was  operational, 
it  was  decided  to  exercise  it  on  a test 
problem.  This  was  intended  to 
demonstrate  our  capablities,  to  develop 
experience  and  technique  in  this  type  of 
analysis,  and  to  find  bugs  in  the  code. 
The  test  problem  needed  to  be  fairly 
representative  of  airframe  structure, 
well  documented,  and  well  instrumented. 

HWTS  BACKGROUND 

The  problem  chosen  for  analysis  was 
the  Hypersonic  Wing  Test  Structure 
(HWTS),  HWTS  is  a metallic  structure 
simulating  the  wing  of  m hypersonic 
aircraft  (see  Figure  1).  The  design  of 
the  HWTS  was  based  on  the  mission  loads 
and  teaperatures  calculated  for  the  wing 
portion  of  the  Hypersonic  Research 
Airplane  (HRA),  a study  vehicle  which  was 
never  built* 

A major  design  consideration  was  the 
pushover  - pu I lup  loads  maneuver.  This 
maneuver  is  initiated  at  Kach  8 at  an 
altitude  of  27.4  km,  and  consists  of  m - 
0.5  G pushover,  a '*■2.5  G pullup,  and  a 
return  to  a nominal  research  mission 
descent  profile.  Preload  and  postload 
maneuvers  precede  and  follow  the  actual 
loads  maneuver,  providing  transitions  to 
and  from  the  nominal  flight  path.  The 
entire  loads  maneuver  took  42  seconds, 
with  a maximum  dynamic  pressure  of  83.78 
kn/a*«2  obtained  during  this  time. 

TEST  ARTICLE 

The  following  description  of  the 
HWTS  test  article  is  based  on  Reference 
XX  and  engineering  drawings  of  the  HWTS. 

Figure  2 shows  the  general 
diaenslons  and  shape  of  the  HWTS  with  a 
transition  section.  The  wing  is 
cantilevered  froa  W.S.  (wing  station)  42. 
00  (X  . 087H).  The  wing  was  tested 
inverted , so  the  compressive ly  loaded 
surface  of  the  actual  vehicle  would  be 
the  lower  surface  of  the  test  structure. 
Although  not  a part  of  the  airplane 
design,  the  transition  section  was 
included  to  provide  a buffer  between  the 
support  structure  and  the  test  portion  of 
the  wing.  The  five  most  critically 
compression  - loaded  panels  are  the  lower 
root  panels. 

Skin  panels  of  the  HWTS  are  the 
primary  load  carrying  members.  They  are 
foraed  froa  a single  sheet  of  Rene*  4X 
with  seven  alternating  up  and  down 


circular  arc  beads  parallel  to  the  win 
spars.  Doublers  were  spot-welded  to  th 
ends  of  the  panel  to  prevent  local  end 
failure  and  to  reduce  excessive 
deformation  caused  by  shear.  Over a 1 1 
panel  dimensions  are  X9.25  inches  (48.8 
ca)  by  42.9  inches  (X09.0  cm).  Beads  are 
.026  inches  ( . 066  ca)  thick  having  a 
radius  of  1,045  inches  (2.654  ca)  with  an 
included  angle  of  155  degrees.  The  flat 
sections  between  the  beads  are  . 438 
inches  (1.113  cm)  wide  and  .036  inches 
(0.091  cm)  thick.  Four  channel  sections 
are  spot  welded  to  the  beaded  panel  to 
provide  attachment  points  for  metallic 
heat  shields.  The  beaded  panels  are 
attached  to  the  caps  of  orthogonal  spars 
and  ribs  by  screws. 

Figure  2 shows  the  HWTS  mounted  in  a 
support  fixture.  2-shaped  clips  are  used 
to  connect  the  heat  shields  to  the 
structure.  The  HWTS  has.  six  spars 
perpendicular  to  the  aircraft  centerline, 
producing  five  chordwise  bays.  Both  the 
spar  and  rib  webs  have  sine  wave 
corrugations  allowing  for  thermal 
expansion.  The  outboard  portion  of  the 
structure  between  the  leading  edge  rib 
and  the  30%  rib  is  covered  by  an 
insulation  packett  the  Insulation  is 
intended  to  keep  maximum  structural 
teaperatures  below  1005  degrees  K and  to 
keep  spanwise  temperature  gradients 
constant . 

The  heat  shields  are  slightly 
corrugated  in  the  chordwise  direction. 
In  general,  two  heat  shields  cover  each 
full  - size  beaded  panel.  Heat  shield 
extensions  were  provided  around  the 
boundaries  of  the  test  structure  to 
improve  the  heating  simulation  of  the 
outer  spars  and  rib  webs. 

Figure  2 shows  the  attachment  of  the 
wing  to  the  support  structure.  Twelve 
horizontal  links  provide  spanwise 
horizontal  load  reaction  and  reaction  for 
bending  moment  about  an  axis  parallel  to 
the  aircraft  centerline.  Each  link  has  a 
spherical  ball  at  each  end  so  that 
thermal  growth  of  the  wing  is  not 
restricted  by  the  support  structure. 
Water-cooled  fittings  were  placed  between 
the  links  and  the  wing  to  aaintain  the 
support  structure  at  room  temperature 
during  tests.  There  is  also  an 
insulation  packet  that  extends  along  the 
wing  root  to  prevent  heat  losses. 

Three  sets  of  testing  have  been  done 
on  the  HWTS.  Originally,  it  was  believed 
that  lateral  pressure  on  the  beaded  skin 
panels  was  an  important  consideration.  A 
"pressure  pan**  was  placed  under  each  of 
the  critical  lower  surface  root  panels, 
and  pressure  was  applied  to  create  a 
lateral  load  on  the  panel.  This  is  the 
^•riaa  of  tests  described  in  Reference 
X2.  Later,  these  tests  were  repeated 
with  a set  of  panels  of  alternate  design. 
Finally,  attention  shifted  away  froa  the 
panels  and  to  the  global  theraa I stress 
analysis  problea.  The  pressure  pans 
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block  radiation  coaln^  off  the  backside 
of  the  skin  panels,  so  they  were  depleted 
froa  the  third,  or  ‘'Retest'*  series  of 
tests.  This  data  has  not  been  formally 
reported  by  NASA,  but  was  aade  available 
for  our  use  (Reference  13). 

TEST  INSTRUMENTATION 

A total  of  370  thermocouples,  102 
strain  faifes,  and  18  deflection  pots  were 
Installed  on  the  HWTS  for  the  “Retest** 
series  of  teats.  Some  78  of  the  strain 
gages  were  conventional  foil  gages,  which 
are  Halted  to  temperatures  of  550 
degrees  or  less.  The  remaining  24  strain 
gages  are  weldable  strain  gages,  which 
are  operational  at  higher  temperatures. 
This  has  an  impact  on  the  test  conditions 
which  will  be  discussed  later. 

Instrumentation  Is  concentrated  In 
and  around  Bay  “H“  (Figure  3>,  which  Is 
bounded  by  spars  at  F.S.  950  (24.130M) 
and  F.S.  970  (24.638M)  and  ribs  at  B.L. 
54  (1.372M)  and  B.L.  97.835  (2.479M). 
This  bay  Is  one  of  the  Inboard  bays,  and 
therefore  heavily  loaded  (The  wing  root 
Is  at  B.L.  54.0).  It  is  also  as  far  as 
possible  from  the  thermal  boundaries, 
making  the  thermal  simulation  In  this 
area  as  realistic  as  possible.  Thus, 
this  area  Is  the  center  of  attention. 

TEST  PROCEDURE 

The  “retest**  series  of  tests 
consisted  of  three  test  runs.  First  was 
a check-out  run  to  verify  operation  of 
Instrumentation,  loading  system,  heating 
system,  and  controls.  Only  rooa 
teaperature  deflection  data  Is  available 
froa  this  run  (Condition  4.1.3).  The 
second  test  was  a combination  of  thermal 
and  mechanical  loads,  with  the 
temperatures  limited  to  550  degrees  F 
(Condition  550.  4).  This  Insured  that 
teaperature  Halts  of  strain  gages  were 
not  exceeded.  The  third  test  was  a 
coabination  of  mechanical  loads  and 
thermal  load,  similar  to  the  second  test, 
except  that  temperatures  were  Halted  to 
1100  degrees  F (condition  1000.4).  This 
aeans  that  the  foil  strain  gages  were 
destroyed  sometime  during  the  test,  with 
only  the  24  weldable  strain  gages 
operational  throughout  the  test. 

THERMAL  STRESS  ANALYSIS  VERIFICATION 

The  object  of  the  HWTS  Investigation 
at  General  Dynamics  was  to  exercise  our 
methods  of  thermal  stress  analysis,  debug 
them,  and  develop  experience  using  thea 
in  realistic  airfraae  structure 
applications.  Our  approach  has  been  to 
run  a series  of  demonstration  problems 
based  on  data  froa  the  HWTS  tests  Just 
described.  Coaparlslon  of  test  and 
analytical  results  helps  give  an 
understanding  of  the  accuracy  of  our 
cm  leu lations . 

CHECK  PROBLEM  ONE  - BAY  H OF  HWTS 

Bay  H,  one  of  bays  on  the  HWTS,  was 
chosen  as  the  basis  of  our  first  checkout 
problem  for  a variety  of  reasons.  It  Is 
one  of  the  most  Inboard  bays  and 
therefore  most  heavily  loaded 
aechanlca  1 ly . It  is  the  bey  farthest 


froa  the  boundaries  and  therefore  aost 
realistic  In  Its  thermal  simulation.  It 
is  the  aost  heavily  instrumented  area  of* 
the  HWTS.  It  is  also  a small  enough 
problem  to  serve  as  a good  checkout 
before  starting  on  analysis  of  the  full 
HWTS.  In  Reference  14,  Laaeris  used  Bay 
H to  check  out  problems  in  the  COSMIC 
NASTRAN  thermal  analyzer.  A copy  of  that 
NASTRAN  deck  was  provided  by  NASA  Dryden. 
Our  analysis  was  aade  using  the  same  grid 
layout . 

NASSINDA  does  not  recognize  the 
NASTRAN  heat  transfer  (CHBDY)  eleaents 
used  by  Laaeris,  so  they  were  replaced  by 
dummy  CQUAD4  and  CTRIA3  eleaents  which 
represent  the  heat  shield.  The  aodel  Is 
Illustrated  in  Figure  4. 

The  first  run  of  the  SINDA  model  was 
incorrect  due  to  an  input  data  error. 
The  second  run  produced  skin  temperatures 
In  good  agreement  with  measured 
temperatures  in  Reference  14,  but 
understructure  (spar  webs)  temperatures 
were  too  high.  Since  the  spar  webs  are 
corrugated  In  a sine  wave  pattern,  they 
have  a higher  conductance  In  the  vertical 
direction  than  the  flat  plate  values  used 
In  this  run.  Also,  an  eaisslvlty  value 
of  .8  was  used,  which  was  Judged  to  be 
too  high. 

For  the  third  run,  the  conductances 
of  the  spar  webs  was  Increased  in  the 
vertical  direction.  This  resulted  In  an 
Increase  in  cap  temperatures  and  a 
reduction  of  web  teapertures.  However, 
the  lower  web  temperatures  were  still  too 
high  early  in  the  trajectory.  For  the 
fourth  run,  eaisslvlty  was  changed  froa  . 

8 to  .85.  Good  agreement  was  achieved  on 
understructure  and  skin  teaperatures,  as 
shown  In  Figure  5.  This  gave  us  enough 
confidence  to  procede  with  an  analysis  of 
the  full  HWTS. 

CHECK  PROBLEM  TWO  - FULL  HWTS 

Since  the  thermal  analysis  aodel  of 
Bay  H was  successful,  the  next  test 
problem  was  a full  three  dlaenslonal 
aodel  of  the  HWTS,  shown  in  Figure  8.  In 
Its  layout,  it  is  similar  to  a typical 
coarse  grid  internal  loads  finite  element 
aodel.  Load  carrying  skins  are  modeled 
as  CQUADe  eleaents,  spar  and  rib  vertical 
webs  are  represnted  by  CSHEAR  eleaents, 
and  CROD  eleaents  aodel  spar  and  rib 
caps.  The  aodel  was  checked  out  by 
comparing  its  deflections  under  static 
load  with  those  froa  test. 

The  General  Dynamics  MODGEN  program 
generated  the  basic  connections  of  this 
aodel.  Additional  work  done  by  text 
editing  Inc luded i 

Definition  of  element  thicknesses 
and  areas  - Data  read  froa  drawings  was 
used . 

Definition  of  radiation  enclosures  - 
Radiation  view  factor  calculations  need 
Information  on  which  parts  of  the 

structure  “see**  other  parts.  This  data 
is  included  In  NASSINDA  input  data. 
CQUAD4  elements  740  thru  780  were  added 
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to  complete  the  enclosure  between  the 
skin  and  the  heat  shield. 

Definition  of  Boundary  Conditions  - 
The  HWTS  is  'Mounted  on  a test  fixture 
nade  of  structural  steel.  This  was  added 
to  the  model,  and  tied  to  the  wing  box 
with  NASTRAN  MPC’s. 

Leading  Edge  Insulation  -*  The 
insulation  between  the  leading  edge  heat 
shield  and  skin  was  modeled  using  CHEXA 
elements  7B0  thru  794. 

Mechanical  Load  - Force  cards  have 
been  added  to  simulate  test  load 
conditions.  Force  set  41  is  condition 
660.4  (retest). 

Thermal  Load  - After  using  NASSINDA 
to  generate  the  SINOA  model,  thermal 
loads  were  added  by  imposing  a 
temperature  on  the  heat  shield  panels  in 
the  SINDA  data  deck. 

The  first  SIKDA  run  had  an  error  In 
its  input  temperature  load  (a  missing 
decimal  point)  causing  one  Input  to  be 
read  as  zero  and  rendering  the  run 
incorrect.  The  second  SINDA  run  showed 
unusual  temperature  contours  around  the 
leading  edge.  The  CHEXA  eleaents  used  to 
represent  insulation  were  1 . 5 inches 
thick,  but  the  real  insulation  blanket 
was  only  1/8  inch  thick.  Properties  of 
the  insulation  material  were  adjusted  to 
account  for  this. 

SINOA  calculated  temperatures  from 
the  third  run  show  good  agreement  with 
test  data  in  most  areas.  Several 
channels  of  thermocouple  data  appear  to 
be  in  error.  For  example,  the  lower  skin 
panel  in  the  outboard  forward  corner 
shows  a test  temperature  of  239.7  degrees 
F.  This  area  Is  insulated,  and  should  be 
closer  to  101  degrees  F.  Similarly,  a 
panel  of  the  upper  skin  showing  an  83.5 
degrees  F test  temperature  in  an 
uninsulated  area  should  be  closer  to  240 
degrees  F.  For  coaparision  purposes,  an 
**assuiied  true'*  temperature  was  used  in 
locations  where  test  data  was  apparently 
incorrect,  or  was  not  taken. 

For  most  of  the  wing  box,  calculated 
skin  temperatures  are  10  to  15  degrees  F 
higher  than  the  test  temperatures.  The 
errors  for  spar  and  rib  cap  calculated 
temperatures  are  60  to  140  degrees  F too 
low.  These  errors  give  large  fictitious 
thermal  stresses.  The  cause  of  this 
error  is  the  large  mesh  size  used.  Heat 
radiated  from  the  heatshield  to  the  skin 
goes  to  a thermal  node  in  the  middle  of 
that  skin  bay.  Heat  can  then  be 
conducted  to  the  spar  caps,  or  radiated 
to  the  understructure  webs.  Since 
radiation  is,  in  fact  distributed  over 
the  panel,  the  conduction  path  between 
the  panel  and  the  cap  is  too  long.  Also, 
since  the  spar  cap  blocks  backside 
radiation  for  3 inches  (15X)  of  the  20 
inch  wide  bay,  these  modeling  errors 
combine  to  make  radiation  heat  transfer 
from  the  skins  to  webs  too  high  and 
conduction  heat  transfer  from  the  skins 
to  caps  too  low. 


There  is  also  a radiation  path  to 
and  from  the  caps  which  is  ignored. 
Since  the  understructure  webs  are  formed 
as  sinewaves.  their  true  mass  is  greater 
than  the  flat  panel  mass  in  the  model. 

Calculated  temperatures  in  the 
“transition  bay**  ( BL  42.0  to  BL  54.0)  are 
higher  than  measured  temperatures . This 
may  be  because  the  root  attachment 
fittings  were  not  mode  led.  These 
fittings  are  a sizeable  mass  of  stainless 
steel,  and  they  were  water  cooled. 

As  a first  attempt  to  correct  this, 
eaissivity  was  decreased  from  .65  to  .63 
on  the  next  (fourth)  run.  Also,  mass  of 
the  understructure  webs  was  corrected  and 
the  water  cooled  root  fittings  were 
simulated  by  holding  the  nodes  they 
connect  to  at  a constant  80  degrees  F.  A 
comparislon  of  calculated  and  measured 
skin  temperatures  is  shown  in  Figure  7 
and  temperatures  for  a spar  are  shown  in 
Figure  8.  These  understructure 
temperatures  are  still  not  as  accurate  as 
desired . 

To  test  the  impact  of  internal 
radiation  on  the  cap  temperatures,  the 
grid  was  modified  in  two  bays  as  shown  in 
figure  9.  The  small  strips  were  added  to 
the  edges  of  two  panels  of  the  upper 
skin.  These  panels  receive  radiation 
from  the  heat  shield.  They  do  not 
radiate  on  the  back  side,  since  that  area 
is  covered  by  the  caps.  Therefore,  that 
heat  is  conducted  to  the  caps.  The 
temperature  on  the  cap  under  the  strips 
did  rise  about  40  degrees  F.  This 
indicates  that  this  is  a source  of  error 
in  the  cap  temperatures. 

Because  of  the  impact  of  mesh 
refinement  on  the  cap  temperatures,  two 
new  grids  were  laid  out,  as  shown  in 
Figure  12.  This  work  should  give  us 
enough  data  for  a mesh  convergence  study, 
and  tell  us  what  general  level  of 
refinement  is  needed  to  get  meaningful 
resu Its. 

CONCLUSIONS  TO  DATE 

First,  thermal  analysis  and 
structural  analysis  must  be  performed  In 
close  coordination  and  cooperation.  The 
analysis  grid  must  be  chosen  with 
consideration  for  both  heat  flux  and  load 
paths.  Data  transfer  between  the  two 
disciplines  must  be  automated  to  solve 
problems  of  practical  airframe  size. 

Secondly,  radiation  heat  transfer  is 
a tricky,  time  consuming  part  of  the 
prob lea . Radiation  view  factor 
calculation  is  a major  part  of  the 
problem. 

Theraophyslca 1 material  properties, 
such  as  eaissivity,  conductance,  and 
capacitance,  are  not  as  easily  available 
as  mechanical  properties.  Often  these 
are  temperature  dependent,  making  an 
exact  solution  nonlinear. 

Finally,  several  studies  of 
structure  this  size  and  numerous  smaller 
studies  are  needed  before  we  can 
reasonably  expect  to  release  hot  airframe 
structure  for  hypersonic  flight. 
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m - rrsi  r[ii>[RAiuRE  {x*i)  - s/noa  CAicuiAtco  ieiperature  r«xi . asswieo  true  vaiue 
lEWERArURES  fOR  CONOiriON  550.4  (REEfSI)  AI  400  SEtONOs' 
tOISSIVlir  = ,6J.  RE8  MASS  CORRECIEO  EOR  SIRE  lAVE  SHAPE 

FIGURE  7 - SKIN  TEMPERATURES  - CALCULATED  VS.  MEASURED 

COARSE  GRID  MODEL  GIVES  LESS  ACCURACr  IN  UNDERSIRUCIURE 


HWIS  SPAR  950 


*xx  - lESr  rEHPERAEURE 

(XXX)  - SINOA  CAICOIAIEO  fEIPERAIURE 

(XXX)  - ASSUMED  mUE  FEMPERAIURE 

EMISSIVIIX  s .05,  lEB  MASS  AOJUSIED  FOR  SINE  lAVE  SHAPE 
FIGURE  a - spar  temperatures  - CALCULATED  VS.  MEASURED 
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FIGURE  9 - LOCAL  REFINEMENT  OF  ANALYSIS  GRID 


FIGURE  10  - SPAR  TEMPERATURES  AFTER  LOCAL  REFINEMENT 
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ABSTRACT 

This  paper  addresses  the  weight  minimization  of  a circular  Plate- 
like  structure  which  resulted  in  a 26%  weight  reduction.  The 
op^imilaSon  was  performed  numerically  with  the  COPES/ADS  progr^  using 
the  modified  method  of  feasible  directions.  Design  parameters  were  the 
inner  thickness  and  outer  thickness  of  the 

maximum  yield  stress  and  maximum  transverse  displacement.  Also, 
constraint  were  specified  for 

fundamental  frequency  and  plate  thicknesses.  The  MSC/NASTRAN  finite 
element  program  was  used  for  the  evaluation  of  response  variables. 
Original  ^and  final  designs  of  the  plate  were  tested  using  an  Instron 
tenlion-compression  machine  to  compare  finite  element  results  to 
measured  strain  data.  The  difference  between  finite  element  strain 
coSSnets  and  measured  strain  data  was  within  engineering  accuracy. 


INTRODUCTION 

Weight  minimization  of  a 13.6  inch  diameter  alvminum  plate -like 
structure  with  37  holes  was  performed  resulting  in  a 26%  weight 
reduction.  The  original  cross  section  had  a uniform 
approximately  2 inches . Boundary  conditions  consisted  of  the  lower 

outer  edge  being  simply  supported.  The  structure  was  subjected  to  a 
uniform  pressure  over  a portion  of  the  surface  totaling  23.0  kips  ( 
Figure  1). 

The  purpose  of  this  study  was  to  nxomerically  determine  the  minimum 
weight  structure  which  would  satisfy  constraints  on  the  following 
performance  characteristics;  fundamental  frequency,  maximum  y^®l^ 
f tress,  and  isaxlmum  transverse  displacement. 

the  application  of  numerical  optimization  using  the  COPES/M)S 
StlmiMtion  program  in  conjunction  with  the  MSC/HhSTRMI  finite  element 
program. 


PROBLEM  FORMULATION 

The  objective  was  to  minimize  the  weight  of  the  structu^.  Overall 
dimensions,  loading,  and  boundary  conditions  are  described  in  the 
?i??odic??on  and  are  shown  in  Figure  1.  The  design  variables  were  the 
i-hiekness  at  the  center  and  thickness  at  the  outer  perimeter  of  the 
plate  with  a linear  variation  in  the  radial  direction.  The  thicknesses 
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were  bounded  from  0.1  to  10.0  inches  to  ensure  that  a physicallv 
meaningful  solution  be  obtained  (i.e.  the  thickness  at  any  point  5oes 
^ negative  value).  Constraints  imposed  on  the  design  were 
as  follows;  maximum  Von  Mises  stress  be  below  the  40.0  ksi  yield  stress 
o aJ^j^ura,  maximum  transverse  displacement  be  below  0.117  inches  and 
the  fundamental  frequency  be  within  15%  of  a specified  valve  ' All 
conditioning'^^^^  normalized  during  the  optimization  for  better  numerical 

..  weight  minimization  was  performed  with  the  COPES/ADS 

optimization  program  using  the  modified  method  of  feasible  directions 
Approximations  were  created  for  the  objective  and  response  variables 
using  Taylor  series  expansions.  At  least  three  designs  were  required  to 

order  approximation.  The  original  design  was  evaluated 
and  two  other  designs  were  obtained  by  perturbing  the  design  variables 
and  analyzing  them.  This  technique  is  not  efficient  for  problems  with 
a large  number  of  design  variables,  but  works  well  here  for  this  two 
design  variable  problem. 

FINITE  ELEMENT  MODEL  AND  TEST  MODEL 

The  MSC/NASTRAN  finite  element  program  was  used  to  evaluate  the 
variables  during  optimization.  The  structure  was  discretized 
into  532  twenty  noded  continuum  elements,  CHEXA  elements  in  MSC/NASTRAN. 

^ possible  to  model  the  structure  with  plate  elements  because  it 
did  not  meet  a ten  to  one  length  to  thickness  ratio  typically  used  for 

existing  symmetry  in  the  geometry,  boundary 
loading,  only  one-eighth  of  the  structure  was  modeled 
appropriate  symmetry  boundary  conditions.  The  finite  element 
sufficiently  refined  to  describe  performance  characteristics 
« J optimization.  it  was  necessary  to  further  refine  the  model 

gage  locations  for  a more  detailed  representation  of  the 
srrain  at  these  points. 

ar,  original  and  final  designs  of  the  structure  were  tested  using 

an  Instron  tension-compression  machine  to  compare  finite  element  results 
to  measured  strain  data.  Both  the  uniformly  thick  and  tapered 

placed  on  a support  ring  to  simulate  the  simply 
conditions.  A thick  piece  of  rubber  was  plaLd 
between  the  structure  and  the  load  plate.  The  Instron  load  cell  applied 

locations  Plate  and  strain  data  was  recorded  at  gage 


DISCUSSION  OF  RESULTS 

plate-like  structure  reduced  the  weight  from 
° ' resulting  in  a 26%  reduction.  Both  the  initial 

design  and  final  tapered  configuration  satisfy  all  the  governing 
constraints  or  was  said  to  be  feasible.  Figure  2 lists  the  geometry  and 
constraint  information  for  all  six  designs  (tl  is  the  plate  thickness  at 
the  center  and  t2  is  the  outer  thickness).  Note  that  once  the 
was  initiated  (designs  4-6)  each  iteration  has  some  weight 
reduction  as  well  as  satisfying  the  feasibility  criteria. 
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For  the  original  configuration  the  maxiroum  Von  Mises  stress  of  33.9 
ksi  occurs  around  the  center  hole  on  the  top  and  bottom  surfaces.  For 
the  final  design  the  maximum  yield  stress  of  37.6  ksi  has  been  shifted 
outwards  due  to  the  taper.  The  maximum  transverse  displacement  for  the 
original  and  optimized  designs  are  0.025  inches  and  0.034  inches, 
respectively.  The  maximum  transverse  displacement  for  each  design 
occurs  in  the  center  and  the  displacement  field  is  radially  s^^e trie. 
The  fundamental  frequency  of  the  optimized  model  was  within  15.3%  of  the 
required  value.  Although  this  design  constraint  states  that  the 
fundamental  frequency  be  within  15.0%  this  was  close  enough  to  be 
considered  acceptable. 

A comparison  of  finite  element  strain  values  and  experimental 
strain  values  for  the  original  design  and  final  design  are  shown  in 
Figure  3.  The  strain  components  are  for  a total  load  of  23.0  kips, 
however  the  load  was  applied  incrementally  to  the  plates.  The  test 
results  were  linear  and  repeatable  for  a second  cycle.  The  difference 
between  finite  element  strain  components  and  measured  strain  data  was 
within  engineering  accuracy. 
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STRUCTURAL  OPTIMIZATION 
OF  THE  PLATE-LIKE  STRUCTURE 
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• UNIFORM  SURFACE  PRESSURE  OVER  A RADIUS  OF  3. 
FOR  A TOTAL  LOAD  OF  23,000  LBS 

• OPTIMIZED  PLATE  WAS  REDUCED  IN  WEIGHT  BY  26% 


SUMMARY  OF  DESIGNS 


Design 

(in) 

t2 

(in) 

Max  Von  Mises 
(Jtsi) 

Freq. 

*HzlHz% 

Max  Disp. 
(in) 

Weight 

1 

2.065 

2.065 

33.9 

1.1 

0.025 

13.5 

2 

2.200 

1.800 

33.2 

4.0 

0.027 

12.5 

3 

1.700 

2.000 

41.6 

7.9 

0.033 

12.6 

4 

2.105 

1.600 

37.9 

10.6 

0.033 

11.4 

5 

2.229 

1.400 

37.6 

13.5 

0.035 

10.7 

6 

2.529 

1.130 

37.6 

15.3 

0.034 

10.0 

* % of  Required  Value 


nGURE2 
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COMPARISON  OF  RESULTS 


ORIGINAL  DESIGN 


Gage 

Difference 

% 

1 

1928 

2147 

11 

H 

1754 

1873 

7 

D 

. 1180 

1390 

18 

D 

478 

462 

3 

H 

519 

541 

4 

OPTIMIZED  DESIGN 


Gage 

Test  Strain 
ft  inUn 

FEM  Strain 
jl  in/in 

Difference 

% 

1 

2610 

1814 

30 

2 

2660 

2050 

23 

3 

2299 

1689 

27 

4 

536 

431 

20  - 

5 

636 

570 

10 

nCURES 
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Abstract 

This  paper  presents  the  applicability  of  a biological  model,  based  on  genetic  evolution,  for 
engineering  design  optimization.  Algorithms  embodying  the  ideas  of  reproduction,  crossover 
and  mutation  are  developed  and  applied  to  solve  different  types  of  structural  optimization 
problems.  Both  continuous  and  discrete  variable  optimization  problems  are  solved.  A tw<>bay 
triiss  for  maximum  fundamental  frequency  is  considered  to  demonstrate  the  continuous  variable 
case.  The  selection  of  locations  of  actuators  in  an  actively  controlled  structure,  for  minimum 
energy  dissipation,  is  considered  to  illustrate  the  discrete  variable  case. 

Introduction 

Over  the  years,  numerous  techniques  have  been  developed  for  optimizing  the  design  and 
performance  of  engineering  systems*  Despite  the  wide  variety  of  available  techniques,  no  one 
method  has  proved  to  be  entirely  satisfactory  across  the  broad  spectrum  of  problems 
confronting  a design  engineer. 

Physical  and  biological  systems  are  well  known  for  their  robustness,  a balance  between 
efficiency  and  efficacy  necessary  for  survival  under  different  environments.  Features  for  self 
guidance,  repair  and  reproduction  are  the  rule  in  such  systems,  whereas  they  barely  exist  in 
most  sophisticated  artificial  systems.  Thus,  where  robust  performance  is  required,  nature  does 
is  better;  the  secrets  of  adaption  and  survival  are  best  learned  from  a careful  study  of  molecular 
evolution.  The  present  work  will  investigate  into  the  applicability  of  a biological  model,  based 
on  genetic  evolution,  for  engineering  design  optimization  [l]. 

If  one  compares  the  biological  optimization  process  with  a mathematical  optimization 
process,  one  can  notice  several  similarities.  The  fitness  function  and  chromosomes  (genes)  in  a 
biological  process  are,  respectively,  similar  to  the  objective  function  and  design  variables  in  a 
mathematical  optimization  process.  Upon  a close  examination  of  strategies  both  the  processes 
employ,  one  notices  they  have  still  more  in  common.  The  conventional  strategy  of 
mathematical  optimization,  iterative  improvement,  is  just  like  evolution;  its  two  elements,  a 
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p »“Ciple.  iUl  of  these  suggest  pursuing  the  analogy  between  genetic  evolution  and 
rmlThemaLT/opU^^^^^^^^  ^ algorithm 

bav.  ? embodying  the  ideas  of  reproduction,  crossover  and  mutation 

Roth  applied  to  solve  diflFerent  types  of  structural  optimization  problems 

Basic  Procedure 

two  n^tTnTltrfn^**  Tb  'involves  copying  strings  and  swapping  partial  strings  between 

two  mating  strings  Three  basic  but  very  important  operators  - reproduction,  crossover  and 

mutation  - are  used  to  produce  new  generations  over  and  over  again.  Reproduction  is  a 
randomized  selection  process  in  which  individual  strings  are  copied  according  to  their  fitness  for 

survivll^of  the  fitt  Siinilar  to  the  natural  selection  process  in  which  a Darwinian 

fittest  among  string  creatures,  the  string  with  a higher  fitness  value  has  a higher 

fh!  S'  M T o/'’’'  u“  Ptohabiiity  of  reproduction  can  be  determined  by  diviLg 

rerombmation)  is  a primary  operator  m the  mating  process  which  generates  the  offsprings  or 
new  generations.  Two  steps  are  involved  in  the  crossover  process.  The  first  step  is  randomly 
selecting  the  position  to  break  (crossover)  between  two  mating  couple.  The  second  step  is 

TprdVon  thTditnc^lT  the%ecombin:rn'fr?cLn 

depends  on  the  distance  between  the  chromosomes  of  the  mating  couple.  Mutation  nlavs  a 

rd?d  sWu^ftom  ''■anging  a particular"  bTt  of 

coded  string  from  0 to  1 or  vice  versa,  is  a random  walk  through  the  string  space. 

Illustrative  Examples 

Example  1 « 

Design  of  a Truas  for  Maximum  Natural  Fre^iieni.y 

indicated'  .P'“"  /'■““  sfio''"'  in  Fig.  1(a)  is  required  to  support  the  loads 

ndicated  The  objective  is  to  maximize  the  fundamental  frequency  of  vibration  with 

m^here^  ''nrinbln*  nre  the  cross  sectional  areas  of  the 

members  (Mntinuous)  with  upper  and  lower  bounds.  The  data  are;  E = Young's  modulus  = 

on  areM  - oTto  ^ xW'®^‘  “ = 25000  psi,  = lower  bound 

n areas -^i  m x!  I = upper  bound  on  areas  = 10.0  in’,  p,  = probability  of  crossover  = 

u.«,  Pm  — probability  of  mutation  = 0.002,  and  population  size  = 50. 

tbrpp.  hest-of-generation  and  average  values  of  fitness  indices  for 

^Wned  u^mVa'“  d The  nolM  line  corresponds  to  the  optimum  results 

38.sr  Hz  qn  S50  H ' s The  three  different  runs  gave  values  of 

■ ' . * 37.437  Hz  for  Ljy  which  correspond  to  approximately  60% 

improvement  over  the  value  of  24.028  Hz  given  by  a gradient  based  meLd.  tS  “k 

whteMnuramakre'U  “‘f.  ““-‘''P'ndence  of  genetic  algorithms  on  gradient  information, 
Which  in  turn  makes  it  less  likely  to  get  trapped  in  a local  optimum. 
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The  problem  of  determination  of  locations  of  actuators  and  sensors  in  actively  controlled 
structures  is  formulated  as  a zero  - one  programming  problem.  The  equations  of  motion  of  a 
flexible  structure  can  be  expressed  as  [2,3]: 

Mv  + Cv  + Kv=Du  (1) 

where  M,C,K  and  D are  the  mass,  damping,  stiffness  and  t^e  input  matrices  and  v and  u are 
the  displacement  and  the  input  vectors.  Letting  x^  = (v^  v },  Eq.  (l)  can  be  rewritten  as 

X = A X + B u (^) 


and 


The  optimal  linear  quadratic  regulator  method  is  applied  to  design  the  control  gain  of  the 
feedback  controller  for  simplicity.  Accordingly,  the  input  vector  u is  given  by 

u = - R"^  P X (5) 


where  P satisfies  the  matrix  Riccati  equation! 

ATp  + p A - P B R"^  B'^  P + Q = 0 (6) 


where  Q is  a positive  semidefinite  output  weighting  matrix  and  R is  a positive  definite  input 
weighting  matrix.  Since  the  input  matrix  B is  a function  of  the  locations  of  the  actuators,  the 
system  equations  (l)  and  (2)  will  be  changed  if  the  locations  of  actuators  are  changed. 

The  inverse  of  the  input  weighting  matrix  R is  assumed  to  be  a diagonal  matrix 
containing  ones  and  zeros  only  with  I’s  corresponding  to  the  locations  with  actuators  ^d  Os 
corresponding  to  those  without  actuators.  Hence,  the  system  equations  will  remain  unchanged 
during  the  optimization  process.  Similarly,  the  output  weighting  matrix  Q can  be  modified 
such  that  the  system  equations  for  the  estimation  part  are  unchanged  during  the  optimization 
process  for  sensor  location  selection.  For  simplicity,  the  ^timation  part  is  neglected,  and  only 
the  actuator  location  selection  problem  is  considered  in  this  work. 

The  objective  function  (criterion)  proposed  to  be  used  in  the  actuator  location  selection 
problem  is  the  energy  dissipated  by  the  active  controller  which  can  be  written  as 
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(7) 


1 °°  T 

Ec=|/q^D,q 


qdt 


where  q is  the  velocity  vector  and  D,  is  the  induced  damping 
Let 


matrix  by  the  active  controller. 


= diag  rj-  • • r^] 


(8) 

a"  > bioar.  variable  deooting  preeeoce  or 

selection  problem  can  be  stated  L follow^  ^ problem  for  the  actuator  location 


(9) 


maximize 

ri  > rj ) • • • j rjj 

subject  to 

n 

E n =m 
i-1 

andFi  = 0 or  1 ; i = l,2,...,n 

r«peetiveiy.  The  reaults  obtate“pT  = o”tVp 

(2,MfwTfruodTo  fe2\ht 


vyuliciusion 


optiiniiation'p*^^ble^Sr'Tb^°r'Etrith^*’Tit^  eontinuous  and  discrete  variable 

are  found  to  Wver.T&ctiv!7otTv  o^  simp  e guided  random  search  procedures, 

global  optimal  so^rL  Lnd  tn  " **  deaign  problems.  In  most  cases,  the 

algorithms  tend  to  Bnd  global  ootiL]  !^“t- ^ f function  evaluations.  Since  genetic 

the  gradient  based  optoUatt^p^  “>  «>ose  given  b. 
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Abstract 

One  well  known  deficiency  of  LQG  compensators  is  that  they  do  not  guarantee  any  measure  of  robustness. 
This  deficiency  is  especially  highlighted  when  considering  control  design  for  complex  systems  such  as  flexible 
structures.  There  has  thus  been  a need  to  generalise  LQG  theory  to  incorporate  robusness  constraints.  Hwe 
we  describe  the  maximum  entropy  approach  to  robust  control  design  for  flexible  structures,  a generalisation 
of  LQG  theory,  pioneered  by  Hyland,  which  has  proved  useful  in  pr^tice.  The  design  equations  consist  of 
a set  of  coupled  Riccati  and  Lyapunov  equations.  A homotopy  algorithm  that  is  used  to  solve  these  design 
equations  is  presented. 


1.  Introduction 

The  linear-quadratic-gaussian  (LQG)  compensator  has  been  developed  to  faciUtate  the  design  of  control 
laws  for  complex  systems,  i.e.,  systems  that  have  large  order  and/or  are  multi-input  multi-output.  An  LQG 
compensator  minimises  a quadratic  performance  index  and  (under  mild  conditions)  is  guaranteed  to  yield  an 
internally  stable  closed-loop  system.  Unfortunately,  however,  standard  LQG  theory  does  not  guarantee  any 
measure  of  robustness.  This  deficiency  is  especially  highUghted  when  considering  control  design  for  systems 
with  many  lightly-damped  modes  such  as  flexible  structures  and  has  necessitated  generalizations  of  LQG 
theory  that  incorporate  practical  robustness  constraints  for  this  class  of  systems. 

Jn  recent  years  there  have  been  several  extensions  of  LQG  theory  that  have  included  some  form  of 
robustness  constraints  (e.g.,  [l-5|).  Many  of  these  results  can  be  shown  to  be  equivalent  to  enforcing  the 
requirements  of  the  small  gain  theorem  for  some  system  transfer  function  [6].  It  is  not  difficult  to  show 
that  controllers  designed  with  these  results  will  not  generally  yield  high  performance,  robust  controllers  for 
flexible  structures  since  they  assume  a very  crude  model  of  the  uncertainty  (Le.,  complex  as  opposed  to 
real  parameter  uncertainty)  within  the  controller  bandwidth.  However,  one  result  that  is  fundamentally 
different  in  nature  is  the  maximum  entropy  approach  to  control  design  for  flexible  structures  [l-3j  pioneered 
by  Hyland. 

The  maximum  entropy  approach  is  a generalization  of  LQG  theory  that  explicitly  allows  the  consider- 
ation of  a form  of  real-valued  parametric  uncertainty.  The  name  derives  from  its  apparently  coincidental 
relationship  to  certain  stochastic  models.  Controllers  designed  using  this  method  have  several  useful  fear 
tures.  First  of  all,  for  certain  structural  control  problems  the  maximum  entropy  controllers  will  be  positive 
real  in  the  controller  bandwidth.  This  is  extremely  important  for  flexible  structures  since  positive  real  con- 
trollers often  allow  high  performance  control  even  when  there  is  significant  system  uncertainty.  In  addition, 
the  maximum  entropy  controllers  are  often  reduced-order  controllers.  Thus  in  practice  the  maximum  en- 
tropy robustness  constraint  aids  in  choosing  the  order  of  the  controller  and  is  a numerical  aid  in  controller 
reduction. 

The  maximum  entropy  design  equations  consist  of  a set  of  four  equations,  two  Riccati  equations  coupled 
to  two  Lyapunov  equations.  The  coupling  between  the  equations  is  a function  of  the  assumed  uncertainty. 
If  no  uncertainty  is  assumed  the  four  equations  decouple  and  the  design  equations  become  the  two  standard 
LQG  Riccati  equations.  To  enable  this  theory  for  engineering  practice  it  is  of  course  important  to  develop 
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-ivi.,  tHe  d«l^  e,„.ion..  TH.  pap.  pr.enU  .cH  an 

it  *b  nat°^e”'  li^p^*;^  * Wtopy  algorithm  in  that 

generally  not  dependent  upon  having  initial  condition,  which  ’are  «c w7o'thI  «t^r.olurion'^*°"‘^”“  “ 

and  contLo^“  7o“py  ll“orit^^^  |«tion  3 **“**''^  construction  of  both  discrete 

scribe,  their  derivation  LcUon  4 present,  a ->d  de- 

iUnstrate.  wme  feature,  of  maximum  entropy  controUemT^n  7 ! whfle  Section  5 

NASA  Marshall  Space  Flight  Center.  FmaUy  Section  6 offer,  some  cldudkg^^emart* 

2.  A Brief  Description  of  Homotopy  Algorithm  Development 

homCyTrlTLario:^^^^^^^^^^  Over  the  past  several  years. 

have  received  significant  attention  in  the  mathematics  literature  and'hlw  be«  <i»ff«-ential  topology) 

important  problems  it  it  f7— fill  P»r*nfiv  fVi  • i-  applied  successfully  to  several 

of  fh«  niiod.  ro,  t'.L'J J,  f;S;,X“‘;rrTw2rTr  vr  •° 

very  brief  description  of  homotopy  methods  for  finding  ll.  P“n>ose  of  this  section  is  to  provide  a 

reader  is  referred  to  [9]  for  additfonal  details.^  * solutions  of  nonhnear  algebraic  equations.  The 

The  basic  problem  is  as  follows.  Given  sets  U and  V contained  in  IR"  r,  r, 

solutions  to  containea  m IR  and  a mappmg  F:  U -*V,  find 

n«)=o. 

Srrrr  B “ • ‘"r » i«.  -i  - nt- ... 

c,;  („M,'7  .•  IR"  X 0 1 <“)  «.*“  ‘ 

H - (“O.O) 

actual  curve  such  that  th*  t *•  ^ constructs  a procedure  to  compute  the 

0 = ^(.(i),i)  i’ltsdj),'’  "■“**  “(»)  “ ‘r».fon..d  u, . d»r.d  »i«io.  „(i) 

There  are  two  reUted  methods  of  foUowing  the  curve  (uM 
methods.  Continuous  methods  work  by  differentiating  .ff-LfZi  Zi methods  and  discrete 
differential  equation  ^ ^ ^ wth  respect  to  7 obtain  Davidenko’s 

d/fdu  dH  _ 

du  d7  ^ 37  ~ (2.2) 

rSa,  0(1).'*'''°“  “ “““*  »kxl>  by  nom.ricd  intcgralion  from  0 to  1 

Dfrerot.  m.lkod.  work  by  pmtili„„fr,j  th.  l»t»vd  (0,I|  fr,  obub,  . Snh.  dmi.  of  problom. 


■N(u,  7fc)  _ 0,  0 = 7o  < 7i  < - . . < = 1 


(2.3) 


“‘-‘ion  scheme  with  «(70  as 

the  homotopy  path  from  u(0)  to  u(l).  integration  of  Davidenko’s  equation,  it  does  follow 

Glob^y.^KgoTS^^^  iglrifhm!*Hot^7r  Te  homotopy  techniques, 

the  discrete  homotopy  uses  continuous  homotooies  to  <nlv  f **  * iteration  scheme  which  advances 

rubmu  o,  tbo  mmdm^m  «.ropy  wbirb 
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S.  The  Maximum  Entropy  Design  Equations 


Consider  the  system 

i(t)  = A*(t)  + Bu(t)  + u»i(t),  y(t)  = Ci(t)  + tasW  (3.1o,  6) 

where  x € € JR"’  is  white  disturbance  noise  with  intensity  Vi  > 0,  and 

t03  € IR"»  is  white  observation  noise  with  intensity  V3  > 0. 

In  the  standard  LQG  problem  we  desire  to  design  an  nth  order  compensator, 

ie(t)  = Acle(t)  + B«y(0.  «W  = -CeleW  (3-2o.  6) 

which  minimises  the  steady-state  performance  criterion 

J{Ac,  Be,  Cc)  ^ lim  E(x'"(t)ilix(t)  -h  u’-WilaoWl  (3-3) 

' f— *00 


where  x.  € IR",  > 0 and  iJa  = iZj  > 0. 

Define  A and  R as 

A 


A A 

" [Bc( 


-BC,  1 S A f 
e-BcDCc\'  " [o 

0 1 
cJJhCcJ  • 

(3.4,5) 

covariance,  i.e., 

0 = AQ  -h  <JA^  + ^ • 

(3.6) 

J{Ae,Bc,Ce)  = trQR 

(3.7) 

Then,  the  cost  can  be  expressed  as 

and  the  solution  to  the  LQG  problem  can  be  obtained  by  using  Lagrange  multipliers  to  optimise  (3.7)  subject 
to  the  constraint  (3.6). 

The  standard  LQG  equations  do  not  explicitly  incorporate  any  robustness  constraints.  Thus,  it  is 
important  to  find  generalisations  of  these  equations  that  aUow  the  ^nthesis  of  robust  controUers  for  fle»ble 
structures.  One  such  generalisation  is  the  maximum  entropy  design  equations,  whose  name  derives  from 
their  coincidental  relationship  to  stochastic  modeling. 

We  now  assume  that  the  A matrix  of  (3.1)  is  in  the  form 

A=  block-diag{i4^^\j4^^^}  (3-8) 


where  represents  the  nominal  dynamics  of  the  uncert^  modes  and  is  in  real  normal  form;  for  example, 


A<^)  = 


block-diag{ 


(3.9) 


Also,  assume  that  the  only  the  modes  with  complex  eigenvalues  Corresponding  to  the  2x2  blocks 
are  uncertain  and  that  the  uncertainty  patterns  A,  G IR"*’*"*  are  of  the  form 


Ai  = block-diag{0,...,0,  o] (3-10) 

Notice  that  for  Ughtly  damped  modes  A.  essentiaUy  corresponds  to  frequency  uncertainty.  However,  in 
practice  this  representation  of  uncertainty  can  also  be  used  to  account  for  uncertainties  in  the  damping  and 
mode  shapes. 
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The  ME  equations 


are  developed  by  modifying  the  constraint  equation  (3.6)  as  foUows: 


where 


0 = A.Q-^QAJ  + V + Y^AiQAj 

»=:1 


i»  the  number  of  uncertain  modes, 


(3.11) 


Ai  = block-diag{^i,  0„},  A,=  A + -^A^, 


»=1 


(3.12,13) 


design  equations: 


0 = A.Q  + QAj  + V^-  qC^Vf’CQ  + £o?A(JAT 

tsl 

(3.14) 

0 = Ajp  + PA.  + R^-  PBR^^PB-^  + ajA,PAT 

(3.15) 

where 

0 = Ap(i  + ^aJ  + QC’^Vf^CQ 
0 = A^P  + PAq  + PBR^^B'^P 

(3.16) 

(3.17) 

A,  = A + Qt?  Af 

• al 

(3.18) 

^C5  = n Rfi  = Ri  + f'  afATpAi 

1—1 

(3.19) 

The  controller 

= -^4  - BR^^B'^P,  Aq  = a.-  QC'^Vf^C. 

gains  are  given  by 

(3.20) 

Notice  that  if  < 
equations. 

A.-A-SR,-‘B^P-qC-^V,-‘c,  B,  = qc^v,->,  C.-B^^B-^p.  ,3  j,, 

.,  = 0 th.n  (3.U)  .„d  (3,15)  d«o„pk  ttom  (3.16)  n,d  (3.17)  „d  b.com.  Ih.  LQG  Rkt.li 

4.  A Algorito.  Solving  u..  En.v„„  D„lg„ 

d.ii..'.i.:  holS;!lp;x«ri?h'mr”°‘°"  “■* ““  whid.  „.a  n. 


where 


0 = 4l.(Tr)Q(*^^)  + Aj(^)  + v^*)(^)  - g(*+i)cTv--i 


»pp(*+l) 

0 = 44j+»’‘(Tr)p(*+i)  + p(*+i)^(*+i)(.^j  ^ 


« = 1 

n. 


+ Tr5Iaf44Tp(*+i)A. 


ts=l 


(4.1) 

(4.2) 

(4.3) 

(4.4) 


At('l)  — i4  + 7 

»=i 


(4.5) 
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(4.6) 


I 


+ Tf  E 

<k1 

4*)  (7)  = A.  (7)  - 


il?’(*y)  = Jli+'TX;a?AT^“U- 


(4.7) 


Also,  define 

a|?’(7)  = A.(7)Q<*>  + Q«''>A7(7)  + v'"^(7)  - +7f)a?A,gWAT 

^ *«x 

a1.‘^(7)  ^ AJ(7)P<‘>  + P<‘>A.(7)Pi‘’(7)  - +7Ea?4P‘‘’^ 

»b1 

aJ’(7)  = a1?’(7)<5<"^  + a<?^''(7)  + g<‘)c-’'v,-^cg<*> 

A?  >(7)  = 4’"* 


(4.8) 

(4.9) 

(4.10) 

(4.11) 


Equations  (4.l)-(4.4)  are  identical  in  form  to  (3.14)-(3.17).  In  the  homotopy  algorithm  the  matrix 
functions  aJ'(7),  Ajr>(7),  aJ’(7)  and  aJH7)  defined  respectively  by  (4.8)-(4.11)  are  considered  equation 
errors. 

Tlie  normalised  norms  of  the  equation  errors  are  defined  by 

•S' - lA^’WIU/raWIU.  «?>  * ll4‘’h)l^/ll*fWI-*  (*■“> 

,|J)  i ||a]J)h)|U/||g<‘>c’v,-‘c«i‘'|U,  .|f'  ^ ya!f'h)IU/l|f>'*>BJ!r‘s’'i’'‘'IU  (*■«) 


||Af  11^  = mw  |nKy|.  (4.14) 

The  maximum  normalized  error  norm  is  denoted  by  emlx(7)  *®d  defined  by 

*L‘ix(7)  = max{e<3‘>(7).ei.‘>(7).e^‘>(7),e?>(7)}-  (4-15) 

A 

Figure  4.1  presents  a general  flowchart  of  the  homotopy  algorithm.  The  outer  (j)  loop  corresponds  to  a 
discrete  homotopy.  The  discrete  homotopy  is  advanced  by  the  iteration  scheme  described  by  the  inner  (j) 
loop.  The  inner  loop  requires  the  solution  of  (4.1)  and  (4.2)  using  continuous  homotopin.  The  mtegration 
schemes  we  have  implemented  to  advance  the  continuous  homotopy  use  Euler  integration  with  a Newton 
corrsction. 

The  algorithm  assumes  that  for  some  positive  integer  N 

0 = 70  < 7i  < * • • < 7JV-1  < 7i^^  = 1 

The  sequence  {«y)^o  *«niall’  positive  numbers  determines  how  closely  the  algorithm  actually  tracks  the 
homotopy  curve. 


5.  Illustration  of  Maxim\im  Entropy  Controllers 

This  section  illustrates  some  important  features  of  maximum  entropy  (ME)  controllers.  The  results 
presented  here  were  developed  while  designing  decentralized  control  laws  for  the  ACES  structure  located  at 
NASA  Marshall  Space  Flight  Center  [13].  This  testbed  has  been  used  to  conduct  experiments  on  structural 
control  and  is  especially  suited  for  studying  line-of-sight  (LOS)  control  issues. 
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ReJi.,tioi.  Aljoritkm  |n-i5|,  i.  nj.  j ^dBOWtO  y 

D..  .o  b “r*"  P«rforM„- 

hi.l  P»t«n,„„  cobrol  ,1  u,  ^1.,!,^  los  '°  '''  “ ■*»«">»« 

-.del,  th.  ME  coptroUm  b«™.  po.i.i„  b.  ,hb  r«k..  b.db,^tdt«^?°db.d 

w»  p.„.„.d.  Th„,  .b.  ME  d«i^  pr,„,id.d  .h.  .ub4  ^bp...^  b”bt::^p  “ ^ zsir 

■’  '‘'°"  ME  co«l,on„  in  ,b.  .„,,„|1„  bnndwidth  No.b. 

tbu  tb.  ME  comp,n.«or  mngnil.d..  «.  mncb  mo«b.r  tb„  Ibo..  of  tb.  LOG  contolk™  iT,f,  ‘ 

P«fom«c.  rob.M.n„.  Anolb»  import.nl  impikbion  in  tbnl  lb.  ME  n-T-T."  fl”.  I “‘“* 

The  higher  authority  controllers  notched  the  hieh  freouencv  mod*,  th.t  i.,.i  i i.  • , * 

6.  Concluding  Remarks 

rHSS3=S?"F^^ 

Center.  control  design  for  the  ACES  Structure  at  NASA  Marshall  Space  FligM 
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Q — g(*)^  p — p(k) 

<5  = p = pw 


Figure  4.1.  Flowchart  of  the  Homotopy  Algorithm  for  Solving  the  Maximum  Entropy  Design  Equations 
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Ilgur.  ..1.  O..  of  '“P*  ^ 

Stractur*  St  NASA  Spsce  FUght  C«ater. 


Figure  5.3.  M«imem  Entropy  design  rendered  the  compensators 
real  in  the  performance  region. 


for  the  AGS  to  BGYRO  loops  positive 


mlSik!./**’  fr  BGYRO  loopi  Maximum  Entropy  design  smoothed  out  the  compensato 

row  ^ "P°“.  providing  performance  robustness  and  also  indicating  ^hat  L 

robust  coDtroIIen  were  effectively  reduced-order  controllers.  * 


Figure  5.4.  For  the  AGS  to  BGYRO  loops  Maximum  Entropy  design  robuatified  the  notches  for  the  high 
frequency  modes  by  increasing  their  width  and  depth. 
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CONSTRAINED  OPTIMIZATION  USING 
DESIGN  OF  EXPERIMENT  SURFACES 


Marvin  Vance  Bolt 

General  Dynamics  - Fort  Worth  Division 
Fort  Worth,  Texas 


Abstract 

An  algorithm  for  solving  constrained  optimization  problems  is  pre»nt^.  First,  design  of 
experinfent  techniques  are  used  to  survey  the  design  spa^.  After  ev^uating  Ae  objwuve  and 
constraint  functions,  as  specified  by  Taguchi  orthogonal  arrays,  andyncal  models  of 
functions  are  generated  using  a least-squares  regression  analps.  Next,  a nonlinear  progra^ng 

package  is  used  to  optimize  Ae  analytical  model.  Based  on  Ae  optii^tion  mformaaon,  Ae 

design  space  is  reduced  so  as  to  close  m around  Ae  mimnaui^  and  Ac  ““c  proc^jffc  is  ^ 
until  convergence.  An  important  feature  of  Ae  algonAm  is  Aat  funcnon  graAents  ^ not  ^u^. 
Aerefore,  for  problems  in  which  graAents  would  have  to  be  esn^t^  using  finitc-MfCTences  Ae 
number  of  function  evaluations  required  for  Ae  optimization  is  sigmfic^tly  reduced,  when 
compared  with  traditional  nonlinear  programming  techniques.  In  addition,  there  is  no  requirement 
that  the  gradients  must  be  smooth  and  continuous. 

Introduction 

Nonlinear  programming  techniques  provide  the  solution  to  Ac  following  optimization  problem: 

minimize  F(X) 

subject  to  XL  < X < XU  and  CL  ^ C(X)  ^ CU. 


F(X)  is  Ae  nonlinear  objective  function,  X is  Ae  vector  of  design  variables,  and  C(X)  is  Ae  vector 

of  nonlinear  constraints  on  X.  The  lower  and  upper  bounds  on  X are  XL  and  XU.  respectively. 

Likewise,  Ae  lower  and  upper  bounds  on  C(X)  arc  CL  and  CU,  respectively.  F(X),  C(X),  and  Aeir 
derivatives  must  be  smooth  and  contmuous. 

NPSOL  (Ref  1)  and  ADS  (Ref.  2)  are  two  optimization  routines  Aat  have  successfully  solved 
Ae  stated  problem,  but  the  dependence  of  Aese  algoriAms  on  constraint  and  objective  function 
graAents  reduces  Ae  efficiency  of  Ae  algorithms.  Objective  and  constraint  fimcuons  are  often 
generated  numerically  by  computationally  mtensive  analysis  programs,  resulting  in  Ae  need  iot 
finite-difference  estimations  of  Ae  graAents.  The  use  of  finite-Afferencmg  incre^es  Ae  number 
of  function  evaluations  required  for  the  optimization,  making  some  problems  prombiuvely 
expensive  The  requirement  of  smooA  and  continuous  derivatives  is  anoAer  lumtation.  ^en 
data  is  loaded  into  computers  m Ae  form  of  tables,  Imcar  mterpolation  between  points  in  Ae  tables 
results  m piecewise  Imear  functions.  This  adversely  affects  Ae  convergence  of  search  meAods 
that  are  dependent  on  graAents. 
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A scheme  hM  teen  developed  to  address  these  limitations.  StatisticaUy  based,  design  of 
exponent  gOE)  techniques  and  response  surface  methodology  (RSM)  were  combiSd  to  create 
an  mterface  tetween  a nonlinear  programming  algorithm  and  the  optimization  problem.  The 
c^plete  package  of  subroutines  that  was  developed  is  designated  CODES  (Constrained 

of  Experiinent  Surfaces).  Commercial  software  is  available  ±at  uses 
DOE  methods  and  RSM  for  optimization  in  an  interactive  environment  (Ref  3).  CODES  differs 
r?!n?Q  commercial  software  in  that  it  allows  the  optimization  process  to  be  fully  automated  (i  e 

program).  In  addition,  unlike  the  immeioial  ' ' 
optim^  codes  Iterative  methods  attempt  to  yield  a solution  that  has  teen  verified  as  a local 


Experimental  Design 

CODES  employs  DOE  methods  to  determine  which  points  in  the  design  space  to  use  when 
performing  the  regression.  T^e  goal  is  to  use  the  smallest  number  of  points  that  will  produce  the 
^t  re^ssion  equanon  (indicated  by  the  correlation  coefficient).  Experience  has  shown  that  D- 
^hmal  desi^s  (reference  4)  test  satisfy  these  needs,  but  the  inability  to  create  D-Oitimal  designs 
for  large  problems  (greater  than  8 variables)  led  to  the  use  of  Taguchi  orthogonal  arrays  (Ref.5) 

Response  Surface  Methodology 

The  objective  ^d  constraint  functions  are  modeled  using  nonlinear  least-squares  regression  The 
regression  equations  are  of  the  form,  ^ gr  s on.  i ne 


P,  + P/,  + P3X,'  + + P^x^^  t P^Xj  + P^X^Xj  + P^X^X^  + P,„X3^ 

and  are  generated  as  follows; 

Define, 

P ~ tesip^area  points  (function  evaluations)  specified  by  the  experimental 

t = the  number  of  terms  in  equation  (1) 

V = the  number  of  design  variables 

X,j  = the  value  of  the  ith  variable  for  the  jth  data  point  (by  definition  Xqi  = Xjn  = 1) 
Yj  = the  value  of  the  objective  (constraint)  function(s)  for  the  jth  data  point. 

The  solution,  {p},  of  the  linear  system. 


(1) 


[LI{P}={R) 

is  the  vector  of  coefficients  from  equation  (1). 

Matrix  (L]  is  of  size  txt  and  vector  {R}  is  of  length  t.  They  are  generated  as  follows: 


j=1 


qj 


p 

= y. 


(q=1.2 t;  r.1,2 1) 
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where  [M]  is  a matrix  of  size  txp  and  is  given  by. 


M3i-X,jX„, 

“5j-XliX2j’  “6|-X2iX2r 

“k)-XojXvi’ 

“k.1i-XliXvi 

“lj-Xv|Xvj  P> 

CODES  was  developed  so  that  only  the  interaction  terms  (such  as  X2)  that  are  specified  by 
the  user  are  included  in  the  regression.  For  example,  if  the  term  P5X1X2  was  excluded  from 
equation  (1),  Msj  would  assume  the  value  of  Msj  (equations(2)),  Mej  becomes  M7j.  etc. 

Ontimization 


A collection  of  nonlinear  programming  subroutines  is  us^  to  imnimize  pd  max^ze  the 
analytical  representation  of  the  problem.  The  actual  objectiv^.constramt  factions  arc  then 
evaluated  at  Ae  optimum  points  of  the  regression  equation.  This  k ^ne  m to  venfy  Aat  the 
minimum  (maxim^)  of  ^ analytical  model  decreases  (incre^)  the  actoal  obj^ve  funchon 
when  compared  to  the  points  used  in  the  regression.  The  venfication  » also  used  m ensure  that  the 
actual  comtraints  are  satisfied.  If,  during  the  se^ch,  a feasible  pomt  has  not  yet  been  found,  the 
point  that  minimizes  the  largest  constraint  violation  is  used  as  the  current  estimate  of  the  minimum. 

the  Design  Space 


The  design  space  is  reduced  by  decreasing  the  search  range  for  each  variable.  The  go^  is  to 
close  in  around  the  optimum  as  quickly  as  possible  in  order  to  sp^  up  convergence,  althoug^ 
reducing  the  search  ranges  too  quickly  increases  the  chances  of  eh^ting  the  trucmmi^firom 
the  design  space  under  consideration.  This  eUmination  can  occur  because  the  analyucal  model  does 
not  exactly  represent  the  actual  problem. 


The  strategy  depicted  in  Figure  1 shows  the  design  space  reduction  process.  It  consists  of  two 
primary  stepst 


(1)  Reduce  the  search  range  for  each  variable  so  that  the  current  estimate  of  the 

minimum  is  at  the  center  of  the  new  design  space. 

(2)  if  necessary,  move  the  limits  so  they  are  within  the  previous  search  range. 


The  lower  bounds  on  the  variables  X,  and  X2  are  XLi(i)  and  XL2(1),  respectively  (Figure  la). 
Likewise  the  upper  bounds  on  the  variables  are  XUi(i)  and  XU2<1).  The  search  range  for  X-|  is 
changed  by  moving  the  lower  limit  to  XLi  (2)  (Figure  lb).  XL^  (2)  is  found  by  bisecting  Xi  pmax 
and  X,  Fmin  and  XU^  (2)  is  chosen  so  that  X^  is  at  the  midpoint  of  the  new  range,  hi  orfer  to 
ensure  the  search  range  is  reduced,  the  upper  Umit  of  X,  is  reduced  to  XUi  (3 ).  the  initial  bound  on 
Xi  (Figure  Ic).  The  search  range  for  X2  is  reduced  in  a similar  fashion  except  XV^2)  is  chosen  to 
bisect  X2Fmin  and  XU2(1  ) This  particular  technique  was  chosen  after  trying  several  schemes, 
although  it  is  possible  there  is  a more  efficient  method. 
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XU2(3) 


XLgO) 


Figure  1 - Design  space  reduction  process. 


Uie  Algorithm 

alSrilh^  *■  Proccd(ra  ae  imegraied  lo  form  iht  optimkadon 

^ results,  «thin  a specified  ioleraace,  convergence  is 

each  Viable  indicates  the  validity  of  the  solution.  If  the  value  of  a variable  is  driven  to 

et.^S^S^Sfe'd^"„‘s“a“''  '''  -^nn-of  dreTutp'rlS  ta^“ 
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Set  search  ranges  for  each  variable 


Evaluate  the  objective  and  constraint  functions  as  specified  by  the 

experimental  design  (Taguchi  arrays) 

T 

Generate  analytical  functions  from  nonlinear  least-squares  regression 
Optimize  the  analytical  model  of  the  problem  using  a nonlinear  programming  algorithm 


Reduce  the  design  space 


Figure  2 - CODES  flow  chart. 


The  availability  of  analytical  equations  that  represent  the  problem  is  another  advan^tage  of 
CODES  Users  of  optimization  software  will  (and  should)  always  be  suspicious  of  soluuons 
Ecnerated  by  a computer.  Analytical  equations  allow  for  greater  visuali^uon  of  the  ^blem 
diroueh  computer  graphics.  This  builds  the  user's  confidence  in  the  glutton.  Inaddiuon,  the 
analytical  models  can  be  used  for  sensitivity  studies  at  very  little  cost  in  computer  time.  A measure 
of  the  sensitivity  of  the  objective  and  constraint  functions  is  often  just  as  important  as  the  final 


solution. 


Objective 

FurKtion 

Design  Variables* 

Number  of 

Optimization 

Technique 

Take-off 
Gross  Weight 
(lbs) 

Wing 

Area 

(ft  2) 

Engine 

Scale 

Factor 

Aspect 

Ratio 

Wing 

Thickness 
(%  Chord) 

Leading 

Edge 

Sweep 

(deg) 

Function 

Evaluations 

Traditional 
Methods  ** 

32.834 

379 

1.16 

2.80 

3.5 

42 

1^ 

CODES  ! 

32.752 

385 

1.15 

2.79 

3.5 

41 

1 “1 

• Subject  to  9 performance  constraints 
••  Not  directly  aided  by  optimization  software 

Table  1 - A typical  aircraft  design  synthesis  parametric  study. 
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Conctu58ion;s 

opMzadoaproblems  using  U.n 

manpower  requirements  to  analyze  and  verify  the  results  The'on'lv  reduced 

^countered  so  far  is  the  maximum  number  of  vSKh;,/rrn  significant  hmtanon 

Preliminary  indicadons  place  this  limit  in  the  ranee  of  fo  an  usmg  these  methods, 

being  the  size  of  availab^  exjSmeSesi^  factor 

Beferenrp^ 

^ No.  19841’  Fortran  Program  for  Automated  Design  Synthesis;  NASA  CR  - 

Products  Corp.;  RS/I,  RSlExplore,  and  RS! Discover  User's  Guides,  DEC. 

4.)  Federov,  V.  V.;  Theory  of  Optimal  Experiments,  1972;  New  York:  Academic  Press 

m7°R  V*”;  Model-BuUding  and  Response  Surfaces. 

7.)  Draper,  N.  and  Smith,  H.;  Applied  Regression  Analysis,  1981;  N.  Y.:  Wiley 
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Abstract:  With  structural  design  in  mind,  a new  unified  variational  model  tes  been 

.hlch  represents  the  neehnnlcs  of  defor»tlon  ” 

lateral  contact  conditions.  For  a design  problem  formulated  as 

load  carrying  capacity  of  a structure  under  certain  constraints,  the  unified  n^el 
allows  for  a simultaneous  analysis  and  design  synthesis  for  a whole  range  o mec 
ical  behaviour. 


1 INTRODUCriCTl.  In  order  to  express  structural  optimization 
have  an  appropriate  expression  in  variational  form  for  the  "lated 

ics  analyVis  With  structural  design  in  mind,  a new  unified  JTrt  con- 

presented  which  represents  the  mechanics  of  deformation  in 

tact  boundary  conditions.  The  basic  formulation  of  such  problems  is  most  “'ural  in 

the  form  of  a mixed  variational  model,  with  structural  state 

(independent)  stress  and  displacement  fields.  However,  » P""  11  ^ 

can  also  be  obtained,  and  this  constitutes  the  basis  for  the  unified  method  developed 

for  the  formulation  of  a load  carrying  capacity  design  problem. 

This  paper  constitutes  an  extension  of  earlier  work  on  a unified  model 

plastlcity  that  encompasses  pure  elasticity,  elasto-plastlcity,  lim 

sis  (rn.  [2]).  The  general  model  provides  a monotone  relation  between  the  evolu 

of  plastic  deformation  and  contact  and  a global  measure  of  system 

optimization  problems  the  variational  formulation  is  usually  added  as 

equation  constraints  by  including  a set  of  necessary  conditions  for 

statement,  using  both  stress,  displacement,  plastic  multipliers  , 

as  state  variables  (see  e.g.  Refs.  [3]  - [6]  for  sensitivity 

the  case  of  contact,  an<i  Refs.  [7]  - [9]  in  the  case 

The  approach  advocated  in  this  paper,  however,  treats  the  ^lysis  1 -Iri* 

original  variational  form.  For  certain  design  problems  it  is  demonstrated  ^ 

direct  approach  can  be  taken  which  combines  the  analysis  and  design  goals  into  one 
broader  variational  statement.  For  a design  problem  formulated  as 

load  carrying  capacity  of  a structure  xinder  certain  constraints,  the  resul  ng  P 
mization  problem  becomes  especially  transparent  and  gives  rise  to 

relations  between  so-called  design  constraints  and  unilateral  constraints  arising 
from  the  plasticity  and  contact  conditions. 

It  should  be  stressed  that  with  a view  to  perform  simultaneous  analysis  and  desi^.  a 
mixed  variational  model  is  less  attractive  because  it  implies  a max-min  formulation. 
Our  goal  has  been  to  develop  a jure  max  or  pire  mtn  formulation  such  that  state- 
dcsl^  quantities  can  be  treated  as  simultaneous  uorlobles  in  the  comiw tat ioml  pro- 
cedure. This  is  a potential  advantage  in  terms  of  computational  cost  relatWe  . 
e g . usual  schemes  where  the  equilibrium  equations  are  solved  t^ctly  for  each 
step  of  redesign,  although,  at  the  intermediate  steps  of  redesign,  this  l^s  not 
sarj  because  the  design  may  be  far  from  the  optimal  solution.  Alttough  the  «tl^^ 
proposed  in  this  paper  involves  treatment  of  all  the  variables  at  the  same  time,  the 
com^tertlme  may  £ reduced  due  to  saving  of  a large  number  of 

fo^  sequences  of  "exact"  solutions  of  the  equilibrium  equations  for  intermediate 
designs. 
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frrul?ur"‘Xl  simplicity  „ consider  truss 

vartatio^i  aedei  ,„  .r  icrces  , '“ati'^.irrdtpi^ts'^*-^ 


max  min 
q X 


Bq  - i q'T  Qq  _ 


where  B 


dsnotes  the  compatibility  matrla.  Q the  compliance  matrix 


(1) 


(i.e.  i Qq 


tlon  e«?n?ed  To®  mixed  f^rnnila- 

by  adding  yield  constraints  of  tL  form  ^ ” frlctlonless  contact  at  nodal  points 


l^i  /A.  I < CT  , 1 = 1 NB 


(2) 

"rcoL::o:s‘‘''“  *■  » tbe  number  d bars,  alon. 


J ^ 


t 


for  the  unilateral  contact  constraints.  In  v « 

nodal  points  and  Dotentiai  given  Initial  gaps  between 

tlons.  If  no  contact  surface" a*V soeemt^'  tH**  *’  contact  condl- 

B.  = I . and  .e  .ye  tbe  ..lies 

|Bc  = f:  I Biy*^|  

ail‘5l  SS‘n‘?olrit:d“al‘““'  ■“>-  Btoblem  plays  a key  role 

^(mjBdmafi  ri/AjsS.  laj 

A mixed  form  of  this  problem  Is 

m-min{x’'B<,)fTy,,,  I"*  / A.  U i . 1 = I 

The  limit-load  DroblAm  f^'x  4.u  i 

one  unified  maximization  problem  (c^^Refl!*^[l]T[2])T°^^®"‘  combined  into 


(5) 


(6) 


max 

a.q 


{“  |B,=af:  iq^Q,  , , 


(7) 


h- m . a :rr rr; “ — ~r:; 
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S . (7)  Is  an  elasto-plasticlty  nodal,  and  we  have  a nonotona  ralatlon  bataean  tha 

Increase  in  the  load  carrying  capacity  a and  the  global  naasure  a of  system 
energy. 

^^o:^Th“  ro^ri'cat’Eonr 

|x  1 ^ X.  . j = 1 NC  . we  get  a formulation 

J 3 


of  symmetric  bounds  on  x , i.e 

max  { a - 2 X l(Bq  - af)jl  | | QQ  1 t*;  1*^1/ AJ  1 

rr  n 


i = 1 • 


. NB 


l}  (8) 


a,q 


.here  ae  set  x = “ In  the  case  of  no  contract  condition.  If  the  constraint  on 
complementary  enirgy  Is  not  active  ae  have  defined  a limit  load  problem  for  plastl- 
city  with  possible  contact. 


The  pure  minimum  and  maximum  character.  I'' 

of  tL  analysis  prohlmss  (4)  and  (7  . say 

considered,  if  we  make  use  of  Castigliano  s . achieved  in  the  formulation 

conditions  (3)  in  terms  of  forces^  t f ^^d  enU^ely  Ease  our  formula- 

(8).  but  we  now  consider  one-sided  bounds  (3)  on  x^  . and  entirely  oa 

tion  on  principles  of  mechanics. 

Let  us  denote  by  r the  possible  external  contact  forces  exhibited  by  frictionless 

plane  surfaces  that  may  constrain  nodal  displacements  of  the  truss.  If  contact 
curs,  the  equations  of  equilibrium  changes  to 


Bq  = f + ar 


(9) 


where  the  matrix  a projects  the  contact  forces  onto  mcEiEElEEs 

nodal  forces  f . The  potential  contact  forces  are  orthogonal  to 
contagt  surfaces  and  taken  to  be  nonnegative. 


■■j  ^ ° 


j = 1 NC  . 


(10) 


when  directed  along  the  outward  normal.  Non-zero  contact  forces  r^  imply  a change 

1 _T  u ar%A  nofrnrdlne  to  Castigliano  s 2nd 


in  the  complementary  energy  | «q  through  (9).  and  according  to  Oastlgllano's  2nd 
theorem  the  nodal  point  displacements  Xj  in  the  directions  of  the  external  forces 
r . are  simply  given  by 

J 


‘J 




ar  I arj  J 


NC 


(11) 
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Since 


and  hence 


nenc.  Xj  is  directed  aeay  from  the  contact  surface,  the  kinematic 
contact  condition  (3).  where  the  initial  eao  v 

of  forces.  ^ now  expressed  in  terms 


Qq  ^ X, 


J = 1. 


. NC  . 


(12) 


“d  characterised  hy  the 

Liltlon“fl'^\tc“t“tTohVerU^r‘'“"‘“'''  “ - “-‘■^‘“ona,  governing 


(^] 


= 0 


j = 1. 


NC 


(13) 


2nerXVd'r'fol7o:s'Vo'rilo1  (^)  -V  now  be 


min 
q 


ln{iqTq<,  I B.,  = f var.  |"l/A,|  i 5 . , . i 


rj  iO  . 


Q<1  i Xj  . rj 


K^j. 


J = 1. 


. NC 


}• 


(14) 


th:i?:‘r l;:d7ebT^,^t?^hre  o7TlasVo°  plStl^^^^ 


max 
a.q,  r 


( a I Bq  = af  + ar:  iq'f'  Qq  ^ ^ a 


r.  > 0 
J ^ 


- f Ja. 

I dr 


ii’ 


Qq  ^ X . r . 
J J 


[^]  Oo*Jj 


1 = 1. 


= 0 


. NB; 


= 1 n|  (15) 


rie't  ' ^ elasticity  prevails. 

hand  nodal  point for  which^a^vertl^l 'f^tctfonf'^^  upper,  right 

with  the  inir^^i  ~ ^ frictionless  contact  surface  is  defined  along 

is  depicted  in  th^^i^ure  tL:u^J"The°d^^^^^^ 

forces  q,  . 1 = 1 5 T "f®  parameter  of  the  bar 

* ^ horizontal  displacement  h and  vertical  dis- 

placement V of  the  upper  right  hand  nodal  point. 
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CONTACT  ANALYSIS  (PURE  ELASTICITY) 


NO  CONTACT 


CONTACT 


fig.1. 


4.  DESIGN  FORMULATION. 

The  variational  statements  of  maximization  of  the  load  carrying  capacity  constitutes 
a natural  basis  for  the  formulation  of  a unified  analysis  and  design  problem  (see 
Ref.  [12],  Chapt.  10  for  a discussion  on  the  advantages  of  such  a setting).  Denoting 
by  Aj  the  cross-sectional  areas  of  the  bars  in  a truss,  a combined  problem  formula- 
tion. with  Aj  . i = 1 NB  . as  design  variables,  takes  the  form: 
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a 


maximize 
a.q, r.A^ 


so  : 


{ 


Constraints  of  variational 
problem 


} 


Constraints  on  design: 
NB 


i=l 


ll  A,  = V 


A $ A,  i A 


zz££^Ei 

^ 1 displacement  and  stress  constraints  are  to  be  included  as  nart  of  the 

X:Th."TiV.«"oT;umVwr‘°“  '*>'  probltf  stat'T.nt‘’'c4': 

stralnts  (cf  [13])  “ ^ contact  forces  and  plastic  deformation  from  such  con- 

de?enle.iT’o’'f  "ZZJZ  ^ Illustrates  the 

P dence  of  the  optimal  load  carrying  capacity  o on  the  compliance  constraint 

SiaL  fn  V . respectively.  Note  that  for  an  In- 

plaitL  raile  tT  th^  eUs“,';'“'''  '•>'  range  through  an  elasto- 

fore  settle-  in  rK  « las  tic  range  and  through  yet  another  elasto-plastic  range  be- 
fore  settling  In  the  elastic  range.  The  Intermediate  step  Is  caused  by  one  of  the 

design  constraints  ^ A becoming  active. 


flg.2. 
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structures.  Thfdesign  m™hl)dolo^^^^^  hereTa  nonlinear  framed 

fiinctions  involve  the  buckling  eigenvalues  and  eigenvectors  oHhe ttrSre 

d«i^  variables  is  used  in  conjunction  with  an  optimality  criterion  aonrS’  with  bounds  on  the 

so,™*  complex  oesip.  problen.  a„0  generally  feans  •o^s.r«„r^r^'^:!’.er 

*eone's,,;e'r4r.X^^°s,  ■”  wiicaucns 

Directly  opnmizing  the  limit  load  of  the  structure  is  overestimated, 

be  prohlbilhrely  expensive.  The  obJecUve  of  ihfc  paper  b7o  develon  an  "‘''Ch  would 

geomerncally  nonlinear  framed  slniciures  while  awMln*  the  nonlinear  analpif”  ™ '■'"''■load  of 

mu,dp°e"r2rrd'-;r  tr,SgrdS^“  "»<■- 

be  applied  ro  Ihe  simeture  simnlmneously  S^denJy  " “I"  I""' 

eomprro”^^bT.!:i”“L?d“^^^^^^  ".Sign  problems  are  more 

problems  rha,  migh,  appear  In  planar  des'gn  pr^lre  S « j! 

Although  researchers  in  the  field  of  structural  engineering  generally  S ^ out-of-plane  buckling  constraint, 
building  frames  especially  in  the  seismic  regions  wfuld  be  ^Lficia  three-dimension 

research  in  rhis  area  has  deal,  with  the  opLlxa.,rofl» ““jarLte^^^^  “> 

FORMULATION  AND  DEVELOPMENT 

To  improve  the  limit  load  behavior  and  stability  characteristics  of  a 3 n f«n,anH  . 
ronditions,  we  need  to  consider  several  ingredients  to  generate  an  ^ ^ structure  under  multiple  loading 

the  limit  and  post-limit  behavior  of  elasto-plastic  frames  Hielmstad  a h p '*"*^*u  observations  made  on 

model  of  nonlinear  behavior  of  framed  struetCel  ««  approximate 

of  a structure  can  be  improved  by  maximizing  the  linear  huciriina  ^ *****  *^^  overall  stability  and  strength 

applied  by  Pezeshk  and  Hjelmstad  (1989)  to  Improve  the  DerfoJLiS"'^  T r**®  concept  was 

successfully.  Thus,  in  order  to  improve  the  limit-toad  and  iSt  lZr>S,r^- **  **!?f  ^”***®*’  which  worked 

the  buckling  eigenvalues  in  the  objective  function  To  handte  liiuh *^**"*®‘*  structures  we  must  include 
loading  conditions  directly  in  the  objective  functtol  We  fuiJher  purpose  including  the 

become  important  to  the  objective  function  if  they  cause  disDlaam^IT*^'”  *^**  ***®  *°*‘*'"®  conditions  should 
the  design  subspace.  The  proposed  formulation  then  seeks  w w “.•’“ckling  eigenvector  which  is  in 

.he  work  of  .he  various  load  rases  going  through  moial  disp 

to  comSrlhTm  in  TJ^admfic  fo™"^'^l^only  sSr^S  T function  would  be 

Ruckling  eigenpairs  useS  in  the  objective  toncttoVfnrne^^^^  “ **'“‘  the 

Therefore,  it  is  best  to  consider  a quasi-quadratic  form  such  as  ^ number  of  the  loading  conditions. 


'*'ftere 

i i * 


m 


“«-«>■».  "«d  n,  » a v«or  conmining 

Tire  dimension  of  .he  se.  is  e,ua,  ,o  ,he  "umi[  oKSrrrSnTonsTLTC^^ 
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n-23  leads  to 


(2) 


i-1 


Therefore,  in  order  to  improve  the  stability  and  strength  characteristics  of  a framed  structure  we  define  the 
following  optimization  problem: 


N L 


Maximize  E di{x)P^(x)n^(x) 

• 1 : 1 ^ 


(3) 


/.I  >-l 


Such  That  E^iW^i  " ^ 


(4) 


X..  < X..  < X.. 

_ii  y V 


(5) 


where  /i,=ith  elastic  critical  buckling  eigenvalue;  F=given  weight  of  the  structure;  Aj— area  of  group  i. 

In  this  paper  the  members  of  the  structures  are  assembled  into  M distinct  groups.  Each  group  is  associated  with 
a set  of  design  variables  which  describe  the  geometry  of  the  cross  section  of  that  group.  For  example  an  I-beam  can 
be  described  by  its  depth  h,  flange  width  b,  web  thickness  t,  flange  thickness  t^.  Consequently,  the  I-beam  has  four 
design  variables  (v=4,  where  v is  the  total  number  of  independent  design  variables).  A rectangular  cross  section  has 
two  design  variables  (v=2):  the  width  b and  the  height  h of  the  cross  seaion.  The  vector  of  design  variables  will  be 
designated  as  x = {x„  xj, ...,  Xm>  and  x,  is  the  design  vector  for  group  i where  Xj  = {t;,,  x^,  ...,Xi,}.  Xjj  is  the/th  design 
variable  for  ith  group.  To  simplify  notation,  we  designate  the  specific  weight  of  the  mth  group  as  the  weight  per  unit 
of  cross  sectional  area  of  the  entire  group 

a>A  (6) 

i&n 


where  the  length  of  member  i is  L;,  and  its  density  is  p-,.  The  sum  is  taken  over  all  members  associated  with  group  m. 

The  optimization  problem  considered  here  is  atypical  of  multi-objective  optimization  problems  because  all  of  the 
objective  functions  have  the  same  nature  and  yet  are  conflicting.  For  example,  maximizing  one  buckling  eigenvalue 
might  result  in  a decrease  in  another  one.  A good  survey  of  different  generating  techniques  can  be  found  in  Atrek, 
et  oL  (1984)  and  Cohon  (1975).  Since  all  the  objective  functions  are  of  the  same  nature,  a weighing  technique  is  best 
method  to  generate  the  noninferior  set  or  Pareto  optimal  set.  One  of  the  advantages  of  the  formulation  developed  here 
is  that  all  the  weighing  factors  are  determined  automatically,  eliminating  the  principal  difficulty  inherent  in  a general 
weighing  solution  technique. 

Using  Eq.  (3)  and  Eq.  (4)  the  Lagrangian  functional  can  be  cast  as 

- EE^.W^y^hvW  ■ ^ 

i-1  J~l  ' 

where  $ is  the  Lagrange  multiplier.  It  should  be  pointed  that  the  constraints  on  the  size  of  elements  given  in  Eq.  (5) 
are  not  included  in  deriving  Eq.  (7).  Constraints  on  permissible  sizes  can  be  handled  efficiently  by  treating  them  as 
passive  constraints  in  the  sense  that  whenever  an  element  violates  the  size  constraints,  the  design  variable  associated 
with  that  element  adopts  the  minimum  or  the  maximum  permissible  sizes  and  is  placed  in  the  passive  set.  Allwood 
and  Chung  (1984)  have  suggested  that  if  a design  variable  is  moved  to  the  passive  set  in  two  consecutive  iterations, 
it  will  probably  will  be  passive  at  optimum.  In  principle,  the  method  suggested  by  Allwood  and  Chung  was  followed 
in  the  computation  reported  in  this  paper.  However,  it  was  found  that  in  the  early  stages  of  optimization  it  is  best 
to  keep  all  the  design  variables  as  active  and  follow  Allwood  and  Chung  procedure  after  few  optimization  cycles  when 
the  algorithm  settles  down. 


E>J.WA  - r 


(7) 
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result  i^rTpZamy  “ f ™ 


1 m-l,  ...,  M and  «-l,  ...,  ,/ 


(8) 


In  Eq.  (8)  there  exit  two  sensitivity  terms;  sensitivity  of  fl.  and  u with  resnert  in  th,.  h»c- 
sensitivity  of  Aj  is  a function  of  sensitivity  of  eigenvector  Thus ’sensitSi^nf  ^ ^ ^ variables.  The 

needed.  Determination  of  these  sensitivities  are  discussed  in  th^  following  section  eigenvectors  are 

EIGENVALUE  AND  EIGENVECTOR  SENSITIVITY  ANALYSIS 

E\^luation  of  the  optimality  conditions  require  knowledge  of  the  sensitivity  or  rate  of  rhano*.  nr  n,  k i i- 
eigenvalues  and  eigenvectors  with  respect  to  the  design  variables  Procedures  fnr  rnm  . ^ ® ^ buckling 

been  known  forson.e  .ime,  but  efficient  methods  of  co*mpZuoIZnun"S  ofinTeXl^fJirr^'r''” 
^^dMtled  dncnsston  of  the  problem  has  been  given  recently  b,  Dailey  (1989).  Consider  the  foUoZg  e£ZTne 


K<f>  - fiGif> 


(9) 


variables  and  some  mathematical  matjpniations  wt  can  determ'in?th“;S  IJXSZZZ'®" 


Mi  - 


and 


4>' 


(10) 


where  a prime  indicates  differentiation  with  respect  to  the  design  parameter. 

RECURRENCE  RELATIONS 

simila?ZSr;;i,^1;  »f  -“-Pn-  relations 


1 + i(^  - n 


(H) 


pam'^tefroep^^^^^  the  consta^inUt  ma7b^tec^!yToTn?r'eS“  Mf^derT""' 

EQUATION  TO  DETERMINE  LAGRANGE  MULTIPLIER 

mnliStZeZt'^hyZInZ^rdSim^ 


m-l  A-1  uX 


(12) 
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The  Lagrange  multiplier  can  be  obtained  by  satisfying  the  linearized  constraint  equation  at  the  new  iterate  x**'. 
Substituting  for  the  appropriate  terms  and  simplifying,  one  gets 


VV ^ Q n 

X mn^mn  m 

m-1  n-1 


E 


A 

rA  + V — :: 


fi  - r r 


(13) 


since  the  constant  volume  constraint  is  an  equality,  | can  be  either  positive  or  negative. 

SCA^G  Jjjg  constraint  relationship,  it  is  necessary  to  scale  design  variables  to  bring  the 

volume  of  the  structure  to  the  level  of  the  assigned  volume  constraint  F.  Scaling  is  nectary  to  insure  that  the  des^n 
at  each  iteration  is  feasible.  The  following  is  a development  of  the  scaling  procedure  for  rectangular  members.  The 
same  procedure  can  be  developed  for  I-beam  cross  sections. 

The  weight  of  the  structure  after  each  iteration  can  be  divided  to  three  groups  depending  on  which  design 
variables  are  passive  and  which  are  active.  Thus,  the  total  weight  is  given  by 

(14) 

r - + w**’  + 

where  Ws  are  various  weights.  A superscript  ’a"  indicates  an  active  design  variable,  superscript  ’p"  indicated  a passive 
design  variable,  and  there  is  one  superscript  for  each  design  variable  in  the  group.  The  weight  of  the  structure  is  scaled 
after  each  iteration  by  scaling  only  the  active  design  variables.  The  scaling  factor  t,.  such  thatx^j  is  determined 

by  the  equation: 


2 

r - iffp 

21^ 


(15) 


The  scaling  equation  for  n design  variables  per  group  is  an  nth  order  polynomial.  Higher  order  polynomials  can 
be  easily  solved  by  Newton’s  method. 

In  the  following  sections  the  optimization  procedure  is  applied  to  an.  irregular  framed  structure.  The  purpose 
of  the  ciample  problem  is  to  demonstrate  the  performance  of  the  optimization  procedure. 


SETBACK  FRAME  EXAMPLE  , . ,, 

It  is  often  difficult  to  identify  the  design  changes  necessary  to  improve  the  performance  of  a structure,  esp^ally 

when  the  structure  is  irregular  and  the  response  is  nonlinear.  The  frame  considered  here  is  a two-story  setback  frame 
as  shown  in  Fig.  1.  The  topology  of  the  frame  was  picked  from  a report  by  Cheng  and  Truman  (1985)  and  redesigned 
to  meet  ATC-03-06  earthquake  design  recommendation  (1978). 

A preliminary  design  was  performed  using  full  dead  and  live  load  in  all  members,  using  approximate  coefficients 
to  determine  maximum  moments  in  girder  sections.  Because  setback  is  an  irregular  structure,  a modal  anaJ«K 
procedure  was  employed  to  determine  earthquake  loads.  Tlie  following  seismic  coefficients  in  accordance  with  ATC-3- 
06  were  used:  effective  peak  acceleration  (A.=4);  effective  peak  velocity-related  accelerauon  (iV=0.4);  soil  profile 
characteristics  of  site  (82=  1.2);  reduction  factor  to  account  for  effects  of  inelastic  behavior  (R— 4.5);  seismic  Categoiy 
O and  seismicity  index  of  4.  The  loads  on  the  structure  were:  dead  load:  80prf,  and  live  load:  40psf.  A set  of  eight 
«;mbination  of  load  effects,  as  recommended  by  ATC-3-06.  was  considered.  The  f ^ 

application  of  seismic  forces  on  the  building  are  determined  as  a combination  of  prescribed  loads.  100%  of  the  fora 
for  one  direction  plus  30%  of  the  force  for  the  perpendicular  direction.  The  eight  different  loads  wre  appliej  to  the 
buildine  and  the  stresses  and  the  displacements  of  each  load  combination  were  determined.  Members  of  the  building 
were  chaked  for  the  worst  loading  case  and  were  redesigned  if  necessary.  This  procedure  of  analysis  and  r^esign  was 
carried  out  for  several  iterations  until  all  the  requirements  were  satisfied.  The  member  properties  of  the  Qnal  design 
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checked  agaiim  ihe  AISC  (1978)  specification  and  all  the  requirements  were  satisfied 
design  are  given  m Table  1.  Load  cases  I and  II  are  shown  in  Rg  2. 


The  properties  of  the 


design  is  summarizll  in  Table  L ^mh  I^tiaf  dSi^an^ opd^  condition  I.  The  properties  of  optimized 

performances  are  given  in  Fig.  3.  From  thTLrTme^^^^^  "on“near 

initial  design  with  better  load  carrying  capacity  and  improved  ^«^limit  better  than  the 

as.ru«:"td^sS^  set  to  minimize  the  volume  of 

used  to  limit  displacement  Of  a des^^o  Sm^daZe  optimization  methods  have  been 

Unfortunately,  such  an  approach  does  not  assure  overall  suuct  Jral  subilitv 

the  displacement  constrained  optimal  design  may  not  have  desirable  ainh  i ”iultiple  loading  conditions, 

this  point,  the  initial  setback  d«ign  was  SS  Jim  a sSe  characteristics.  To  demonstrate 

compare  its  performance  with  the  optinuil  d^ral  ^fubllT  opttmizaiion  procedure  to 

The  weight  of  the  structure  was  minimized  with  a ton  disnlacemem  nf  i 9 ^ . 

cases  I and  II,  resulting  in  an  optimized  structure  of  the  same  weight  as  those  nmi  • ri  ^ a combination  of  load 
of  the  optimized  design  under  placement  comtrainB?lon.^m  properties 

stabilii,  are  given  in  Table  1 TTie  rnlinrr^o™.™  properties  of  the  optimized  design  based  on 

both  the  initial  design  and  stability  design  This  eYamnie  eon  ca.  n **”**^c  behavior  under  load  case  I than 
procedure  in  Improving  global  stability  and  strength  of  a structu  ™nnto  mlthi'^e  tadmg"^.' 

CONCLUSION 

with  totm“sBen“S  S"taK to  designs 

can  Impnive  the  stabili^  p>rf°  ^"-c  weight  The  method 

optimization  procedure  is  specially  effective  for  tall  huiidfnac  h ^ multiple  loading  conditions.  The 

optimized  herV  is  not  a taVbSnrvenroil^lrtS™  “‘•'“k  freme 

Characteristics  of  the  building  frame.  ^ improved  the  overall  performance  and  the  stability 
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applications  isZ'elf  knoJn.  ^sfg^n1fi?ant  wS  structural 

developing  structurally  tailored^ concepts  and  benefits  are  achievable  by 

material  and  manufacturing  technoloaieq  Thn  nr  *^f®9r3ting  them  with  suitable 
emcien.  concep,  for  applicaVonlo"^  aKSeT^ 

ply.  lay-ups  Of  The  panel  a?e  Sin  Taw^ J”®  dimension^  and 
Sizing  of  this  wing  structure  subjected  to  several  fiinht  from  preliminary 

preliminary  design  was  consSS  L conditions.  This 

The  predominant  loading  at  the  locatiL  o1  strength  conditions  only 

compression  (Nx)  and  sLar  «9^re  1)  is  inplane"’ 

skin  design  and  a tailored  skin  desior^  Thl^fniw^  ^ ® 

18/36/36/10  (percentage  of  0/45/  45/S'o  Iiiirn i.  ® thickness 

0/45/45/10  ply  lay-up  with  the  0°^  has  a 

and  prebuckling  stiffnesses  wereTcnstam 

TRn”"“®™®^"®  lhe°firtte*^8S®meTh^  ^T^eTSli  ®"‘*  P°®“>“®l'ling 

T800/5245C  graphite-bismaiPimiHL^i;  • ' . ' h®  P®nel  designs  utilized  the 
used  in  the  analysis  to  simulate  a represemafivp  displacements  were 

N*y=1000  lb./in  The  three  ISmbinaZsYnYd  ®'''^  and 

and  Nxy=0).  Nx+O.SNxy  (Nx=1000  Ibs/in  ail^^S  " snnY  r®?  <^’'=’0°°  'ds^n. 

(Nx-1000  Ibs/in.  and  NL=Tooolbs^n  1 Th=  ^ ®nd  Nx+1.0  Nxy 

show  that  substantial  gams  are°Mssible  eYnYMh'?M®°n"l  f “""Panzed  in  Table  2 
loading  conditions.  The  burkiinn  fayv*  ^h®  Nx+0.5  Nxy  and  Nx+1 .0  Nxv 

load  to  the  imposed  load.  presented  is  a ratio  of  the  predicted  buckling 
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The  postbuckled  results  obtained  from  the  analyas 

panel  stiffnesses  are  better  retained  into  initta™ 

skin  panel  stiffnesses.  For  example,  for  the  Nx+0.  l^i^  ^ m cen 
postbuckling  axial  and  shear  stiffnesses  are  ^uced  20  percem 

resDectivelv  compared  to  the  prebuckling  stiffnesses  for  the  uniform  skin  par^i.  e 

oercent  improvement  in  postbuckled  strength  compared  to  the  uniforrti  skin 

s%TSv^rprorna^»vJ 

Storing  of  this  type  may  be  very  effective  for  optimizing  structural  designs. 


Table  1 . Geometric  and  Ply  Lay-up  Details  of  Panels 
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INTRODUCTION 

regularly  applies\ptimization^tJ  other  industries, 
which  reduce  cost,  maximize  Derfo^^^^^^  develop  designs 
The  desire  to  minimize  weight  if  ^ minimize  weight. 

l«lt  the  aUoUle  of  o?te„ 

opti  a“plce!ba'serSoie^^'"  the 

mass.  The  goal  of  this  work  is  to  system  for  minimum 

optimization  techniques  on  a r-oai  • ^?™°^®trate  the  use  of 
system.  The  power  system  ^ Practical  engineerina 

thermoelectric  deCiSflC  SCC™rrC«rj°J“^  "n  Figure®!  "SIS"® 
heat  source  for  the  svsi-^aTn  ^ heat  into  electricity.  The 

reiectea  From  the%CL=C^Co%a%e"“Cj“^rC?CCCC; 

successfully%raployS^to^provide''elect?i^°®^®''^'''^  have  been 

thermoelectrics  in  soace  an^f?  primary  use  of 

thermoelectric  generators  ?RTG?^^^r??  radioisotope 

thermoelectrics  to  convert  by  using  ^ 

such  as  plutonium-238  into  electricitJ^^^-rh^  ? radioisotope  fuel 
missions  employed  RTGs  and  mr.»-o  Apollo  lunar 

Voyager  misIioL  which “«te  used  on  the 
Saturn,  m all  o?  tSsf CiCCfCnf 
requirements  were  in  the  loow  to  lOOOW 

required^CoCer“ICelS°iCCrMCr"  IC^uCf”  sophisticated,  the 
are  expected  to  require  lookw  to  im  Ce  i"  <=he  1990 's 

use  Of  RTGS  to  meet  these  pCweC  le^lC"lf!=’=fi“l  P°«sr.  The 
Alternative  power  systems  such  as  th*.  longer  practical, 

considered  for  this  task.  The  aim^o?  being 

power  system  which  iC  consL^^rf-  Ch'il^^CCrj^^  rC-Ca-ed^CC  the 
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overall  characteristics  of  the  SP-100  system. 

To  perform  ^jj^J^tion^s^stem^is^de^^  evaluates 

ana 

thrLSpimef  sJSei°Sefinitlon  In  the  initial  design  phase. 
SYSTEM  description 

As  indicated  in  Figure  1,  ®g®^gj^t^receives  a portion  of 

number  of  identical  f®^®^^®*  reactor  and  produces  a portion 

the  thermal  r Realistic  system  designs  have 

of  the  required  electrical  power,  J^nfigurations . The 

been  defined  which  show  10  the  operation  of  the 

function  of  each  segment  ' ^oLanSe  of  a single 

total  system  can  be  described  by  the  performance 

segment . 

Each  segnent  f the^oelectric  P°--„9eneraticn^sys«^ 

contains  primary  (hot)  and  secondary  (cold) 

loops  are  referred  to  as  the  prima^  temperature  heat  supply 
loops.  The  primary  loop  is  g temoerature  heat  rejection 

reactor,  “nperature  the  primary  loop 

output  from  the  reactor.  Hea  w._a.  ^vehanaer  A portion  of 
as  it  flows  through  the  pump  and  heat  ^ 

?s^p 

- SS^ryl^o^pIftom  the 

rt?rr?*";p,"  f it%?ows 

SL^re»anS«?  a^  returns  to 

fluid  and  rejected  to  space  by  radiation. 

Thermoelectric  <^®^j®®®  ®J®f®Q”s'^Jhrough^the^thera 
cold  heat  exchangers.  As  wiiehoH  across  the  thermoelectric 
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^ro.  4»  - 

performance  of  thermoelectrils^i:  P?o^?Ln^^iranf  [2] . 

segmeS?,“?l??iS  ISd  nSS^lose'’  ‘trough  the 

each  loop.  The  pump  is  emolov^*!?  cause  pressure  drops  in 

loop,  and  thus  maintain  the  propel  floS^?atls?^®  Pressure  in  each 

SYSTEM  MATHEMATICAL  MODEL 

componentror%SsyJSmrarridenti^  several  system 

created  for  each  of  these  JubsySemfTh!"^  k model  is 

radialo^rpuSp/^eac^or  °?l?=trics,  Laf 

^°™“lated  by  linking  all  of^’thlfe  subsvst"‘’^®*^a  ®°del 

through  an  overall  svstem  hf»a-t-  k^t  subsystem  models  together 

model  describes  the  pSiorSince  air»r  resulting  sylter 

entire  system.  mass  characteristics  of  the 

algebraic  equations!^  °Since  the^em^t^^^^^  ^ non-linear 

solution  of  the  system  non-linear,  the 

algorithms  are  retired  to  numerical  ^ 

solution.  'luired  to  iteratively  determine  the  system 

^own  in  Figure  i,  including  ?^e  idfn^-?°'"®?-®^®^®“  segment  is 
along  the  primary  and  secondarv  i state  points 
the  heat  source  for  the  system^  and^i^^°'*^  Paths.  The  reactor  is 
primary  loop  of  each  segment,  ' ^ supplies  heat  to  the 

tempera ture^increfse^of^the°p?La?v^^  segment,  the 

reactor  can  be  calculated.  This  through  the 

This  temperature  increase  is  given  by 


where : 


QRCT-PLs/nsEG  = nipCpCTpi  - Tp3] 


(1) 


input  to  the  primary 

iC°  = Se  primiry'l^lp  w/rkina’ff®^®'''^®  ‘**®  ®y®tem 

c,  = specific  he^at  o°?  l^TvS^k^Lg^lLS^* 

d%%"?|n%\%Ta%%‘  points 

JnknS„^"‘’“"'  """  °‘»er  state  point^’iipk^-iurrtaluer 

in  each  segment,  the  primary  loop  working  fluid  flows 
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directly  out  ^he  int^  thrsecSnS?y^loop . 

is  transferred  from  the  prim  Y P thermoelectrics  in  the 

portion  of  this  heat  between  the  heat  lost 

pump  into  electrical  P^^  aained  by  the  secondary  loop  is 

J°elr“proau«nitSi“he  U-  hn  expression  for 
this  power  quantity  is 


mpCp[Tpi  - Tp2]  = Pe-PUMP  + %Cs[Tg2  - Tgi] 


(2) 


where : 


p = electrical  power  produced  within  the  pump 

E-pinff  secondary  loop  mass  flow  rate 
o’,  = Specific  heat  of  secondary  loop  working  fluid, 


After  exiting  the  P“”>P-  the  priM^  ^SS'^irnSSS  S«2gh  the 
enters  the  hot  side  heat  exchanger  TO)  . As  it  ri 
hot  HX,  heat  fron  the  Pt“»ty  loop  is  ^|"J«tred^ 
through  the  thermoelectrics,  and  into  the  seconaa^y 
The  hlat  flowing,  through  the  themoelectrlcs^«^^^ 

temperature  gradient  across  ..  nrimary  loop  heat  input 

the?moelectrics  convert  J portion  of  the^pr^^^ 

into  electrical  power.  Within  the  HX  package  of  each 

pSSL"gSnSStSSVS"Si.e^t.  The  relationship  for  this  value  is 
given  by 

mpCp[Tp2  - Tpa]  = Pe-te  + %Cs[Ts3  ” Ts2l 
where  Pe-te  is  the  electrical  power  produced  by  a single  segment. 

... 

heat.  The  amount  of  heat  rejected  per  segment, 
determined  by 


QrEJ-SEG  ~ msCg[Ts3  Tgi 


] 


(4) 


heat  ;=?ttangers,  pipings^  and^^,d^^t  aetennined.  Once 

rejection  capability  or  u ned  then  the  pump  size 

phase  are  provided  in  [1]. 


360 


input.  In  general  the  input  parSeJI  “’,P«^”«ers  are  system 

1:  neguirements 

3-  Dimensional  specif ioatioL  o?  toe‘’lySen  c 
rpho  • system  components. 

S?5s  aini5L1£— 

OPTIMIZATION  ANALYSES  AND  RESULTS 

janufaSpnl^^So'^JdSiionafc^ 

system.  The  first  iroposed  to  avoid 

efficiency  of  a thermoelectric  devf^f  the 

exceed  the  maximum  theoretical  efft^f  ''^thin  the  system  does  not 
device  [3].  The  seconrco^SaTnf  ® thermoelectrL 

“-'■s: « .rs.s?„'.TS 

s£-"sisSS^^^ 

^i-  »,Dio  Kg  as  shown  in  Table  2. 
Parametri ct  studv  t«  ^ 

under  consideration  is  varied  '’^®  variable 

remain  fixed  at  their  baseUn4  valils?""  variables 

interdependencils^between^all^of^th  consider  the 

not  produce  true  optimum  desLnf  variables,  they  do 

worthwhile  endeavors  See  ^1;  *”°''®^®^  ®re  still  ^ 

and  also  the  sensitiSv  o?  P^°^^de  some  insights  to  the 
|.^nur  insenairiye“r  < cyn^^V^^— ---  ^up^- 

The  optimum  value  of  a ie 

3?®. ’thermoelectric  subsJsteS  masi  '?®"  t”®  Increase  of 

-re  severe  than  the  P®nal^T^e^^\^e^^%^*“„^^^^^^^^^^ 
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based  on  Generalized  Reduced  Gradient  Metnoa  was  f 

the  system  producing  a design  having  ^°tal^mass^o^4^058^Kg^^  ^ 

design  variable  Soted  that  most  of  the  mass  reduction 

secondary'pipings  were  slightly 

increased. 

CONCLUSIONS 

A mathematical  model  was 

. t7-;-4-vi  1 v^Tiables  chossn  3.S  Q©si^n  vanaDies^  ^ 

optimization  techni^es  also  provide  valuable  insights  to 

system.  The  parametric  studies  p ^ ^jjg  variations 

tL  problem  and  Jhe  sansitrvrties  of  toe  sy^ 

of  design  parameters.  Further  reiinem  . „aT-iables  is 

Mdel  cimbined  with  increased  number  of  design  variables  is 

suggested  as  future  study . 
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1^000 


Table  1 


0-^  o.»  o.i  ,.o 

^HX  aHx-yMxi  CSO.  MO 

Figure  2 

HX  Face  Area  vs.  System  flass 
(Parametric  Stufy) 

Table  2 

Multivariable  Optimization  Results 


Variable 

A »2 


Baseline  Value 
0.4 


Optimum  Value 
0.253 
3.65 


cm 

1.5 

3.25 

<1tc 

cm 

0.6 

1.5 

It 

m 

0.2 

0.424 

Ic 

m 

4.0 

5.0 

kg/s 

0.79 

0.648 

m 

1.0 

1.26 

A 

mm^ 

18.75 

19.7 

V, 

cm 

0.2 

0.374 

Ve 

cm 

0.15 

0.227 

V, 

cm 

9.3 

0.404 

fi 

1.0 

0.88 

Total  System 

Mass  9515  Kq 


^exected  Design  Variables  for  Optimization 
VsrfftbU  OMcrIpcIfln  ^ I 


NX  f*c«  crc« 

Nrfwiry  loop  pipe  dlM. 
Secondary  loop  pipe  dies. 
Popth  of  thervocoiple 
XedUtor  evaporator  laodCJi 
Radfater  eondenaer  length  . 
Secondary  loop  mss  flow  rate 
Load  reaUtme  ratio 
Area  of  a tingle  theroocoqpte 
Hot  KX  pasuge  height 
Cold  KX  postage  height 
Radiator  diet  passage  height 
Thtfocotple  leg  area  ratio 


Table  3 

Conponent  Mass  Per  Segnent 


0.1 

1.0 

.2 

0.5 

4.0 

a. 

o.s 

4.0 

cm 

0.5 

1,5 

cm 

0.1 

0.5 

m 

2.0 

5.0 

m 

•a-p 

Ig/a 

0.5 

2.0 

• 

10.0 

30.0 

0.1 

5.0 

c. 

0.1 

5.0 

oa 

0,1 

5.0 

OB 

0.5  ^ 

2.0 

• 

Component 


®^seline  Optimum 
_ Case  Design 


Thermoelectric  Power 
Conversion  Subsystem 

Hot  Heat  Exchanger 

Cold  Heat  Exchanger 

Radiator 

Pump 

Prlaary  Piping  System 


Total  Hass  per  Segment  672.9  Kg  218.2  Kg 

Mass  of  12  Segments  8075  Kg  2618  Kg 

Has.  of  Reactor 


6.9 

4.7 

13.4 

8.7 

138.6 

111.7 

432.8 

27.0 

8.6 

15.7 

9.9 

20.9 

9515  Kg  6058  Kg 
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Attract:  The  optimal  topology  of  a two  dimensional  linear  elastic  body  can  be  computed  by 
regarding  the  body  as  a domain  of  the  plane  with  a high  density  of  material.  Such  an  optimal 
topology  can  then  be  used  as  the  basis  for  a shape  optimization  method  that  computes  the  optimal 
form  of  the  boundary  curves  of  the  body.  This  resulU  in  an  efficient  and  reUable  design  tool,  which 
can  be  implemented  via  common  FEM  mesh  generator  and  CAD  type  input-output  facilities. 


1.  Introduction 

Traditionally,  in  shape  design  of  mechanical  bodies,  a shape  is  defined  by  the 
orientated  boundary  curves  of  the  body  and  in  shape  optimization  the  optimal  form  of 
these  boundary  curves  is  computed.  This  approach  is  very  well  established  (cf.  review 
paper  by  Haftka,  [1])  and  commercial  software  using  this  method  is  available.  The 
boundary  variations  methods  predicts  the  optimal  form  of  boundaries  of  a fixed, 
a priori  chosen  topology.  However,  it  is  well  known  that  the  topology  is  a very 
important  element  of  the  final  performance  of  a mechanical  body.  As  an  alternative  to 
the  boundary  parametrization  of  shape,  a mechanical  body  can  be  considered  as  a 
domain  in  space  with  a high  density  of  material,  that  is,  the  body  is  described  by  a 
global  density  function  that  assigns  material  to  points  that  are  part  of  the  body.  By 
introducing  composites  with  microvoids,  such  shape  design  problems  appear  as  sizing 
problems  for  fixed  reference  domains,  and  a prediction  of  topology  and  boundary  shape 

is  possible  ([2]-[6]). 

The  material  density  approach  should  be  seen  as  a preprocessor  for  boundary 
optimization  and  by  integrating  the  two  methods  a very  efficient  design  tool  can  be 
developed.  In  an  integrated  system,  common  CAD-style  input-output  facilities  can  be 
used  as  well  as  a common  mesh  generator  for  the  FEM  analysis.  Interfacing  the  two 
methods  by  a CAD  like  (based)  module  added  to  the  input  facility  for  the  boundary 
variations  method,  allows  the  designer  to  actively  control  the  information  used  and 
such  interactive  possibilities  have  been  found  to  be  very  important. 
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2.  Topology  optimization 


For  the  topology  optimization  we  minimize  compliance  for  a fixed,  given  volume  of 

2‘T,!  The  density  of  material 

and  the  effective  material  properties  related  to  the  density  is  controlled  via  geometric 

variables  which  govern  the  material  with  microstructure  that  is  constructed  in  order  to 
relate  correctly  material  density  with  effective  material  property. 

The  problem  is  thus  formulated  as 


min  L(w) 

ai)(w,  v)  = L(v)  for  all  v 6 H 
Volume  < V 


(1) 


where 


L(v)  = r fvdfi+f  tvdr 

Jfi  Jp 


(2) 


V)  = Eijn(D)  ty(w)  <^,(v)dn 


(3) 


ere,  f t are  the  body  load  and  surface  traction,  respectively,  and  denotes 

incized  strains.  H is  the  set  of  kinematically  admissable  deformations.  The  problem 

IS  defined  on  a fixed  reference  domain  (I  and  the  rigidity  Ey^,  depend  on  the  design 

vMiables  used.  For  a so-called  second  rank  layering  construaed  as  in  Fig.  1,  we  have  a 
relation 


^ijkl  = 7,  &)  (4) 

where  p,  j denote  the  densities  of  the  layering  and  » is  the  rotation  angle  of  the 
ayering.  The  relation  (4)  can  be  computed  analytically  (|3j)  and  for  the  volume  we 


Volume  = J (p  + 

The  optimization  problem  can  now  be  solved  either  by  optimality  criteria  methods  (131) 
or  by  duality  methods,  where  advantages  is  taken  of  the  fact  that  the  problem  has  just 
one  constraint.  The  angle  H of  layer  rotation  is  controlled  via  the  results  on  optimal 
rotation  of  orthotropic  materials  as  presented  in  Ref.  [7]. 
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It  tarns  out  that  this  method  allows  for  the  prediction  of  the  shape  of  the  body  and  it  is 
possible  to  predict  piacement  and  shape  of  holes  in  the  structure. 


3.  Integration 

In  order  to  finalize  a design  obtained  by  the  material  density  approach,  it  is  reuired  to 
optimize  the  final  shape  of  the  boundaries  of  the  optimal  topology.  The  choice  of  initial 
proposed  form  for  the  boundary  optimization  methods  is  usually  left  entirely  to  the 
designer  but  the  material  distribution  optimization  gives  the  designer  a rational  basis 

for  the  choice  of  initial  form. 

Interfacing  the  topology  optimization  method  with  the  boundary  variations  method 
problem  of  generating  outlines  of  objects  from  grey  level  pictures.  A procedure  for  an 
automatic  computation  of  the  proposed  initial  form  for  the  boundary  variations 
technique  could  thus  be  based  on  ideas  and  techniques  from  image  analysis  and  pattern 
recognition.  For  the  examples  presented  in  this  paper,  the  outlines  for  the  initial 
proposed  form  were  generated  manually  thus  mimicking  a design  situation  where  t e 
ingenuity  of  the  designer  is  utilized  to  generate  a 'good'  initial  form  from  the  topology 
optimization  results.  The  term  'good'  in  this  context  covers  considerations  such  as  ea^e 
of  production,  aesthetics  etc.  that  may  not  have  a quantified  form.  A reduction  of  the 
number  of  holes  proposed  by  the  topology  optimization  by  ignoring  relatively  sm 
holes  exemplifies  design  decisions  that  could  be  taken  before  proceeding  wit  t e 
boundary  variations  technique. 


4.  Boundary  optimization 

Once  the  optimal  topology  and  initial  boundary  shape  is  defined,  the  objective  is  to 
refine  this  initial  shape,  such  that  the  von-Mises  equivalent  stress  in  the  body  is 
minimized,  subject  to  a resource  and  compliance  constraint: 

min  max 

n < D X e n 
so:  Equilibrium 

Jdfl<V 

Compliance  < 7 


366 


Here  D denotes  the  set  of  admissable  boundary 
geometric  constraints. 


shapes,  defined  through  local 


required  and  for  this  reason  the  rh  ■ ^ estimates  of  stress  is 

for  the  Hu  Wash-  equihbnum  is  defined  via  the  stationarity  condition 

7- j--  * m.°: 

shape  modification'’process  l^’ iToldTtolZ^foT^eT'' 

predicted  bv  the  teeei  ■ ° non-simply  connected  domains 

“vrr '?  ■“ 

K j olocKs.  ihe  remeshing  is  a crucial  element  in 

allows*forThe"b7T  ‘°«ether  with  the  use  of  a mixed  FEM  method, 

nodes  along  the  des.>Tou~S)“  ™ 


5.  Ebcamples 


described  above.  boundary  variations  technique,  as 

for  Z 'ZZZZ  in  very  good  initial  forms  obtained 

cCrdrgrrndroX^^^^^^^^^  --  -- 

r«u^ts  m some  disease  m the  compliance,  but  this  is  not  unexpected  as  the  drawing  of 
the  .^liLrLTan'ceV®!^”®'  insignificant  pertubation  of 


ACICMOWLEOGEMEMTS;  Thi»  work  hmm  — 

lanr/ASP  31)  It  tiM  srttpfuUy  «ckno«ltdg.d. 
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MACRO-SCALE 

MICRO-SCALE  I 

MICRO-SCALE  2 


F(G.1.  Construction  of  a 
layering  of  second  rank. 


FIG. 2.  Optimal  design  of  a beam.  A:  Optimal 
topology  with  outline  showing  reference 
domain.  B and  C:  Initial  and  final  design 
using  the  boundary  variations  method.  Two 
blocks  are  used  for  the  elliptic  mesh 
generator.  Only  the  boundaries  of  block  1 
can  move.  The  mexioua  stress  Is  reduced 
by  55. 7X  and  the  compliance  by  7.3X. 

Block  divisions  are  shown  as  hatched, 
bold  lines:  design  boundaries  as  bold 
solid  lines. 
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boundary  variatfons  timtht^  ^ Initial  daalgn  and  optimal  design  with  the 

coapliance  design).  blocks).  G:  Optimal  design  with  no  hole  (miniraLia 
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CRYOGENIC  OPTICAL  ASSEMBLY  (COA)  COOLDOWN  ANALYSIS 
COSMIC  BACKGROUND  EXPLORER  (COBE) 


FOR  THE 


Robert  J.  Coladonato  N94-71467 

Sandra  M«  Irish 
Carol  L.  Hosier 


NASA  Goddard  Space  Flight  Center 
Greenbeltf  HD  20771 


INTRODUCTION 

The  Cosmic  Background  Explorer  <COBE)  Spacecraft,  developed  by  Goddard  Space  Flight 
Center  (GSFC) ^ was  successfully  launched  on  November  18,  1989  aboard  a Delta 
Expendable  Launch  Vehicle.  Two  of  the  three  instrranents  for  this  mission  were 
mounted  inside  a liquid  helium  (LHe)  dewar  which  operates  at  a ten?>erature  of  2 
KeXvin  (K) . These  two  instruments  are  the  Diffuse  Infrared  Background  Experiment 
(DIRBE) , and  the  Far  Infrared  Absolute  Spectrophotometer  <FIRAS) . They  are  mounted 
to  a coimnon  Instrument  Interface  Structure  (IIS)  and  the  entire  assembly  is  called 
the  Cryogenic  Optical  Assembly  (COA) . Figure  1 shows  the  dewar  and  COA  arrangement. 


Figure  1 . Dewar  and  COA 

As  part  of  the  structural  verification  requirement,  it  was  necessary  to  show  that 
the  entire  COA  exhibited  adequate  strength  and  would  be  capable  of  withstanding  the 
launch  environment . This  requirement  presented  an  unique  challenge  for  COBE  because 
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subjected  to  laun<S^loadir!^^H^^  ' cooled  to  2 K,  and  ther 
not  be  done  because  of  facility  lliJiit^tlJ^*^  entire  COA  at  2 K coulc 
the  strength  verification  of  the 

toJ^rioad.^°“i?owever,  ''i^^otder'' to^'^find^jj^^  t®  launch  loads  to  arrive  at  the 
transient  cooldown  event  had  to  be  conairf«i-*»H*^  loads  from  the 
thermal/structural  analysis  was  undertaken  hn  i evaluated.  a combined 
temperature  distributions  and  restltina  “^?® i event.  Transient 
concern  at  the  three  major  structural^lnJ  cooldown  were  of 
IIS/DIRBE  interface,  and  the  l?s/FlSs  iSJeStn®'  IJS/Dewar  interface,  the 
bolted  connection  that  relies  on  f riSfio^  to  ^he*?  interfaces  is  a 
analysis  to  be  a viable  approach  for  strenoth  intact.  in  order  for 
loads  be  predictable.  The  cooldown  even? had  “®=®®®*^  that  the 
temperature  gradients  which  could  result  ^n  generating  large 
interfaces  during  cooldown  would  introduc?*Tf^,T,J  ^ ^ Slippage  at  the 
the  analytical  predictions  « well  the  T <=ondLtion  and  invalidate 
analysis.  The  cooldown  analysis  was  i!^dert«ke  4 J?""  strength  verification  by 
no  ,llpp.5e  occurred,  therefore,  no  unpredlcteble‘’lo.,£  uould  £°U™rind™“ 

overall  temperat^e^^M^?“recJui^^^^^  *us*^^*f*  * complex  task.  The  large 
properties  for  both  the  them^  and  atnif«k*®  temperature  dependent  material 

temperature  dependent  material  properties  wVre""  obt?iS«H°?  V*®  analysis.  The 
as  well  as  from  specific  in-house  testlnfr  References  1 through  7 
transient  ten^serature  distributions  thr-n  ^ The  thermal  analysis  provided 
incorporateTThe  resurts  fro?  the  t^™f  ?„,?®  structural  Lalysis 
loads.  '^”®  thermal  analysis  and  then  determined  interface 


Both  a transient  and  steadv-stat-A  i j 

study  determined  the  COA  time-teVeA^re  ?r“o/A«  ®°*'^“=ted.  The  transient 

from  room  (300  K)  to  LHe  (2  K)  tenSratures  groundhold  cooldown 

cooldown  were  provided  by  the  C^aeZic^  V'h  temperatures  during 

based  on  flight  dewar  testing  \t  Ball  Branch  at  the  GSFC  and  were 

htcdy-ccc.  t»p.r.tur.  ddctribution 

thermal  models 


srsx:s:d'r„r“h^f^n'd“.f?h“ 

teppcctur.,,  „d  nuiturihl  prcpurtiu,  d.c.x,d^“rOT»“'^lT,^;Vr.S^^^ 

f •■><>  r.di.cio„  „ch.„,.  i, 
for  a ten?jerature  range  of  approxLatelv  transfer  network 

the  COA  had  to  be  generated  in  or^,-^V/  ^ ^ geometric  representation  of 

processes  which  occurred  in  this  physical  heat  transfer 

this  purpose  was  the  Simplified  *^Sorce  *^i®  program  used  for 

(Reference  8)  assumes  that  the  radi w ^ Thermal  Analyzer  (SSPTA)  . SSPTA 
determines  configuration  factors  based  percent  diffuse.  SSPTA 

Vernon. •”=>  '•!««  *bd 

from  FIRAS,  the  upper  and  LwLr  Since  the  IIS  photon  cover  separates  DIRBE 

tbucby  cducin,  cb.  ccbpuc.r  ?st°"?brf  if 
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are  shown  in  figure  2.  Emissivity  values  of  0.75  and  0.10  were  assuined  for  ail 
black  anodized  and  bare  aluminum  structure,  respectively.  Based  on  the  results  of 
a preliminary  cooldown  analysis  (December  1983)  most  of  the  primary  structure  was 
black  anodized  to  enhance  radiation  exchange  and  thereby  reduce  gradients. 


rigure  2 . Thermal  (Seoaetric  Models 

The  approximately  400  node  TMM,  which  was  used  to  predict  temperatures,  was 
generated  in  the  Systems  Improved  Numerical  Differencing  Analyzer  (SINDA)  format. 
SINDA  (Reference  9)  is  a finite  differencing  program  which  defines  a thermal 
network,  manipulates  solution  arithmetics,  and  specifies  output  of  results.  The 
program  requires  the  user  to  specify  a network  of  thermal  modeling  elements  unique 
to  the  physical  problem.  These  lumped  parameters  include  nodal  thermal  masses, 
conductances,  internal  power  generation  values,  radiation  couplings,  and  boundary 
temperatures . In  cryogenic  modeling  the  conductivity  and  specific  heat  of  materials 
are  highly  temperature  dependent.  Interface  conductances  are  also  functions  of 
temperature.  Values,  determined  by  testing,  are  stored  in  arrays  which  reference 
them  to  the  associated  temperatures . The  correct  material  properties  are  determined 
during  each  iteration  by  linear  interpolation  of  entries  in  the  arrays. 
Conductances  of  critical  paths  were  verified  during  COA  cryogenic  testing. 

The  solution  network  routine  specifies  the  type  of  finite  differencing  technique  and 
convergence  criteria  to  be  used.  For  the  steadystate  analysis  "STDSTL**  was  chosen. 
In  this  routine  the  finite  difference  equations  are  solved  iteratively  by  the  Gauss- 
Seidel  method.  For  the  transient  cooldown  analysis  ••FWDBCK’*  was  used.  This  routine 
uses  a forward* backward  differencing  technique  with  the  general  quartic  formula. 
Convergence  for  both  of  these  routines  was  based  on  both  a temperature  relaxation 
criteria  and  a desired  energy  balance  with  maximum  values  of  0.5  mK  and  0.1  mW, 
respectively . 

THERMAL  RESULTS 

Results  for  the  cooldown  analysis  were  generated  in  the  form  of  time-temperature 
profiles  of  ail  SINDA  nodes.  Of  particular  interest  was  the  gradients  at  the 
IIS/Dewar,  IIS/DIRBE,  and  IIS/FIRAS  interfaces.  Figure  3 shows  the  average 
temperature  gradients  across  these  interfaces.  The  cooldown  profiles,  along  with 
steady-state  prelaunch  temperatures,  were  used  as  input  for  the  NASA  Structural 
Analysis  (NASTRAN)  study. 
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analysis 


NAS TRAN  MODS LS 

finite  element  method  to  solve  a wi 
«»odel  of  the  structurl  in  qu«tion  i,  "**  software,  a fin^treJei^a 

and  COBB  instruments  were  obtained  to  ^^I^^ned.  NASTRAN  models  of  the  COBB  dew 
«.ly»i,.  Th.„  w.r.  ac^li°  .tructur.1  portion  o£  thfSoSo 

1 1 Branch  at^he  GSFC  pf®  ^^°9®"ic»  and  Propulsion  Branch^a 

utilized  in  the  analysis.  Onlv  tL  • ^ E^i^ure  4 is  a plot  of  the  NASTRAN 

rackets  of  the  dewar  model  were  needed"  fo?tL‘'«^lysrs“!'*"’^°"  »“PP°= 

dissimilar  vertions^  o/^VtwS?  ^^-?h  organizations,  they  were  formatt  d 

Analytics  Incorporated  (UA^We.  ® »«»  converted  into  th*^'  ' 

model  coupling  technique  was  used”  Ln  since  a UAI/nastran  (Reference”c 

o;*otructnrlng,  .How,  (or  th.  „?  i 

COA  structure  had  been  analyzed.  °"®  iarge  NASTRAN  model  of  th 

elements  such  as  bar  offsets  o: 
rrgrd  elements  were  replaced  S stiJ^  ? P*^°P®'  thermal  expanslo^  t? 

grids  for  connection  to  the  other  modelf^  ^ contained  the  TppropSate 


0«iMr  HAmAM  no4ml 


Oim  MASTtAM  Ho4al 


APPLYING  TEMPERATXTRE  DATA 

Time-temperature  profiles  from  the  thermal  analysis  were  provided  to  the  structures 
aroup.  These  profiles  were  utilized  to  predict  the  appropriate  time  to 
^rform  the  structural  analysis.  For  this  analysis,  the  ta^erature  distr^utions 
at  the  time  steps  of  5.5  hours,  6.083  hours,  19.25  hours,  28.5  hours,  30.5  hours, 
and  34.5  hours  after  start  of  cooldown  were  applied  to  the  combined  COA  model. 
These  time  steps  were  chosen  by  reviewing  the  teB?>erature  gradients  across  the 
interfaces  and  taking  into  account  the  thermal  expansion  coefficients  of  each 
material  as  it  varies  with  temperature.  In  addition  to  the  six  time  steps  chosen, 
one  case  was  run  which  applied  a ten^erature  of  2 K on  the  entire  structure.  This 
run  was  used  to  check  the  interface  loads  that  remain  after  the  completion  of 
cooldown . 

To  properly  apply  the  predicted  temperatures  to  the  structural  models,  a direct 
mapping  of  the  SINDA  thermal  nodes  to  the  MASTRAN  structural  grids  was  performed. 
The  geometric  equivalent  structural  grid  was  assigned  to  each  thermal  node  and  then 
the  node's  temperature  was  applied  to  that  grid.  The  thermal  and  structure  groups 
worked  together  to  select  and  assign  the  mapping  equivalence. 

A FORTRAN  program  was  developed  which  simplified  the  procedure  of  reading  the 
temperature  data,  searching  for  the  corresponding  grid,  applying  the  tenperature 
data  to  the  grid,  and  formatting  the  information  into  TEMP  cards  which  could  be  read 
directly  by  the  MASTRAN  Thermal  Analyzer  (NTA)  . The  MTA  (Reference  11)  was  used  to 
interpolate  between  known  temperatures  and  calculate  the  temperatures  of  all  the 
other  grids  in  the  structural  model.  Non-linear  temperature  interpolation  was 
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chosen  since  the  thermal  conductiviti*.  * 

temperature.  The  NTA  produced  I material  were  input  as  a funo^  • 

graphics  plots  were  develoved  L distribution  for  each  ti^  -ten 

distributions  applied  to  the  models  Thes  understanding  of  the  te^perftwe 

INTERFACE  LOADS  COMPUTATION 


Once  all  the  temperature  distribute 

arranged  into  UAI/NASTRAN  substructuriit  the  models  were 

IIS/DIRBE,  and  IlS/FIRAS  interfaces  ai^k  obtain  the  loads  at  the  IIS/Dewar 
deia*  ^^®"®^*tional  DOF  connection,  except  the^d^^  locations  were  represented  by  a 
dewar  external  tank  which  was  fixed  in  i Eternal  tank  interface  to  the 

used  in  the  analysis  were  input  as  a propertie: 

each  intertaVe.'^'‘*Th“^Soi,”lMd^“»i^“’  °*’'*“*^  HASTRMI  during  oooldoun  for 
lateral  loada  tor  each  bolt.  TaWe  , “ “*  ~°'=-»'»-e<leared  of  tS  «o 

at  the  maximum  load  occurred  and  the  during  cooldown 

The  maximum  loada  for  the  IIS/DIRbe  either  aide  of  the  interface 

maximum  load  for  the  IIS/Dewar  inrar^  interfaces  are  low  whereas  rhi 

P».  to  a large  ten^eraturrgraS^'f ’“^P»«i*lly  higher.  Thia  ia  pri^rUv 

"hPeihs  alightly  different  *"  ”Mch  haa  large 

the  IIS  is  Aluminum  6061.  a plot  of  t-t,  The  dewar  is  Aluminum  5083  and 

temperature  for  the  IIS/Dewa^,  Ils/DlRap”***^^!!™  allowable  interface  loads  versus 
figure  5.  With  this  figure  and  the  /oad?  ' HS/FIRAS  interfaces  is  shown  in 

loads  calculated  from  the  analyaia  ^ dear  thaT  t^e 

interfaces  are  within  the  allowable  Lad  J and  IIS/FIRaI 

interface  loads  for  the  case  where  tie  entlL  . ^ presents  the  maxi^ 

These  loads  were  found  to  be  guite  low  anTSerS^no”  ^LLeL^a^oLLr^^^'^-- 


nmpnanms  - 
' •m/niAi  ua/siau 
Figure  5 . Allowable 
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Loads 
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TEST  DXSCnSSZOK 


S.v.r.1  cooldo»n.  ol  th.  COX  f night  ^'’^.^”1989'? 

oul»in.ttng  .ith  th.  cooldo»n  of  th.  fli^  COX^^tM^tlig^^  ^ 

The  first  cooldoim  was  done  usi  g Iis/Dewar  interface  was  instrumented  with 

LHe  Instrument  Test  »<Mltionallv  for  the  first  cooldown,  the 

temperature  sensors  t^Sr^turi 

TSU/COA  was  instrumented  with  additional  te^  cooldown  curve  that  had  been 

intent  for  this  first  test  was  to  follow  the  ^oceeded  more  rapidly 

uSed  in  the  analysis.  However,  initxal  cool^^ rat^  ^t^ilized  for  a long 

than  anticipated.  After  about  ^ ^ IIS/Dewar  interface  showed 

period  before  continuing,  lamination  of  the  ^ta  “;;^icted  interface  load 

Tmaximum  temperature  gradient  that  would  that  were 

exceeding  the  allowable  to  '2OOO  pounds  per  square 

instrumented  with  strain  gages  ^ approximately  3000  psi.  Upon 

ixich  (psi)  compared  to  the  model  «*^naTion  showed  no  signs  of 

removal  of  the  COA  from  the  ITD,  a thorough  visual  interface.  Based  on  the 

structural  damage  or  evidence  of  ®^^P*J®  first  cooldown,  enhanced  procedures  and 
operational  experience  learned  from  the  or  flight  dewar  were 

amthods  were  adopted  and  all  si^sequent  ^"^sed  for  the  analysis. 

performed  at  rates  that  were  less  .3^  j^985  cooldown,  the  analysis 

figure  6 shows  the  cooldown  curves  for  the  April  1985  itoc 

Ti™  h^rsn^dn^^^iot  \n  -S"  c^o^down  nSoSrd^^ha"  ^'h: 

•iiowable  gradient  which  would  cause  slippage  at 
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Figure  6 . Cooldown  Curves 


COMCLTJSIOM 

Ih,  =ooldo»  p«di=t.d  5.”*’coT.  on  IT. 

areas  related  to  the  structure  ^ were  taken  to  better  control  the  cooldown 
results  of  the  cooldown  analysis,  *bep  ^ gradients  and  interface  loads, 
process  which  in  turn  minimired  in  uc  flioht  dewar  provided  assurance  that 

?he  very  slow  cooldown  of  the  ^L^cJ  U^e^tSis  condition,  strength 

no  unpredicted  loads  would  be  ^*neceptable  approach, 

verification  by  analysis  was  considered  to  be  an  acceptaoie  Ft- 
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DESIGN  OPTIMIZATION  AND  PROBABILISTIC  ANALYSIS  OF  A HYDRODYNAMIC 

JOURNAL  BEARING 

, ' ^ ALEXANDER  G.  LINIECKI 

MECHANICAL  ENGINEERING  DEPARTMENT 
SAN  JOSE  STATE  UNIVERSITY 


Afrstcatl 

A nonlinear  constrained  optimization  of  a hydrodynamic  beanng  was  perfoimed  yieling  three  mdn 
variables:  radial  clearance,  bearing  length  to  diameter  ratio  and  lubricating  oil  ^srosity.  As  an  obje^vc 
function  a combined  model  of  temperature  rise  and  oU  supply  has  teen  adopt^.  The  optimized  model  of 
the  bearing  has  been  simulated  for  population  of  1000  cases  using  Monte  C^lo  stausdca^  iwthod.  It 
appealed  that  the  so  called  “optimal  solution”  generated  more  than  50%  of  failed  bearings,  because  their 
ininimum  oil  film  thickness  violated  stipulate  minimum  constraint  value.  As  a remedy  change  of  oil 
viscosity  is  suggested  after  several  sensitivities  of  variables  have  been  investigated. 


^ks  Aute  like:  Seireg.  Ezzat,  Baitel ' 

function  involving  heat  generation,  bearing  size,  temi^ra^rise nunimize  some  objective 

nyteSo?  £d  deS'g^'  vSS  of  engineering  design  problems  and  includes 

^orm^ce  of  modem  Wgh  speed  roS^  relationships  Z 

journal  bearings.  Each  one  of  them  presents  a coiS^Si™.^i  properly  designed 

many  competing  objectives.  Using  computer  aidS  auto^^^S  ^ there  exist 

cngineenng  constraints  which  should  not  be  violated  methc^s  we  encounter  many 

numencal  optimization  based  on  equations  devdooed  b^Si^fJfifri techniques  is  the 
pai^eters  from  Raimondi  and  Boyd’s  numerical  Mlurion  the  numencal  solutions  of  various 

hydrodynamic  bearing.  This  numerical  solution  hSiw*!?  Reynold’s  equation  of 

«ochastic  behavior.  It  shows"the?uSity  of  bearing  model  with  its 

As  an  example  a ioumal  £aI31?i  h S P'’°^abtlistic  variability  of 
jtead  W = 3000  lbs.,  nominal  diameter  D = 4 in ’^d  rot^m^™^  *on®®*®^  ^ ^^ed  constLt 

•ntree  design  independent  variables  were  defmed:  ^P®®^  a*  N = 80  rev/sec. 


1. 

2. 


Xj  = E/D  - length  to  diameter  ratio 
^2  ~ * radial  clearance 

X3  = p - absolute  viscosity  of  lubricating  oil 


There  arc  several  objectives  which  can  be  pursued  in  bearing  design: 


1. 

2. 

3. 

4. 


Mnimum  oil  temperature  rise  in  the  bearing 
Minimum  oil  flow  rate  required  for  adequate  lubrication 

Minimum  power  loss  in  the  bearing.  «‘“°ncanon. 

Maximum  of  the  minimum  oil  film  thickness. 


objectives  1 and  2!^"°"  optimum  design  has  been  selected  as  a combination  of  two  competing 

friction  a^d'^l3m  q'il^ri  v'of  rise  d T in  T due  to  viscous 

weighting  factor  of  8.^  ^ ^ ^ “PP'*®^  ‘Jue  to  hydrodynamic  leakage  with  a 

of  oil  flow  and  temperature 

< « ^ 


2. 

3. 


minimum  oil  film  thickness. 

M2  in'^whSe?’ ''  temperature  of  the  lubricating  oil  in  the  bearing, 

Cr  = DB-Ds 
2 

Dg  - bearing  diameter 
Dj  - shaft  diameter 
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4.  .25  ^ UD  ^ .50  where; 

L - bearing  length 
D - bearing  nominal  diameter 

5 ^ ^ 4000  psi  where:  is  the  highest  oil  pressure  developed  in  the  lubricating  oil  film, 

6.  H ^ .5E-6  reyns  where:  \l  is  the  absolute  viscosity  of  the  lubricating  oil  film 

7.  hQ  ^ .1 5 Cj  for  adequate  loading  of  the  bearing 

8.  .15  S S ^ .01  where:  S is  the  Sommerfeld  number,  a nondimensional  reference  variable  in  the 
form: 


where  the  new  parameter  P is  the  load  per  unit  of  projected  bearing  area: 

P = — (psi) 

DL 

There  are  6 other  ctwistraints  of  minor  importance. 

Seireg  and  ^tthi  [1]  presented  a series  of  curve  fits  for  the  full  360  bearing  as : 

.913  .655(UD) 

hj,  = 1.585C,  (L/D)  (S)  (inch) 

for  minimum  oil  film  thickness, 

.139 

374  .695AUD) 

AT  = .5/(L/D)  (P)(S)  (*F) 


for  temperature  rise  in  the  oil  film, 

.62  .24 

Pmax  = P/-76(IVD)  (S)  (psi) 
for  maximum  pressure  in  the  oil  film, 

.47 

.048  .1(UD) 

Q = DNQU256  (L/D)  (S)  inVsec 

for  the  quantity  of  oil  fed  to  bearing. 

These  equations  are  valid  for  the  range  of  Sommerfeld  Nr  in  the  range: 

O^S^.15 

The  obiective  function  and  all  constraints  are  extremely  nonlinear.  The  optimization  pwess  was 

pcrforaied  using  numerical  code  based  on  the  Hooke-Jeeves  pa^m  ^arch  method. 

bdudes  step  siM  acceleration-deceleration  and  flexible  penalty  functions  has  been  developed  by  C.  W. 

Radcliffe  at  U.  C.  Berkeley. 

The  initial  guesses  of  independent  variables  were: 
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Xj  =L/D  = .300 
X2  = Cr  = .002  in. 


X3  = 4 = l.E-6  reyns 

with  objective  function  evaluated  as: 


Here  temperature  rise  was: 


F = AT+8Q=  119.13 


and  oil  supply; 


AT  = 90.55*  F 


Q = 3.64  in^/sec 

“'“to  Educed  d,c  iddal  value  of  F and  esublished 

F = 92.66 
L/D  = .3694 
Cj.  = .002836  in. 

11  = .7997E-6  reyns 

The  oil  temperature  rise  has  been  reduced  to: 

AT=40;38*F 

but  the  oil  flow  has  been  increased  to: 


Q = 6.535  inVscc 

None  of  the  14  constraints  has  been  violated. 

high  risk  of  bearing  failure  exists.  For  oS  des^g^a^^^^^^  ^ " 

ho  = .00035  in.  with  eccentricity  ratio: 

£ = .8766 

Now 

«ochasucbehavioraa^sunungaJ|c«Se?&™^^^^^ 

10  toin‘X“l“Sffi,i^S?,f  P«rfo™«i  in  order 


following  toleiSMhmebeen  establish  **“  the  optimal  design 


case.  The 
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L/D  = IJ-UD  ± 5^®  = ±3<Jud 
Cj  = jJ-Cj  ± 

^ = ^imean±  = ^Wan  ± 

Each  tolerance  field  encompassed  6 standard  deviations  which  ^slat^  into  numbers  gave  the  following 
normally  distributed  set  of  independent  vanables  at  optimal  solunon. 

Xi  = L/D  = N(Hud;  <^ud)  = N(.3694;  .006156) 

X2  = Cr " Gcj  ^ “ NC00283;  9.453E-5) 

X3  = G^)  = N(.799655E-6;  .26655E-7) 

At  the  same  time  minimum  oU  Him  thickness  ho  became  a stochastic  function  of  above  mentioned 
variables:  Xj,  X2.  X3. 


.0922 


.913  .655X, 

ho  =1.585X2X1  (S) 


where: 


For  each  variable  two  independent  random  numbers  Ri<».  Ri«>  were  genemied  1000  times  in  the  ranges: 

0<  Ri<i>  < 1 
O < < 1 

and  dten  used  in  each  variable  normally  distributed.  From  Gaussian  pmbability  density  function  for 
variable  Xj:  2 


2tt^ 


f(Xi)  = 


1 


Oj  Vlr? 

the  inverse  transformation  for  Xj  has  been  used  as: 

Xj  = llj  + •V-21uRj^  cos  (2n  where: 

jlj  - mean  value  for  i*th  variable. 

A histogram  of  ho  was  genemted  from  the  population  of  1000  cases  of  produced  bearings  ( figure  1). 
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»f  *epr«,„ced  b^a^ngs  wi.,  have  .0  b.  rejected  because  ,he 


•*o  ^ wuj:>  nas  Deen  violated  that  many  times. 

That  would  produce  an  economic  disaster  for  the  bearing  manufacturer  Th^  ■ 

distnbunon  has  been  achieved  by  modification  of  one  nf  ^ improvement  of  the  h^, 

which  the  sensitivity  of  h„  was  L highcT  independent  variables:  X^.  X^.  X3  for 


At  the  optimum  point  for  objective  function; 


^min  ~ at  + 8Q 


sensitivities  were  numerically  deteimined  as; 


acivD) 


1.4710E-04 
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^^0  = -2.2914E-02 

a(c,) 

= 327.8 

^(^l) 


tcnn  of  Taylcjr  expansion: 


Ah(,  _ ^^o  A|A  so  that 
d|X 


Here  the  value  of  correction  Ahp  is  found  from  the  difference: 


AhQ  = 3.5000E-4  - 


selecting  new  low  value  for  hQ  as. 

^o(low)  = 3-2000E-4  the  oil  film  thickness  correction  is: 
Aho  = 3.5000E-4-3.2000E-4=.3000E-4  inch 


and  correction  in  viscosity  of  oil: 


A^l  = ‘^nnOE-4  = 9.1463E-8  reyns 
327.8 


The  new  mean  oil  viscosity  became: 

l^ncw  = ^did  = 7.9970E-7  + .9146E-7  = 8.91 16E-7  reyns 


with  the  standard  deviation: 


a 


= .29705E-7  reyns 
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Once  again  performed  Monte  Carlo  simulation 
significantly  to  the  right  (figure  2)  so  that: 


revealed  shifting  of  the  range  for  distribution 


of  ho 


3.36690E-4  < h^,  ^ 4.09534E-4  inches 

with  mean  value: 


ho  = 3.73740E-4  inches 
The  new  modified  temperature  rise  is: 


AT  = 39.83  *F 


and  required  oil  supply 

Q = 6.494  inVsec. 


Results  of  numencal  optimization  and  stochastic  simulation  are  displayed  on  Table  #1: 
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TABLE  #1 


Par 

Initial  mean 
values 

L/D 

.3000 

Cr 

.00200  in 

li 

l.E-06  reyns 

AT 

90.55T 

Q 

3.57  in^/sec. 

ho 

3.20E-04  in 

S 

1.280E-01 

E 

.84 

Optimized  mean 
values 

.3694 
.00284  in 

.7997E-06  reyns 
40.38‘F 

6.53  in^/sec. 
3.50E-04  in 
7.058E-02 

.88 


Stochastic  Improved 
mean  values 

.3694 
.00284  in 

.8911E-06  reyns 

39.83’F 

6.50  in^/sec 
3.74E-04  in 
6.268E-02 

.87 


Conclusions 

1 The  optimization  of  a system  based  on  a single  case  of  deterministic  mean  values  of  its  parameters  is 

me  necessity  of  changing  of  some  msal.  pammeters 

powerful  new  research  area  in  design.  The  whole  process  can  be  fully  automated. 

References 

1 . Seireg.  A.  Ezzat  M.  “Optimum  Design  of  Hydrodynamic  Journal  Bearings”  Trans.  ASME,  Journal 

Addison-Wesley  Publishing  Co. 

3®^  Bf^dfoSSksl  R.W..  “The  Optimum  Design  of  Mech^ical  Sy«e^ 

Objectives”  Trans.  ASME./owr/ui/o/Engi;^enng/or/«^jr%  Frtro^^ 

4.  Shigley.  J.E..  Mischke.  C.R.  “Mechanical  Engineenng  Design  5th  Ed..  McOraw  hUii,  iNew  lorK. 

5^^^  Raimondi  A A and  Boyd,  J.  “A  Solution  for  the  Finite  Journal  Be^ng  md  its  Applicauon  to 
rv<tiffn”  Parts  I II  and  HI  ASME  Lubrication  Conference,  October  1957. 

Analysis  and  I>sign  Partsl,  . ^okhtar  M.O. A.,  Seif,  M. A. A.  “Multiple  Design  Objectives  m 

Hydi^^te  Jo™k  dpdmization"  Trans.  ASME,  Jour«,l  ofMechardsms.  Transmissions  and 

Automation  in  Design,  1983. 


386 


N94-  71469 


Approximate  Minimum-Time  Trajectories 
for  Two-link  Flexible  Manipulators 


G.R.  Eisler,  D.J.  SegaJman,  R.D.  Robinelt 
Engineering  Analysis  Department 
Sandia  National  Laboratories*,  Albuquerque,  New  Mexico 

Abstract 
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*o  generate  approximate  minimum-time  tip 
modeled  with  an  efficient  SlitTetment  sThtme manipulator  i^ 
plane.  Constraints  on  the  trajectory  include  boundary  condittns  Tpos’ UoHnd  «e  horisontal- 

stratghUine  tracking  between  boundary  positions,  and  motor  torque  Umits  TrajectorTci^^D 
in  the  link  stiffness  to  compare  a semi-rigid  configuration  to  a flexible  one  The  level  of  beTdi 
to  excite  significant  modal  behavior  is  demonstrated.  Applied  torques  for  minimnn,  I*  ^ flexibility  necessary 

Introduction 

r«n.li„„  d„  ,.„a  I«WW-  P«-«  .wUoMng 

appUed  controls  do  take  advantage  of  the  bounds  to^maiimiJ,,  “on-rigid  structures.  One  would  hope  that  the 
does  not  exist  at  the  present  time.  ormance,  but  a clear  analytical  directive  for  this 

p-h.  ppu„„  p^, 

pro«„  b,  . ,„b„«  fo, . 3v  "OJAD.  I,m 

<lr..b«b  .p  ,bi.  „ o.  J 1 ■»  ‘"i-  -udy.  Th. 

of  the  p„fo„„.„„  i„dp,  ,„J  with  ,e,poet  to  Iho  p^™eL.  ‘ ™‘ 

optimal  control^probleni  and  p«aLterUatL‘tf  Ihe“trrlR  "rrncTul^  m^th’IhT7'*’u'“°f 

experiment.  conciuaes  with  the  results  of  a computational 

The  manipulator  structure  modeled  in  this  study  has  been  fabricated  as  » tw«.r  w . i 

constrained  to  slew  in  the  horizontal  plane.  Tall  thin  links  are  used  to  ••  • * ««ngement 

joint-1  actuator  slews  both  links  an  interlink  moio,  “«d  to  mnimise  vertical  plane  droop.  The  hub  or 

tb.  opd  of  link..  .|t.t  lb.  .™on/Lk  Tl.  ipt.Hi.k  o, 

tlud,  i,  d/l.  Th.  eo„p,.t.  „„ipo,.,„  i.  ,b„„.  Jp" 

The  Structural  Model 

[1  lJ•^Th^prU^e?^  arTses  from“^  vibrations  of  rotating  structure8[9]  [10] 

of  first  order  importance  in  the  presence  of  rotational  acre!  f ^ 'n  problems,  but  become 

the  flexible  link  problem  which  must  be  satisfied*  motions  Aditondly,  there  are  constraints  inherent  to 

of  links  is  attached  to  a stationary  hub;  and  each  flexible  li^k7s^L“el,si'we‘ 
elasticitity  [12].  Further!  thrSLmatrvrabll  a^  " ! 

motion,  and  non-extension)  arc  automatically  satisfied  geometric  constraints  (fixed  hub,  planar 

as  ‘‘  ? of ‘he  links  as  well 

sections  all  he  in  the  same  plane.  Each  cross  section  is  identified  by  its  arc-length 

DE-IcoVTs'ipooSr''*  “ ‘'••’""‘"i**  — -pported  br  the  U.S.  Department  of  Energy  mider  contr«t  number 
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dbUinc.  lorn  Ih.  hub,  so  Ih.l  >hs  omnt.lion  of  Ih.  contt.  of  Iho  eros.  ssctiou  . .1  U...  < is 

0(e,t)  = co»(S(a,t))i’+  »»n(^(»,0)i 

of  the  above  unit  tangent  vector: 

x(5,t)=  / 0{i,i)ds 
Jo 

Similarly,  the  velocity  at  the  cross  section  s at  time  t is  obtained  by  integration  of  the  time  derivative  o{  0{s,i): 

t)di  where  7(»,  0 = -•«{<>(».  0)*'+  co${0(s,  t))j 

discr^ti«rn  rused  to  cast  the  resulting  integrc^differential  equation,  for  0{.,t)  .nd  its  first  and  second  denvat.ve 
into  a system  of  fully-coupled,  nonlinear  algebraic  equations.  Since  all  spatial  mtegrals  are  with  respect  to  the 

convected  coordinate,  -,  those  integrals  are  configuration-independent  and  need  b' ^ ^ 

sptem  must  be  solved  at  each  time  step,  but  the  quadrature  process  can  be  done  in  advance  of  the  dynamics 

xtr^iverning  equations  of  motion  of  the  are  obtained  from  the  variation  of  Hamilton's  integrand; 


6KE{t)  - 6SE{i)  + SWE(t)  = 0 


(1) 


for  all  ti  < i < <»,  where  KE  is  kinetic  energy,  SE  is  strain  energy,  WE  is  external  work.  moments  of 

The  kinetic  energy  is  that  of  the  flexible  links  plus  that  of  all  concentrated  masses  and  concentrated  moment, 

inertia: 


iC£(i)=  i /^p(s)  £(,,!)  • £(*,t)ds+ i •*('*.<) +2  . 

2 Jo  ^ 

.huru  »(.)  » lb.  m».  P«.  unit  l.nslb  m.^ucud  .lung  lb.  l.ngtb  of  tb.  ..m:  M.  1.  tb.  n..gnitud.  of  lb.  bib  point 
r.L"  « 1.  tb.  .on.  J.d  .oo.din.l.  of  tb.  bib  point  «».,  /,  » lb.  Itb  point  n.om..t  of  ,n.,l,.;  «d  ..  lb. 
convected  coordinate  of  the  1th  point  moment  of  inertia. 

The  strain  energy  is  that  of  the  flexible  links: 


SB(l)=l/%(.,0® 


80{b,1)  d0{B,t) 


ds 


ds 


where  #c(»,  t)  is  the  curvature  at  cross  section  , at  time  i. 
The  virtual  work  due  to  externally  imposed  torques  is: 


6WE{t)=  f f{B,t)  (0{B,t)y^60{B,t))d» 
Jo 


(2) 


where  f(s,  t)  j»  the  imposed  torque.  

Discretisation  along  the  rod  of  the  above  energy  terms  is  obtained  by  discretising  the  tangent  vector  0 as. 


nodt$ 


0 = H 


n=l 

where  the  shape  functions,  p„,  are  nonsero  over  intervals  that  are  small  relative  to  the  anticipated  radii  of  curvature. 
The  shape  function,  used  were  the  traditional  tent-shaped  basis  functions,  and  ^ure  compliance  with  condition 
of  nonextension.  Since  these  function,  are  bases  for  0 the  resulting  element,  take  on  fl'mlt 

cLtinuou,  slope  between  the  elements.  Joint,  are  defined  by  co-locating  two  nodes  so  that  the  tangent  vector  0 may 

be  discontinuous  there. 
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The  resulting  energies  are: 


nodes  nodes 

KE(i)  2 X!  X!  •7n(<)Afm.n  , 

m = l n = i 


nodes  nodes 


and 


where 


SE{t)  = ^ X X A"  (<)  • 0n  it)  (3) 


m=l  n=:l 


nodes 


SWE{t)=  ^ 


m=l 


'm  {k  =z  i X j)  , 


(4) 


masses 

r=i 

9m(s)  = ^ ^ ^ «(')p;„Wp;(s)*  . 

wUh  respect  derivatives 

’"Afte”r  a "»«»  and  stiffness  matrices.  respectLly'  matrices, 

After  approprmte  integration  by  parts,  the  integrand  of  equation  1 betmes: 


nolle# 


X S^rni-imit)  - 7m(t)  ' 0n{t)K„,n  + k ■ (<)J*  (m,  n)  ) = 0 (5^ 

norfc# 


" v='.:turu;f  ;fr.r 

compkUng  . ’“'*'  * ‘“j"'"')' 

Th±’i'  “■>  - nt  ‘ 

The  configuration  initially  starts  at  rest  r>Tivin«T  o n *ki  a 
end  conetnUnle  on  l.olh  kinetic  end  polemic  ot  ,t„i'  eneSo.'(™o'y(l'H'  T).  '/■  neteesit.le, 

nento,  to.,„.  ,i„i„  line 

n,2(<)  = iri,i^^^|8inai,,(<) 

acceleratiins  are  also  to  be  ze^old^^^TheTroblV^^  mTatll  «‘™‘*  rnagnitude.  Final 


minimize: 


J = t, 


subject  to: 
constrained  by: 


finite  clement  model 
input  actuator  torques, 
known  initial  conditions 
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” y»p€cifUd{^f  ) 

Cj(t/)  = 0 

Jo'  (ye<ji(®l»p(^))  “ yime(*lip(0)] 
KE{if) 

^ SE{if) 

^jpint  l(^/) 

II 

^ joint  2(^7) 

. . * • * r-  aa  an  intcKal.  In  addition,  equality  constraints  on  energy 

i“l'  wm  h...  p.olo..d  eB,C.  o«  .h.  to  b,  s..o,.«d, 

Paraxneteriaation  of  the  Controls 

at  equal-spaced  fixed  times,  U,  for  both  joints  were  chosen  as  parameters,  or 

ai(ti)i  oj(iO.  * = 1.™  0<ti<</, 

specified  at  equally-spaced,  nondimensional  node  points,  <i  - li/i/,  «««« 

ai(Ci).  * = !.«  0<Ci<l. 

In  ~n.pn.tn.  thn.n  irSi^^^rpll'^o’.:! 

bo'h  t”ci(fy)  gradients  with  respect  to  t,,  evaluated  over  the  current  nominal  torque  histones,  are  nonzero. 

Results 

The  following  finite-element  structural  model  for  the  manipulator  was  used  to  produce  the  sample  trajectories. 


ITEM 

LENGTH 

(m) 

MASS 
(*^8)  . 

El 

(newton-m*) 

joint- 1 bracket 
link-1 

1st  joint-2  bracket  -h 
joint-2 

2nd  joint-2  bracket 
link  2 

.0636 

.6040 

.1070 

.1040 

.4890 

.545 

.640 

6.416 

.830 

.313 

10* 

10*,10* 

10* 

10* 

10*, 10* 

Totals: 

1.2676 

7.743 

Brackets  were  modeled  with  1 element  and  considered  rigid  = lu-;,  ana  iinas  

for  a total  of  B elements.  The  two  values  of  stiffness,  El,  for  links  1,2  represent  the  trajectory  comparison  for  h s 
Itudy.  Point  moment.,  of  inertia  were  used  to  define  mass  distribution  for  the  brackets.  No  payload  was  used  in 

comparison.  The  joints  were  assumed  to  have  no  compliance  or  damping.  _ ni/  Tra 

The  two  trajectories,  computed  on  a CRAY-XMP,  were  integrated  for  100  time  steps,  where  M - Mt,. 
j«lo,J  e.id..Uon.  f«,  g.~l»nt  comp«..ti»n.  «««t«l  i»  0.75  «».  The  a(()  hi,.on»  for  »ch  jo...t 

= .05.  To.,..  bo..d. ....  .bo«. » .±‘b;±'‘ ‘ *“'* 
The  oath  to  be  tracked  for  this  study  was  the  line  connecting  (x,  y)  pairs,  (0.0,1.13)  and  (1  13,»  0). 

fTr  2 sWs  the  npr^^^^^  These  retain  much  of  the  bounded  appearance  of  switching  functions  for  purely  rigid 
tb.p  b.gi.  ..0  .„d  ....  ...o  i..t»d  ottb.  bo..d.  (±.0  Th».  to,,..  p.o«t..  ..l..b.t 
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very  simihar  behavior,  except  at  the  intermediate  switch  point  Other  than  the  • i r u 

case,  this  region  is  the  major  difference  between  the  configurations  Note  th^  slight  ripples  for  the  Elunk.  = 100 
end  in  an  attempt  to  quiet  the  structure.  Also  note  the  very  sliuht  chanir  ' r * /’**’*u"'*«  near  the 

torques  showed  minimal  activity  for  most  of  the  trajLtorv  exceL  rf  f \u  ^ structure.  The  7% 

state.  Again,  very  little  “torquing”  difference  was  noS^^^^^^  the^H  ’r  ' accomplish  the  resl 

configurations.  ^ ® magnitude  change  in  link  stiffness  between 

The  straight-line  tracking  error  in  millimeters  (mm)  is  shown  in  Fin  3 Both  to,  i,-  . 

the  error  to  less  than  ±0.5  mm  except  near  the  end  whir-  ih-  ® ..  * histones  appear  to  limit 

drawback  to  the  integral  formulation  is  that  it  can  relax  trackin/Dcrfo^^^”^^”  ^ escapes”  to  about  2 mm.  One 
yield  a reasonably  low  residual  0)  for  CJt,)  It  mRv  U ^ ^ isolated  parts  of  the  trajectory,  yet 

this  error.  ^ interior  point  constraints  to  deerlie 

Th/“"  “d  “r"" 

flexible-link  configuration  contains  a 17  Hi  mode  with  a sizabirincreal^"*^"  * ******  ripple),  while  the 

changes  in  both  cases,  mirroring  the  sharp  r,  change  in 

constraint  at  the  end.  ® enforcement  of  the  SE{i^)  = 0 point 


manipulator.  The  parameters  or  actuator  ^“tinuous  and  point  constraints  for  a 2-link  flexible 

the  maneuver.  Perturbations  were  made  to  each^oara  ***^  tabular  values  at  fixed  node  points  during 

efficient  formulation  of  the  finite-element  model  n d **! h **  approximate  final  time  and  constraint  gradients.  The 

The  accuracy  of  the  str^hr^e  1 numerical  optimization  procedure  a realistic  endeavor. 

applied  most  of  the  input  in  a manner  resemblinu  riaW  ***  • ^*^V***  n*«d  in  this  study,  joint-1 

configurations  even  though  link  stiffness  varied  by  an  Lder  of  m^'gniSe  ^Xhef  very  similiar  between 

the  same.  Energy  and  acceleration  constpRint.  <r  and  the  if  performance  index  was  virtually 

.uodPP.on,.,.£,h.,s,"™;z.z^dr^^^^^^  "« *•  >>■ « »« 

u«  or  Ihc  m.nipul.lo,  wiU  dicl.M  whMhet  o,  nol  Ihh'iTl  P'»<>”'lion 
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Figure  1:  Sandia  two-link  manipulator 


Figure  4t  Strain  energy  histories 
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Improved  Approximations  of  Displacements  for  Structural  Optimization 
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Department  of  Civil  Engineering,  Technion,  Haifa  32000,  Israel  ^6  2 J 

l.INTRODUCTION  - . v 

optimization  problems  the  implicit  behaviour  constraints  are  evaluated  for  succeccivc 
modifi^uons  in  the  design.  For  each  trial  design  the  analysis  equations  must  be  solved  and  the  mulrini«» 
repeated  ^alyses  usually  involve  extensive  computational  effore  This  difficultynStivMwl  rewraTsSs 
approximauons  of  the  structural  behaviour  in  terms  of  the  design  variables  [1-8]  The  latter 

amount  of  computations,  but  the  quality  of  the  approximations  might 
not  te  sufficient.  Many  of  the  approxunate  behaviour  models  proposed  in  the  past  are  valid  only  for 

^hMgSyS^dSjn  variables.  The  aacuracy  of  the  results  is  often  insufficient  for  Lge 

n .P^sent^efficient  ^ high  quaUty  approximations  of  the  structural  behaviour. 
^ approximauons  can  greatly  be  improved  by  combining  scaling  of 

the  mitial  desig,  usmg  intervening  variables  and  scaling  of  a set  of  fictitious  loads.  Integrating  these 
f procedure  can  be  introduced.  In  addition,  the  errors  in  satisfying®!he  a^  ^ysS 

eSvine To?£p"ro^  methodology  and  the 

2.PROBLEM  FORMULATION 

<^o"sideration  can  be  stated  as  follows.  Given  an  initial  design  X *,  the  corresponding 
stiffness  matrix  K and  the  displacements  r*,  computed  by  the  equilibrium  equations  * 

K r*  = R 

^ whose  elements  arc  assumed  to  be  constant  Assume  a change  AX  in  the 

design  variables  so  that  the  modified  design  is  « m me 

X = X*+  AX  f2) 

and  the  corresponding  stiffness  matrix  is  ' 

K = K*+AK 

chMge  in  the  stipess  ^trix  due  to  the  change  AX.  The  object  is  to  find  efficient  and 

approximations  of  the  modified  displacements  r due  to  various  changes  in  the  design 
vanables  X , without  solving  the  modified  equations  in  me  aesign 

(K*  +AK)  r = R (4) 

The  staling  operation  will  be  used  in  this  study  to  improve  the  quality  of  the  approximate 

displacements.  Two  types  of  scaling  will  be  considered;  4 me  approximate 

a)  Scaling  of  the  initial  stiffness  matrix  K*  by 

K = pK*  ,5. 

where  p is  a positiye  scalar  multiplier.  From  Eqs.  (1)  through  (5)  it  is  clear  that  the  precise 
displacements  after  scaling  can  be  calculated  directly  by  " 


r = u*l  r^ 


(6) 


r by  , a corresponding 


b)  Scaling  of  a ficticious  load  vector.  Denoting  any  approximation  of 
fictitious  load  vector  R ^ can  readily  be  calculated  by  Eq.  (4) 

“ (K*+  AK)  Tj  ^“7) 

It  can  be  noted  that  are  precise  displacements  for  the  stiffness  rnatrix  K=K*+AK  and  the  fictitious 
load  vector  R^ . ScaUng  of  the  loads  R^  by 

^ (8) 

will  give  the  precise  displacements  due  to  Rj  for  the  given  stiffness  matrix  K,  where 

^ (9) 

?k  CXPansiffTI,  is  one  of  the  most  commonly  used  approximations  in  structural  optimization 

The  first  order  approximations  of  r about  X ♦ are  given  by  upuuu^on. 

Ta  = r*+  r^*  (X-X*)  (10) 

where  both  r*  and  are  computed  at  X*.  The  matrix  of  first  derivatives  can  be  computed  by 

problem  in  using  Eq.  (10)  is  the  accuracy  of  the  results.  The  discrepancy  in 
satisfying  the  eqmlibnum  equations  (4)  due  to  the  approximate  displacements  is  given  by  (Eq.  (7)) 
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AR  = Ra  ■ R = (K*+AK)  r^-  R (11) 

Evidently,  AR  = 0 for  the  precise  displacements.  Thus,  AR  can  be  used  to  evaluate  the  quality  of  the 
approximations.  This  criterion,  combing  with  the  two  types  of  scaling  discussed  earlier  will  be  used  now 
to  introduce  improved  approximations. 


3.IMPROVED  APPROXIMATIONS  BY  SCALING 
Scaling  of  the  initial  stiffness  matrix  may  improve  the  quality  of  the  approximations,  if  the  known 
mnHififfH  displacements  (Eq.  (6))  provide  better  initial  data  then  the  original  displacements.  The  approach 
proposed  here  is  suitable  for  various  types  of  design  variables  (such  as  geometrical  variables).  For 
illustrative  purposes  it  is  assumed  that  the  displacement  are  honaogeneous  functions  of  X . 

Homogeneous  functions  of  degree  n in  the  design  variables  arc  defined  by 

r(|xX*)  = p"  r(X*)  (12) 

where  ti  is  a positive  scalar . Euler’s  theorem  on  homogeneous  functions  states  that 

r*xX*  = nr*  (13) 

The  derivatives  of  homogeneous  functions  of  degree  n arc  given  by 

rx(nX*)  = ^n-^rx(X*)  (14) 

These  properties  of  homogeneous  functions  can  be  used  to  obtain  simplified  approximations  [2]. 
Substituting  Eq.  (13)  into  (10)  yields 

fa  = (l-n)r*  + rx*X  (15) 


Assume  a point  X along  the  scaling  line 

X = (16) 

Expanding  Eq.  (15)  about  |iX*,  we  have  by  substituting  Eqs.  (12)  and  (14), 

ra  = (l-n)p'»r*  + p"-lrx*X  (17) 

It  can  be  noted  that  precise  solutions  are  obtained  by  Eq.  (17)  along  the  scaling  line  (16).The  multiplier  p 
can  be  selected  such  that  the  approximations  are  improved  Further  improvements  could  be  achieved  by 
assuming  intervening  variables. 

Intervening  variables.  Assume  intervening  ^'ariables  of  the  form 


Yi=Xi">  (18) 

The  displacements  r in  this  case  are  homogeneous  functions  of  degree  N in  Y,  where  N=n/m. 
Therefore,  the  first  order  Taylor  series  expansion  (Eq.  (15))  is 

ra  = h-n/m)  r*+  fy*Y  (19) 

This  equation  can  be  expressed  in  terms  of  X . Substituting  Eq.  (18)  and 

ry*  = m-lx*l-”^  r^*  (20) 


into  Eq.  (19)  yields 

Ta  = (1-  n/m)  r*  + rn’l  r^*  X*!'®  X™  (21) 

Expanding  the  series  about  pX  * , this  expression  becomes  (see  Eqs.  (12)  and  (14)) 

Ta=  p"(l-  n/m)r*  + p*^-l  m'^r^*  X*^*®  X™  (22) 

Special  cases.  For  any  given  n,  the  values  of  p and  m can  be  chosen  to  improve  the 
approximations.  The  following  special  cases  of  Eq.  (22)  might  be  considered: 

-No  scaling  or  intervening  variables  n=m=l  (Eq.  (15). 

-No  intervening  variables,  only  scaling  m=l  (Eq.  (17)). 

-No  scaling,  only  intervening  variables  p=/  (Eq.  (21). 

-The  usual  cross-sectional  variables,  only  scaling  m=l,  n=-l 


T^=  2 p‘^r»  + p*^  X 

-The  inverse  variables  with  scaling  m=n--l 


(23) 


Ta=  - p-2  fx*  X*2  x-l=  p-2ry*  Y (24) 

-The  inverse  variables,  no  scaling  m=n=-l,n=l 

ra=ry*  Y (25) 

Since  fy(pY*)=  Ty*  (Eq.  (14)),  the  approximations  (25)  arc  precise  along  the  scaling  line  Y=p  Y*. 
This  illustrates  the  advantage  of  using  the  inverse  variables  for  approximations  near  this  line  in  truss 
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structures  with  cross-sectional  areas  as  variables 

**  be  «teo«d  based  <»  geomebica)  considerations. 

H=(rXi2/ XX*i2)0.5 

origin  wiU  be  kteSlA  mjOT*^'bSfof  titifjiSS'^  between  nX»  and  that 

not  ^ into  consideration.  AnodSr  criterim^cStai  f *'  sb>Ktttr^  behaviour  is 

ditplacements.  Evaluating  r.  byBT(2a 

fictitious  l;^s  can  dten  be  “scaled  by  ^ ^ 

-proved  The  discrep^c^yta^,^p4ibri™^^  (Eq-  (9»  are 


Defining  the  common  measure  of  smallness  of  AR(D)  by  the  quadratic  form 


(27) 


ru  • , ,Q(^)  = (^a-R)'^(i2Ra-R)  nft) 

and  retting  the  re^ulTeql?to  is  nunimizcd.  Differentiation  of  Q with  respect  to 

D = (RJR)/(rJr^) 

o;  1 he  approximate  displacements  are  evaluated  (Eq  (22)) 

“ ®q- (29))  a«iQ(Eq.(28))  are  calculated 

^ ^nS!r4.^  -checked  for  optintality;  ^ and  tn  are  then  cntdified  and  steps  b.c  are  repeated 
ThrfLT*!?  aproximate  displacements  are  evaluated  by  Ea.  (9) 

example.  methodology  and  the  effectiveness  of  the  proposed  procedure  arc  illustrated  by  the  numerical 
4jNUMERICAL  EXAMPLE 

Consider  the  truss  shown  in  Fig.  1 with  four  cross-sectional  area  design  variables  Xi  fi-l  4^  a 

r.T=,,.s.r,.604.uo7Tt;iei:;:rrf 

chanp“E4°^n‘^'SI^tiTlS!4u™“^?aSi  tejuS?  * for  various 

for  Changes  m the  variables  up  to  -t-900%  (?ies  a-d)  alld^-^llTctllSs^^S)  ^ 

iao,1f^  wtere  ftTchLgc  toAc^dS^Ste  *’^'(5.0.  10.0, 

relatively  large.  The  precise  solution  and  results  obtSiS^  ^ A/*’  magnitude  of  AX  is 

(^s.  ^3)  and  (26)),  and  Inverse  variables  formulation  (Eo  scaled  design 

order  Taylor  series  expansion  provides  nJsnS".  ™ “>  Toble  2.  Tte  4t 

tiwintl^  scaled  design  and  the  inverse  variables  fotmulation  sufficient  results  are  obtained  by 

btSi  b^^^  ™c  •‘)- 

are  sensitive  to  changes  in  these  parameters  ?^S^^tSST  *e  results 

5.  CONCLUSIONS 

of  wtere“Sf^  g^envar^  are  essential  in  optimiaation 

inwll  S4“rtSr^„’;:?el^^  « » -bis  study.  Scaling  of  the 

efficient  and  high  quaUty  approxLreti„„, 
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equflibrium  equations  due  ra  the  d»*eff^ 

^S=«  fuuouons  have  been  assun«d.  The  following  observations  have 

-The  results  cm  fuiAcr  ^ ca^^whcre  scaling  of  the  initial  stiffness  matrix  provided  poor 

STto^  can  te  applied  such  that  the  cnors  in  satisfying  cettain  equilibrium  equanons 

will  be  reduced.  i u a oowerful  tool  to  achieve  efficient  and  high  quality 

a^Ss!uS'?.S^mh?^d1e.terun£ 

I. ’  !nd  Topping,  B.H.V.  (1987)  Static  reanalysis  of  stiucturestA  review. 

SS^Sfoa  W83)  Approximam  mattalysis  for  modifications  of  structural  geometry. 
4°^SSfu?(lM?'^proxtaiate  behaviour  models  for  optimum  stractural  design,  in  New  directions  in 

t““S!S^S98«  f««“  ft*  opft™-” 

0^pi>-x!m«^^^  for  sttuctutal  omirni^iem.  pt^nted  in  NATO  ASl  on 

i^!'tSFarSI  awfsome  approximatioo  concepts  for  structural  synthesis,  AlAA  J. 

II, 489-494. 
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figure  1:  .Seven-bar  fr.,« 


^^le  2;  Results,  frum  _x't=  {5, 10, 10,  lO) 

Method  » T ’ 


Method 

Precise 
Eq.  (15) 
Eq.  (23) 
Eq.  (25) 


0.221 

-12.5 

0.224 

0.206 


•a 

0.217 

-9.9 

0.221 

0.196 


0.206 

-3.8 

0.212 

0.172 


100.00 

100.00 

98.80 


Ra 
0.00 


0.00 

0.00 


300 


100.00 

100.03 

100.00 

100.26 

100.00 

100.03 

100.00 

100.26 


100.20 

100.00 

99.96 

100.00 

100.20 

100.00 

99.96 

100.00 


102.20 

100.00 


laMe  3.  iSmn-t?ar  truss,  efferr  nf  ^ and  o 

^ Ta^  ^ qr' 

7.5  88.88  0.00  92.90  1.1(X)  97  80  non 

II  9I74  oSS  till  >«>•«'  o:SS 

V3./4  0.00  88.63  1.097  102.80  0.00  97.20 

I^lc  4;  SfYfn-bar  trim,  effect  of  m 

■<•02  m.22  0.00  108.18  |S;?o  0.00  97.70 


100.00 

104.52 

80.95 
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I Parallel  Structural  Optimization  with  Different  Parallel  Analysis  Interfaces 

^ MohamedE.M.El-SayedandChing-KuoHsiung 

Department  of  Mechanical  and  Aerospace  Engineering  University  of  Missouri-Columba.  Missoun  6521 1 

A OTTD  A ' 

The  real  benefit  of  structural  optimization  techniques  is  in  the  application  of  these  t^hniques  to 
larac  structures  such  as  full  vehicle  or  fuU  aircraft.  For  these  structures,  however,  the  sequential  computer  s 
Si^mcmory  requirements  prohibits  the  solutions.  With  the  r^t  existence  ^ rapul  J oP^^nt  of 
paraUel  computers,  paraUel  processing  of  of  large  scale  structu^  opumizauon 
Simper  we  discuss  the  parallel  processing  of  structural  opumizauon  ^blems  with  l»«dlclstract^l 
analyst  Two  different  types  of  interface  between  the  optimizauon  and  Analysis  rouunes  are  developed  and 

tested. 

1.  j structural  design  problems,  rqieated  finite  element  calculations  consume  a lot  of  CPU 

time  andSSSpSSum  design  proced^  slow  and  intractable.  Because  of  this,  J 

techniques  have  been  developed.  Sute-of-the-art  reviews  of  icanalysis  techniques  can  be  ftwnd  in  [1-3J. 

The  fifth  generation  computers,  which  were  introduced  in  the  80s,  have  sevei^  advantages  over  the  foui^ 
generation  machines:  higher  speed  of  computation,  bigger  cenual  memory  , and  a 

tiiese  advantages  allow  the  researchers  to  move  further  in  the  sUuctural  optimization  a^  Venlrayya  [4],vecto 
some  finite  element  programs  and  utilized  the  vector  processor  and  huge  memory  the  Cray-1  to  get  ^ 
improvement  in  compuEal  efficiency  of  almost  two  orders  of  magnitude.  In  addiuon,  yanous  p^lel  finite 
elo^l  methods  have  been  develop^;  however,  none  were  ^led  to  the  strwtml  optunizauon 

Since  all  optimization  methods  require  design  sensitivity  analysis,  it  plays  an  impoit^t  role  in 
optimization  proced^.  Due  to  the  repeated  finite  element  analysis,  the  design  sensiuvity  anjysis  becomes  one  of 
t^  most  time-consuming  parts  of  structural  optimization.  Al^ugh  there  ^ many  pliers  addreamg  d^ign 
sensitivity  [5  6]  articles  describing  design  sensitivity  analysis  using  parallel  computers  could  not  be  found. 

the  amount  of  time  spent  in  evaluating  the  gradient  of  the  constrainB  in  the  opumizauon  problem  is 
computationally  expensive  and  the  computation  of  the  gradient  at  each  iteratiw  involves  a number  of  uncoupled 
calcJtotions,  siiou^and  Saouma  [7]  spread  the  job  of  constraint  gi^ent  calculation  to  four  Apollo  ^or^bons  to 
reduce  the  calculation  burden  of  one  machine.  This  resulted  m a relatively  low  owrhead  with  an  achieved  sp^up 
dependent  on  the  size  and  nature  of  the  problem,  and  the  system  configuration.  The  speedup  mcreased  with  the 

l»oblem  ^ design  of  modem  structures  usually  inverives  a large  number  of  variables  and  constramts. 

While  mathem^cal  programming  techniques  provide  the  d^gners  with  the  tools  for 

can  not  handle  large  design  problems.  To  overcome  this  weakness,  the  decompoation  meth^  was  inuoduced  [8^]. 
The  method  depends  on  decomposing  the  original  problem  into  a number  of  smaller  subproblems  and  rolving  each 
subproblem  scpa^ly.  Since  the  subproblems  after  decomposition  are  coupled,  iterative  calculations  become 

unavoid^^^^  of  the  most  applied  decomposition  methods  are  the  multi-level  optimization  appixwches.  In  a 
multilevel  optimization  approach,  the  original  design  problem  is  decompos^  into  a top  level  design  P™b'emand 
some  uncoupled  subproblems  in  the  other  levels.  TTie  top  level  is  concerned  with  the  overall  optimization  problem 
whUe  the  detail  design  problems  are  handled  by  the  lower  levels.  The  optimization  results  are  obtained  by  iterating 

IW^^^Tapp^clies  have  been  proposed  for  multilevel  optimization.  For  example,  based  on  the  state  ^ace 
formulation  of  the  optimum  control  technique.  Govil  et  al.  presented  an  algorithtn  for  structu^  optimiz^on  by 

substructuring  [12-14].  Kirsch  used  the  model  and  goal  coordinatron  methods  [15]  m the  multilevel  structi^ 

optimization  [16-19].  Sobieszczanski-Sobieski  ei  al.  [20]  proposed  a general  multilcvd  optimization  met^  which 
not  only  considers  the  structural  design  but  also  takes  into  ac^  other  different 

Recently,  other  structural  optimization  methods  by  multilevel  decomposition  have  ^ also  i^pos^  pi-23].  In 
[22]  a three-level  structural  optimization  procedure  is  illustrated  by  a portal  fiame.  The  po^  fiame  is  d^oinposed 
into  several  beams,  and  each  beam  is  decomposed  into  plates.  The  bottom  level  in  the  multi-level  optimization 
handles  the  plates,  the  intermediate  level  handles  the  beams  and  the  top  level  handira  tte  assembled  stnipure. 

This  work  represents  a study  few  the  use  of  parallel  structural  analysis  method  in  solvuig  structural 
optimization  problems  with  two  different  types  of  interface  between  the  optimization  and  Analysis  rouunes. 
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2.  FORMULATION 


Minimize: 
Subject  to: 


Where 


F(X)  ; X = [x  j ,X2 Xj^jT  X € rN 


A5XSB 
<I>k(X)^0 
'F,  (X)  = 0 


k=l,2 K 

1=1,2,...4. 


F(X): 

X : 

N: 

4'j(X)  : 

A : 

B: 


The  objective  function,  usually  the  weight  of  the  structure. 

The  design  variable  vector. 

Total  number  of  design  variables. 

K inequality  constraints  function. 

L equality  constraints  function. 

The  vector  of  lower  bound  on  design  variables. 

_ The  vector  of  upper  bound  on  design  variables 

beh.ltnrr”'  ®Sn.ed  i„  <«1.,  «, 

computational  CPU  time  of  the  structural  optimization  process  the 
SfiLZ  subsnuctures  developed  in  [24]  is  adapted  with  ^ minor 

nie  main  characteristic  of  the  parallel  finite  element  analysis  technique  developed  in  [24]  is  that  the  finite 
the  struct,^  opumizanon  algonthm  developed  here  is  that  whenever  it  is  necessary  to  use  the  finite  element 

processor  and  associate  processors,  will  handle  the  structural  analysis  calculation  of  its  own  assign^  substructure. 

3.  ALGORITHM 

,h  r the  optimization  calculations 

substructures.  The  major  steps  for  the  main  processor  are: 

nr™^.c  optimization  calculations.  When  there  is  a need  to  do  the  structural  analysis,  the  main 

p ocessor  will  start  the  parallel  finite  element  analysis  software.  The  related  design  variables  will  be  sent  to  the 
corresponding  associate  processors.  -u  » wm  oc  sent  lo  me 

rv.nfrih  substructure  and  assemble  the  stiffness  and  force 

contnbuuon  matnees  from  the  other  processors.  »uiuicss  ana  lorce 

......... >»»«•»>  nodes  ami  send  OKS.  dm  «,  a,e  cooesponding 

Step  4:  Continue  the  calculauon  of  constraint-related  data  of  the  assigned  substnicture.  such  as  sffess  and 
displacement,  and  receive  the  constraint-related  data  from  the  associate  processors. 
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Step  5:  After  the  consuaint-related  data  of  the  complete  structure  are  collected,  check  the  convergenc  . 
convcrgerrcc  is  obtained  then  stop,  otherwise  go  to  Step  1. 

The  maj«  steps  variables  from  the  main  processor,  start  the  finite  element 

boundary  back  to  Ae  displacements  from  the  main  processor,  conunue  the  finite  element 

'“““a,  4C  «.d  ot  S.^  2.  *e  associa..  (««ss«a  a«  kcp.  i<Ua  unffl  «a.  fi"i«  el"™™  "o™p»>«io". 

4.  INTERFACING  METHODS  BETWEEN  „mp„iationaI  loada 

They  are  usually  inde^dtmt  tateiSce  problem  between  optimizaUOT 

software  such  as  becomes  important  [25].  In  this  work,  two  different  kinds  of  mterface 

software  and  analysis  software. 

between  optimization  softii^  interface  In  this  method,  the  optimization  software  and  the  finite 

The  first  Method  is  a mulu-rcading  interfa^  in^  m^  ^ and  the  data  file.  Instead  of  creaung 

element  analysis  software  *1  OTtimization  software  transfers  the  new  desip 

an  input  fUe  for  finite  element  arpysis  for  the  finite  element  analysis  softw^ 

.Ee  r.E«  H^nem  anNysR  sofn««  H al-  u-ster-l «. 

optimization  software  and  tlte  fmtteelOT^  how^  work  has  been  done  to  extract  the  input  data  and  store 

SSSetlJS?  lii  B"‘“  '>»“»  "OBW- 

just  one  time« 

5.  TEST  CASES  ^ rtn  tiv»  Trav  X-MP  four-processor  supeicoinputcr.  The  results  obtained  arc 

I.  d«s4  «.  ca*".  *"  la  ai*W  i"“  >»»•  IB"* 

and  four  substructures. 

Twrt  Substnif  inres  Case:  it  at  kiints  34  to  42and  57  to  61.  Members  1 to 

™ 1»  a— 

ThnrStllyiirnCturesCaas:  „,h«,„,ctures  bv  partitioning  it  at  joints  34  to  36. 20  to  28.  50  to  59.  and 

42 . 44 1:^  t I.  M«.I«a  .40  a.  200  and  .23  . .27  a™  .n 

substructure  3.  The  rest  of  the  members  are  in  substructure  2. 

iaa.  fo«J 

substructure  1. 
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of  the  truss  airfSTte  SlS"  cross-sectional  areas 

members  106  to  200  are  linked  to  dwign  v^wi^uS  1 ®c  1 to  105  and 

placed  on  ev^em^  of  dte  ^ss.  ^e 

reading  interfac^  the  200-member  problem  using  multi- 

problem  using  single-reading  interface  with  twS^Jrocessois.  ^ speedup  values  for  the  same 

divided  into  20  sub-group?by  pSti^n™?iJJSxlSSn"atS  structure  was 

sp^dup  values,  for  d,ese  >es.  eases  wid.  diffesen.  maabe,  ““ 


Table  1 The  design  data  for  200-member  truss  structure. 


Modulus  of  elasticity 
Density  of  material 
Member-size  constraints: 

Stress  constraints: 
Loading  condition: 


3.0  X l(yt  ksi 

0.283  lb/in3 

0.1  S Xj  i=1.200 

-30.0  ksi  S CT  S 30.0  ksi 
one  kip  acting  in  the  positive  xl 
iiirection  at  nt^al  noint^  i to  i ] 


Table  2 Performance  of  200-member  truss  structure 
Two  substructures.  2 design  variables 
multi-readiny  iniparfy,. 

Sequendalcaleuladon 

Parallel  calculation 4^116  i<7 


Table  3 Performance  of  200-member  truss  structure 
Two  substructures.  2 design  variables 
By  single-reading  interfarft 

Scuendalcalculadoa  SP»ldP 

Parallel  ^965 113 


i^ciiuiiiiancc  or  zw-memuer  truss  structure 
Two.  three  and  four  substructures.  20  design  variables 

— -By  single-reading 

CPU  time  (sec.) 

Sequential  calculation  13.518 


Parallel  calculation 

2 processors 

3 processors 

4 Droces.snrs 


11.964 

11.286 

-ifl.585 


Speedup 


1.13 

1.20 

-L28 
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Figure  1 200-Mcmber  truss 


s„„,,.^  on  ite  ^ opUmizalion 
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INTRODUCTION 


The  task  of  modem  aircraft  design  has  always  been  complicated  due  to  the  number  of  intertwined 
technical  factors  from  the  various  engineering  disciplines.  Furthermore,  this  complexity  h^  been  rapidly 
increasing  by  the  development  of  such  technologies  as  aeroelasticity  tailored  matenals  and  s^ctures, 
active  control  systems,  integrated  propulsion/airframe  controls,  thrust  vectoring,  md  so  on.  SuccessM 
designs  that  achieve  maximum  advantage  from  these  new  technologies  require  a thorough  underst^dmg 
of  the  physical  phenomena  and  the  interactions  among  these  phenomena.  A study  commissioned  by  the 
Aeronautical  Sciences  and  Evaluation  Board  of  the  National  Research  Council  has  gone  so  far  as  to 
identify  technology  integration  as  a new  discipline  from  which  many  foture  aeronautic^  ^vancements 
will  arise  (reference  1).  Regardless  of  whether  one  considers  integration  as  a new  discipline  or  not,  it  is 
clear  to  all  engineers  involved  in  aircraft  design  and  analysis  that  better  methods  are  required.  In  the  past, 
designers  conducted  parametric  smdies  in  which  a relatively  s^  number  of  principd  charactensnes 
were  varied  to  determine  the  effect  on  design  requirements  which  were  themselves  often  diy^e  and 

contradictory.  Once  a design  was  chosen,  it  then  passed  through  the  various  engineers  disciphnes  whose 

principal  task  was  to  make  the  chosen  design  workable.  Working  in  a limited  design  space,  the  disciplme 
expert  sometimes  improved  the  concept,  but  more  often  than  not,  the  result  was  in  the  form  of  a penalty 
to  make  the  original  concept  workable.  If  an  insurmountable  problem  was  encountered,  the  process 
began  over.  Most  design  systems  that  attempt  to  account  for  di^plinary  mteractions  have  l^e 
empirical  elements  and  reliance  on  past  experience  is  a poor  guide  in  obtaining  maximum  utilizations  of 
new  technologies.  Further  compounding  the  difficulty  of  design  is  that  as  the  aeronautical  rciences  have 
matured,  the  discipline  specialist’s  area  of  research  has  generally  narrowed  as  more  sophisticated 
methods  are  developed  in  the  specialist’s  area  of  experti^.  The  results  have  been  a decrease  in  the 
awareness  of  the  impact  of  his  decisions  on  other  disciplines.  ... 

On  the  other  hand,  advances  in  computer  technology  have  greatly  increased  the  capabihty  to  solve 
complex  problems,  display  and  manipulate  data  in  more  suitable  engineering  formats,  and  comput^ 
have  become  much  more  user  fiiendly  and  easier  to  interact  with.  The  modem  workstanon  m particular 
enables  the  engineer  to  run  several  computer  programs  simultaneously,  conveniently  display  results, 
interactively  modify  data,  and.  in  general,  efficiently  proceed  through  a series  of  calculations. 
Workstations  provide  a dramatic  increase  in  the  capabiUty  of  an  airplane  designer  to  generate  and  modify 
numerical  models  of  the  vehicle-a  capabUity  necessary  for  advanced  aircraft  design. 

After  assessing  the  environment  just  described,  NASA  Langley  Research  Center  made  a commitment 
to  improved  multidisciplinary  research  at  the  Center.  A high-level  Multidisdplinary  Research  Advisory 
Committee  was  formed  and  subsequently  the  High-Speed  Airframe  Integration  Research  (HiSv^) 
project  was  initiated.  HiSAIR  focuses  on  the  High-Speed  CivU  Transpon  (HSCT)  design  activity  as  a 
case  to  foster  the  development  of  methodology  to  improve  multidisciplinary  analysis,  design,  and 
optimization  of  aircraft  systems  and  to  develop  a computational  environment  favorable  to  such  an 
activity.  This  paper  will  outline  the  progress  and  problems  encountered  in  the  analysis,  design, 
optimization  sensitivity  analysis,  mathematical  modeUng,  and  configurations  control  and  the  means  by 
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ORGANIZATION  AND  STRATEGY 

discipline  resear4  is  the  pSidp^  ^ technology  development  in 

along  discipline  lines  in  order  the  successfully  accomnlish  this  nh  ° • ^ ^®titer  is  organized 

aircraft  so  the  role  of  multidiscipUnary  research  is  u'  "ot  manufacture 

of  the  aeronautical  community.  The  major  benefits  of  v h*  i • **^”*.*^®”  ^ ™uch  of  the  remainder 

^ technology  evaluation  and  identification  of  high-payoff  twh^oSS^"  ^ research  institution 

for  programs  and  allocate  resources.  An  eauaUv  advocate 

a technology  when  its  interaction  with  otlS  disdpliSs  are  consiL^^*^^  Probable  application  of 
developing  the  proner  data  bases  to  c vtv.hw-  ^-r  ^ considered.  The  second  role  aids  in 

project  was  organized  to  strengthen  L^Tgley-sabiluy^tn^^^  TheHiSAIR 

analysis,  and  optimization  studes.  ^ multidisciplinary  vehicle  design. 

authority,  Md  is  conduct^  on  romew^  b?*'*  management 

Division  and  the  Interdisciplinary  Research  Office  Advanced  Vehicles 

together.  These  two  orgaruLtirs  havl  funcSi^^^^  for  pulling  the  activity 

improved  multidisciplinary  optimization  methods  buf arc  systems  studies  and 

aerodynamics  and  structurL.  A steS  TorS;.  o^  located  in  different  discipline  areas- 

scheduling  of  the  research.  There  is  a loosp  ti#*  wifh  th  ®^®^*  oversees  the  direction  and 

a vehicle  focus  for  the  research.  The  HSR  Proeram  t P®®^  ^®^®®rch  (HSR)  Program  to  provide 
Transport  The  vehicle  focus  for  HiSAIR  is  cof^iH  a research  on  the  High-Speed  Civil 

actual  vehicle  design  problems  S^riwceSs  Aat  methods  are  developed  to  solve 

best  developed  to  solve  real  problems  then  eenerafized  lo^  * multiffisciplinary  design  systems  are 
an  informal  tie  to  Lewis  ReseaSi  Snt^  asf  other  vehicle  types.  There  is  also 

management  works  because  of  the  commitment  of  system  data.  This  informal 

multidisciplinary  desipi  and  optimization.  ^ ^ management  to  improving 

(Kimpment  ® 

transfer  to  form  a rapid  Wgh  fideUty  Mdysis  mlem^^e*’  “ geometiy  methods  and  data 

order  methods)  limited  optimizatiOT  using  sensitivitv  anal!?°”^  ® fidelity  (higher 

this  symposium  (references  4 and  5^  Th#*  lono  » alysis  methods  that  are  the  subject  of  papers  in 
capabm^  wi*  opmS  « to  develop  a fiUI  syaKm  opdpuiobn 

approxifflaie  schedule  for  the  3 steps  is  to  accomplish  <»aphngioptimizarion.  The 
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j. . 11  in  /'r«ir#*ntual  desien  This  situation  is  no  surprise  to  diose  familiar  with 

surfaced  gnds  traditiOTally  used  P toolsused  in  the  first  passthrough  arc  shown  in  figure  3. 

the  design  process.  ^chment  system  (ANVIL  5000)  was  used.  Twelve  weeks 

TVrelve  weeks  were  required  and  a g®°^®7  The  Aeronautical  Surface 

for  numerical  modcUng  is  of  ®®^se  u P ^presents  a coUcction  of  programs  that 

Typology  Analysis  ^ Functions  su^Hs  spline  fitting,  surface  intersections,  and 

enrichment  wiU  be  Aerospace  Research  Tool)  to 

ASTAR  wUl  also  nse  «>«““  surfie  geotieriy  software  package 

Lan|^y.  Bo*  ^WR  andyk  design,  and  opthniration  system. 

'“*SStog  the  data  exchange  is  also  critical  to  ttata  mtmagement  IMAIR  imtiated  Ws  p^ss 

d 

used.  Deh^  ^ imowiMge^  determines  the  hierarchial  structure  of  the  information 

used  to  smdy  the  data  exchange  between  19  computer  programs  used  in  the  design  of  a supersomc 

Lq:re,ui^n^“ 

example  rmssion  requnc  * . ^ i j.  5^  The  feedback  loops  were  eliminated  and 

*t  S^^SSflow  estabUshed.  Note  that  eUminating  aU  feedback  loops  b "« 

to  a mme  sophisticated  mulddiscipltoary  design  process,  but  DeMAID  will 


406 


minimize  the  feedback  loops  by  its  erouDinff  nf  fh#*  • 

of  figure  6 more  clearly  indicatL  thfsigSifiLc^of  “ «de 

imnale  the  process,  then  programs  11, 18  10  8 and  I1c«n  *^S™ol4and7 

piogram  16  completes  the  design  The  l9Dro™ro=i^  . 

cxmnple,  the  insight  gained  is  v^uaWe  X Even  for  this  simple 

multidisciplinary  design  nroblem  faced  hv  th^Hi  c a td  ^ complex 

obvious.  ^“'‘‘'’^^'“SAIRteamandthevalueofatoolsuchasDeMAIDis 

Due“o^^nfr;  io-craction  was 

resemch  lines,  each  otganizadon  had  become  rntte^rS^geSl'S^rp 

vanous  structures  groups  exercised  aemdvnQ^nj,.  Sa  general  data  needs.  For  mstance,  the 

nothing  wrong  with  this,  especially  in  the  research  mSJ^buHfd  **  *eirown  load  distributions.  There  is 
load  definition  and  control  surface  effectiveness  calculations  advantage  of  the  superior 

If  nothing  else.  HiSAIR  has  already  su^ceSn  aerodynamic  codes, 

multidisciplinary  understanding  will  h#»in  • u ^ increased  awareness  at  Langley  that  a 

multidisciplinary  optimization  An  inteerated  desi^  ^ ^ is  researching  the  more  difficult  problem  of 

Optimization  Symposium  (reference  6)  and  rZre  nSy  ^ 

IS  currently  focusing  on  HSCT  wing  design  to  develnn  mJfh  -***1^^  “^^®grated  design  exercise 
aircraft  configurations.  The  integrated  de^gn  exercire  is  mtSlv  integrated  design  of 

paper  delivered  elsewhere  in  this  symposium.  reported  by  m reference  4 which  is  a 


PLANS 

concepts  requires  that  ffie^reStii^^ufdepffi  generate  nonderivative  aircraft 

methods  require  a well-defined  con^uoufm^^^^  optimization 

rarely  continuous.  For  instance  the  he^r  «nind  » ^ io  problems  encountered  are 

fiom  . horironml  xubjuy  ami  comrol  problem  may  be  ro  swimh 

opfimizadon  nmthods  ca^  Se  ^ ®y««n 

establishing  the  technoC  re t The  fa™  Je^^^  of  technologies,  but  are  not  suited  to 

system  deign  fa  real  tim^s^ull^  m SJve^  d^eZ.^^  e ““ 

system  with  global  optimization  canabilitv  hn«  ^ conceptual  design 

A systemU  as“  Sfa'^^ISSZZS^  “f,“ 

expert  in  aerodynamics  working  to  whatever  a . -i  u ®fiore  illustrates  a discipline 

capabUities  and  insight.  iZZtl  Z a a • . *“  “ “>  “PPly  Ws  full 

utilizing  routines  that  provide  faforrnarion'abont'ihl?  '”"^°^5!'™^  guidance  and  assistance  by 
disciplines.  These  multidisciplfaary  guidance  and  asZ^'  *““*5™™'  configuration  on  other 
expert  systems  facotporadrg  aS  fareZ^  Sfl  “ **  based  or 

extrapoladon  formufc  based  ^5,“  mtm  ’"'‘J’  ““U  also  be  simple 

guidance  and  assistance  Zt^s  wS^siX 

the  rcspecdve  disciplines  These  simoto  mlZv5.  noimany  employed  by  the  experts  fa 

bogging  down  due  ro  eifaer  faSfZSf^Zrjn^ 

soideunes.  adtfidon  ro  the  co„fit:^Z'rel:“t=^^^ 


output  would  be  a configuration  set  Mature  that  aUows 

optinaization  methods  previously  orocess  The  traditional  sequence  in  which  the  disciple 

equal  discipline  participanon  in  Ae  P ^ ^ details  would  have  to  be 

benefits 

The  HiSAIR  i-ioject  has  the  ovei^  j*  “ 

when  integrattog  taoeasmgly  cobles  and  ^ i^gh,  methods  to  solve  systiOT 

develop  a system  that  allows  ^oL  of  mult^plmaiy  couptog  and  m the 

proHems.  This  philosophy  is  not  only  better  aircraft  designs  that  achieve 

Optimization  methods  employed.  'T  “ of  analytical  methods  and  data  bases 

maximum  advantage  from  new  ® commi^.  EquaUy  important  is  the  developmg 

that  find  more  ready  applications  m pniture  for  doing  business  in  an  integrated 

multidisdplinary cultural ■<»«»» reseaich.  AstheHiSAIR 

SSSto  new  resemch  stimulated  will  increase. 

CONCLUDING  REMARKS 

NASA  Langley  Research  Centw  the  organizational 

multidisciplinary  aircraft  analysis,  | Thinsport  as  a research  focus.  The  project 

discipline  lines  of  the  Center  and  uses  Ae  g ^ discipline  organizations.  The  discipline  speciahst 
has  met  wiA  an  enAusiasne  of  Sd  influence  on  Ae  aircraft  design 

perceives  HiSAIR  as  a rrieans  to  hi^cd  relevance  to  Ac  aeronautical  commumty 

process,  as  well  as  stimAate  new  researc  - HiSAIR  is  to  proceed  through  three  steps.  Step  1 

^nd  Aeir  speciahst  area.  The  long-term  strategy  for  to  ^ ^ ^ 

is  to  cstabUsh  a high-fideUty  rapid  s^lisitt^ty  derivatives  meAods;  and  step  3 is  to 

optimization  design  process  usmg  itera  nLtiAsciplinary  coupling/optimization. 

(tevelop  a global  optimization  system  wiA  fuU  mAuA^  P • obstacles  encountered 

‘*^Amls  .ppJoximatcly  hdf  way  to  ^ iexpcctcd.  Geometry  or 

inesiablishiugahigh-fi^tyrapi  m lu  OT  Anumberof  existiug 

numerical  modeliug  and  data  „,Sed  and  modified  for  the  modem  wortatanon 

computer  programs  as  Ascussed  m Ac  ^ Jlleline  tools  that  use  artificial  mtelligence  techmques 

environment  to  hanAe  Aese  gmoioyed  to  understand  Ae  nature  and  most  efficient 

to  decompose  complex  systems  are  ®.  ^ wiA  system  sensitivity  analysis  meAods  ^ 

processmg  of  Ae  data.  ^^^zation  steps  of  HiSAIR.  MeAods  of  coping  wiA  Ac  breadA 

bemg  researched  as  tools  for  Ac  p must  be  developed  to  accomplish  Ae  global 

versus  widA  are  evolving  Md  are  un  er  s y important  is  Aat  an  atmosphere  is  developmg  m 

mAtidisciplinary  coupling/opnmzauon  ^ ^ appreciation  for  impact  of  Acir  deasions  on 
which  Ae  Ascipline  speciaM  has  an  awa^ness  Sey  Kch  Center  as  a research  organization 
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Flflure  1..  High-Speed  Airframe  Integration  Research  Management 
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Figure  2.  • Long-Term  Multidisciplinary  Airframe  Integration  Strategy 


Figure  3.  * Current  Geometry  Process 
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ABSTRACT 

Hypersonic  V0hid»  design  involves  several  complex, 
highly  coupled  disciplines.  The  need  to  use  multidiscipli- 
nary optimization  tachniquea  to  determine  the  optimal 
configuration  is  rather  apparent  This  paper  presents  a 
multidiaciplinary  configuration  optimization  technique  whch 
directly  applies  to  the  very  difficult  challenge  of  hypersonic 
vehicle  design. 


INTRODUCTION 

The  developments  in  computational  fluid  dynamics 
(CFD)  techniques  in  recent  years  are  significant.  Althou^ 
CFO  analysis  can  require  signif  icant  time  to  be  performed 
due  to  flow  complexity  and  grid  issues,  the  accuracy  wi^ 
rasp«ct  to  high  spoed  vohido  porformanc®  is  very  reliaol®. 
Concurrently,  various  types  of  optimization  methods  based 
on  CFD  and  CSM  (computational  structural  mechanics) 
analyses  are  recieving  more  attention,  references  1-4. 

In  the  case  of  hypersonic  vehicles,  the  use  of  mulfidts- 
ciptifiacy  optimizalion  techniques  is  very  important  for 
proper  sizing  of  the  vehicle.  The  key  disciplines  are 
aerodynamics,  inlet  performance,  propulsiort.  ^d  struc- 
tures. One  of  the  serious  concerns  in  the  preliminary  design 
is  the  vehicle  performance  based  on  an  awmed 
takeoff  gross  weight.  Particulary,  effective  specific  irnpulse 
is  an  important  parameter  in  the  attainment  of  a desired 
vehicle  traiectory.  Since  the  specific  impulse  is  a direct 
function  of  the  vehicle  thrust  and  drags,  minimizing  the  drag 
forces  is  essential  On  the  other  hand,  the  same  thing  can 
be  achieved  by  maximizing  thrust  through  the  improvement 
of  the  inlet  perfomance  and  the  fuel  volumetric  efficiency. 


the  formation  of  a global  sensitivity  matrix,  the  optimization 
process,  and  some  results  will  be  shown. 


PROBLEM  STATEMENT 

In  order  to  excercise  CFD  and  other  derived  serisi- 
tivities  in  an  optimization  problem,  a vehicle  specification 
and  a Key  point  in  the  trajectory  are  defined.  The  hy^r- 
sonic  vehicle  baseline  configuratton  used  in  this  study  is 
shown  in  figure  2.  including  the  design  variable  ^sen. 
Presently,  we  are  dealing  only  with  the  forebody  of  the 
vehicle  for  simplicity.  Therefore,  the  effect  of  the  terelx^ 
on  the  aftbody  aerodynamics  « neglected  at  this  time.  The 

aftbody  (ie..  nozzle,  bodyflap.  elevon.  etc.)  effects  «e 

included  in  the  propulsion  contributing  analysis  (CA)  and 
the  trim  oontraint 

The  flight  oonditton  at  which  the  vehicle  will  be 
optimized  « as  follows;  Mach  - 16,  q - 1500  psf,  and  o - 
0.0  degrees.  Finally,  the  objective  function  for  this  opiimi- 
zation  Is  dsfinad  as  follows. 


Objective:  maximizs  I$p 

T - T -D  (1) 

^SP  " mf 

^ jI>)=IU  + I^  + Driic+ Daft: untrimmed  (2a) 

^"1  Db  + Dfe+DbcTIUMMED  (2b) 


The  traditional  sizing  method  attains  closure  on  a 
vehicle  design  by  photographically  scaling  the  baseline  to 
achieve  the  required  fuel  fraction.  This  occurs  at  the  inter- 
section of  the  fuel  required  and  the  fuel  available  curves.as 
shown  in  figure  1.  It  a possible  to  attain  closure  by 
bringing  the  fuel  required  curve  down  and/or  by  bringing  the 
fuel  available  curve  up.  As  a first  step,  the  fuel  avail^le 
will  be  held  constant  in  the  approach  in  this  paper.  Hertce. 
the  approach  in  this  paper  will  concentrate  on  bringing  the 
fuel  required  curve  down.  For  simplicity,  this  will  be 
accomplished  by  maximizing  the  specific  impulse  (Iv)  at  a 
critical  point  in  the  tnyectory  by  modifying  the  baseline 
configuration  gaoffistry. 


whars, 

T=  thrust 
Dsdnig 

nif  — fuel-flow  rate 
Db  — total  untrimmed  drag 
= ram  dras 

^»foreb^  pressure  drag 
IXise  = forebody  viscous  drag 
D,ft  = aftbody  drag  (held  constant) 

De  = elevon  drag 
Dbf  - bodyflap  drag 


In  this  paper,  a specific  approach  to  sensitivity  calcula- 
tion. the  determination  of  independent  design  parameters. 
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Figure  1 . The  sizing  process 
OVERALL  OPTIMIZATION  PROCEDURE 

A multidisdpiinary  decomposition/optimization 
technique  is  used  to  develops  the  global  sensitivities 
needed  by  the  optimizer  in  an  efficient  manner.  This 
technique  involves  four  steps  as  shown  in  figure  3.  ©De- 
termine the  most  efficient  decomposition  of  the  design 
proMss.  by  identifying  the  individual  contributing  analyses 

®)  that  makeup  the  design  process  using  an  N- 
squared  diagram.  (2)  Define  the  linkages  between  CA's  ^ 
adding  to  the  N-squared  diagram  developed  in  step  1 . (3I 
Calcul^  the  sensitivity  derivatives  for  each  CA  independ- 
ently. (j)  Combine  the  sensitivities  in  the  global  sensitivity 
^uations  (GSE)  to  determine  the  global  sensitivity  deriva- 
tives (GSD)  which  are  then  used  by  the  optimizer  to 
determine  an  optimum  configuration.  Further  background 
and  examples  of  applications  of  the  methodology  can  be 
found  in  references  5-6.  The  following  sections  describe 
each  step  in  more  detail. 

1.  DECOMPOSE  DESIGN  PROCESS 

The  N-squared  diagram,  shown  in  figure  4,  is  a handy 
tool  for  presenting  the  functional  decomposition  and  the 
linkages  between  CA’s,  which  are  discussed  in  this  and  the 
tt®ttt  section,  respectively.  It  shows  some  of  the  disciplines 
included  in  the  design  process. 


Each  box  is  a contributing  analysis  card  which 
contains  information  about  CA.  It  identifies  figures  of  merit, 
constraints,  and  control  variables.  It  also  defines  the 
programs  to  be  used  to  generate  the  sensitivity  data  and 
the  person(s)  responsible  for  running  them.For  the  present 
work,  rhe  maximum  amount  of  disciplines  used  in  the 
results  are  those  shown  in  figure  5.  Results  are  also 
presented  for  optimizations  where  some  of  these  CA’s  are 
not  included. 

2.  DEFINE  LINKAGES 

Each  oval  in  figure  4 identifies  a connection  between 
disciplines.  By  following  the  lines  away  from  the  oval  and 
towards  the  CA  boxes,  the  two  disciplines  involved  in  the 
linkage  can  be  identified.  Each  oval  is  a data  card  which 
identifies  the  information  passed  from  one  CA  to  another 
CA.  It  also  defines  the  person(s)  responsible  for  generating 
the  data  and  the  person(s)  that  would  recieve  the  data 
during  a traditional  design  cycle.  The  linkages  that  occur  in 
the  present  work  appear  as  dots  in  figure  5. 

3.  CALCULATE  LOCAL  SENSITIVITY  DATA 

Each  discipline  independently  calculates  the  sensitivity 
derivatives  which  are  defined  during  step  2.  The  sensitivity 
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Figure  3.  Overall  optimization  procedure 
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data  is  calculated  using  a finite  difference  approach.  Three 
different  ways  of  determinir>g  the  sensitivity  data  ar>d  the 
change  in  the  sensitivity  data  away  from  the  baseline  are 
presented  in  figure  6. 

The  first-order  ona-sided  difference  (FO*OSD) 
approach  has  the  key  advantage  of  requiring  only  the 
baseline  and  one  additional  run  to  calculate  the  first-  order 
sensitivity  data.  However,  the  accuracy  in  the  direction 
opposite  to  the  perturbation  can  be  very  poor  if  the  curve  is 
not  dose  to  be  linear. 

The  first-order  central  difference  (FO-CD)  requires  the 
baseline  plus  two  runs  to  calculate  the  sensitivity  data.  It 
produces  better  accuracy  than  FO-OSD  in  one  direction, 
but  gives  up  some  accuracy  in  the  other  direction  which 
makes  this  approach  not  worth  the  extra  cost  of  the 
additional  mn. 

However,  without  making  any  additional  runs,  than  the 
FO-CD  approach,  the  second-order  (SO)  approach  can  be 
used.  The  advantage  to  the  SO  approach  is  the  ability  to 
model  the  nonlinearity  in  the  sensitivity  data.  The  FO-OSD 
approach  artd  the  SO  approach  each  have  their  advan- 
tages and  disadvantages,  which  one  is  best  to  use 
depends  on  the  nonlinearity  of  the  problem. 


The  use  of  pre/postprocessors  in  order  to  speed  up 
the  preparation  of  input  data  for  the  aerodynamic  and 
structural  flexibilty  analysis  was  very  important  in  generat- 
ing the  local  sensitivity  data  in  a timely  fashion.  The 
diagram  in  figure  7 illustrates  and  describes  those  used  in 
the  present  work. 

4.  SOLVE  GLOBAL  SENSITIVITY  EQUATIONS 
AND  PERORM  OPTIMIZATION 

The  N-squared  diagram,  in  figure  5,  translates  into  the 
set  of  global  sensitivity  equations  presented  in  figure  8. 

Any  of  the  disciplines  shown  can  be  neglected  by  removing 
the  proper  rows  and  columns  from  the  matrix  equation.  For 
example,  in  order  to  remove  the  effect  of  the  2-D  Navier- 
Stokes  CA  from  the  optimization,  the  first  row  and  first 
column  would  be  deleted. 

The  right-hand  side  (RHS)  of  the  equation  deals  with 
the  local  sensitivity  of  the  outputs  from  each  CA  with 
respect  to  a single  design  variable.  If  the  design  variable  is 
not  a direct  input  to  a particular  CA,  then  all  the  local 
sensitivities  in  the  RHS  are  zero  with  respect  to  that 
variable  for  that  CA  as  shown  in  figure  8 for  the  propulsion 


The  left-hand  side  (LHS)  includes  the  cross-coupling 
(or  linkage)  sensitivity  matrix  and  the  solution  vector.  The 


Figure  6.  Sensitivity  calculation  Figure  7.  Pre/postprocessors 
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Contangit 


CONRCURATION  OECOMPOSHTON 


SiJ  I*?*'  9’°*^'  sensitivity  of  ths  outputs 

Th««  « with  respoct  to  a singlo  design  variable. 

^ tor  each 

^sign  variable.  It  is  important  to  note  that  although  the 

^1  ^vmes  on  the  RHS  are  zero  for  a particular  CA 

sensitivity  data  is  then  used  to 
the  vehicle  performance  during  the  optimization 

for  e^Trlf expansion 
ISL  CA's.  The  objec- 

t ve  function  and  the  constraints  are  then  updated  and 
Passed  to  tho  optimizer. 

Pi’esent  work  is  the  ADS 

SJSTt  ? iSd*t^"  P™9ram.  reference  7.  with 

^ '°NED-7.  ISTRAT-0  indicates 
fL^^hiT)?*  « “»ed.  The  use  of  the  Method  of 

constrained  minimization 
references  8-9,  is  indicated  by  IOPT-4.  The  one-dimen- 

^•'tos  the  minimum  of  an  con- 
Mraned  functcn  by  first  finding  bounds  and  then  using 
polynomial  interpolation.  ^ 


"'Ji9“'®*ton  is  decomposed  into  independent 
design  vviables  which  are  used  by  the  optimizer  to 

S'*  Parformance.  The  design  variables 

which  WIN  be  used  m the  hypersonic  forebody  ootimizaiion 
example  in  this  paper  are  shown  in  figuM»9^main 

* configSratkm  the 

■ M ^ parameters  ass  independent  as  possible  The  mnrA 
-ndependent  they  are  the  larger  the  alloWmov^JS 
the  ^*'™«tion  run,  which  can  possibly  reduce  the 

baginning  of  each 

c^a.  the  inal  shape  from  the  previous  cycle  is  ana  J^d 
and  "aw  global  sensitivities  are  generated.  By  reducing  the 

compuitatonal  cost  and  time  can  be  saved. 

RESULTS  AND  DISCUSSION 

In  this  paper,  four  optimization  cases  are  examined 
The  objective  function  for  the  first  two  cases  uses  equation 
2a  in  conjunction  with  equation  1.  Those  equations 
produce  an  untrimmed  specific  impulse  (Isp).  Cases  3 and 

ter  m ^ o<  2a  to  produce  a trimmed  Isp 

or  the  objective  function.  All  four  cases  have  a forebody 

on"«  tor  simpliaty  and  to  concentrate  on 

one  aspect  of  the  present  approach's  capability.  The 
•sign  variables  are  limited  to  a maximum  of  10%  change 
plus  or  minus,  from  the  baseline  values.  Each  case  adds  ’ 
either  another  CA  or  an  additional  constraint  to  the 
optimization  process.  More  details  and  results  of  each  case 
ar«  discussed  in  the  following  paragraphs. 


CASE1 

The  i 


Upptr  ■urfM  IMgAi 


Figure  9.  Design  variables 


he  initial  optimization  case  shown  in  this  paoer 

terTSlw  • propulsion.  As^rst  step 

the  ot^ectwe  a to  maximize  an  untrimmed  Isp,  neglectino 

P^ormance.  trim  effects^and 
flexibility  effects.  These  additional  effects  will  be  added  one 
at  a time  into  the  cases  to  follow.  The  only  constraint  for 

-e  < (present  tank  volume  - baseline  tank  volume)  < e (3) 
e - O.t  % of  the  baseline  tank  volume 

The  results  of  case  1 are  shown  in  Figure  10.  The  moat 
sjnrfcant  design  variable  change  occurs  to  the  geometric 
anMnri  length  (OV-4).  The  increase  in  this  design 
^le  decreases  the  tank  volume  slight^,  but  it  signif,- 
«ntly  decrees  the  forebody  drag  which  is  a key  f^r  te 
maxmizing  the  Isp.  The  loss  in  volume  is  compensated  bv 
th#  oth«r  varaiblc3.  Tha  forabody  length  (OV-1)  ^ 

^^e^orebody  which  helps  maintain  the  tank  volume 
while  reducing  the  drag.  The  upper  surface  height  (dTs) 
fv^ater  IS  relatively  ineffective,  although  it  iS^easea 
to  help  maintain  the  tank  volume  The  optimijr 
. ,7% 
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F')gur9  1 0.  Cas«  1 r®sults  • initial  oplifnization 


s^jond  optimization  casa  is  tha  ^ ’ 

wHh  tha  addition  of  tha  2-0  Naviar-Stokas  CA.  ^ 
contributas  tha  viscous  affacts  on  inlat  partormanca 
optimization  proceas. 

Tha  rasulls  for  casa  2 show  that  tha  changas  in  tha 
dasign  variablas  ara  qualHativaly  similar  to  cast  1.  m 
sl^n  in  figuras  10-11.  DV-3  and  DV-4 
idantical  changas  in  magnituda  in  casas  1 and  2. 
due  to  tha  fact  that  thasa  two  variablas  hava  an 
cant  affact  on  inlat 

of  tha  changas  in  DV-1  and  DV-2  ara  smallar  for  i»a  2. 
This  indicatas  that  tha  banafits  of  n^ng  JJ* 
mora  slandar  raachas  a maximum  ctosw  to 
shaoa  whan  tha  viscous  affacts  on  tha  inlat  paitermanca 

magnituda.  tha  objactiva  function  valua  is  almost 
in^  two  casas.  This  is  dua  to  a posSiva 
tha  inlat  parformaca  dua  to  tha  changa  ^ ^ 2. 
which  countar-balancas  tha  inaaasa  in  drag  for  tha  lass 

slandar  forabody. 

third  optimization  casa  usas  aquations  1 ^ ^ 

preduca  a trimmad  Isp  for  tha  objactiva  funaion.  « i^ludas 
Sa  sama  CA’s  as  casa  2 with  an  addad  ^ 

constraint  addad  is  for  maintaining  tnm  givan  a trimmad 


Rguro  1 1 . Caso  2 results  ^ addition  of  2-D  Navlec-Stokes 
contributing  analysis  to  casa  1 

baseline  vehicle,  and  it  is  defined  as  follows. 

-€  < (summation  of  changes  in  momenta)  < t {^) 

e a 1 % of  the  baseline  summation  of  moments 

In  ordar  to  trim  tha  vahida,  tha  alavon 
and  tha  bodyflap  daflaction  (DV-6)  must  ba  indudad  as  da- 
sign variablas.  For  this  papar.  thasa  wntrol 
produca  only  a momant  and  a drag.  For 
l^act  of  tha  bodyflap  on  tha  propulsion  is  naglact^.  Tha 
momants  ara  usad  to  satisfy  aquation  4.  and  tha  drags, 
which  appaar  in  aquation  2b.  ara  tha  parformanca  panalty 
(or  trim^  tha  vahida.  In  ordar  to  stort  tha  * 

basalina  condition  ter  tha  control  is 

basal'ina  condition  ter  this  papar  is  a S-® 
ter  both  surfacas.  Thasa  daflactions  add  drag  to  tha 
basalina.  which  craatas  a lowar  basalina  Isp  than  tha 
untrimmed  cases. 

Tha  changas  in  DV-1  through  -4  ara 
as  shown  in  figura  12.  It '» important  to  nota  that  tha  20  % 
incraasa  in  tha  objactiva  function  is  with  raspad  to  a 
trimmad  basaBna  Isp.  Tha  pamant  ch^s 
casas  ara  with  raspact  to  an  uninmmad  bawlina  Isp.  i^ch 
is  largar  than  tha  trimmad  valua  dua  to  not  iroluding  tha 
drag  from  tha  control  surfacas.  Tharafora.  tha  adual  valua 
of  tha  otHactw*  '"’“V  ^ 


Figura  Casa  3 rasults  • addHion  of  trim 
constraint  to  case  2 
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Figure  13.  Case  4 results  - addition  of 
flexibility  to  case  3 


3.  Of  the  two  additional  variabtas  only  tha  bodyflap  saams 
to  ba  affactiva.  Tha  optimizad  shapa  actually  raquiras  lass 
bodyflap  daflacticn  than  tha  basalina  which  raducas  tha 
draQ  dua  to  this  control  surfaca.  This  accounts  for  most  of 
tha  incraasa  In  tha  parcantaga  changa  in  tha  objactiva. 

CASE  4 

Tha  fourth  optimization  casa  is  tha  samo  as  casa  3 
with  tha  addition  of  tha  structuras  CA.  This  CA  contributas 
tha  forebody  flexibility  effect  to  the  optimization  process. 
For  simplicity,  tha  structural  flexibility  CA  is  only  linked  to 
the  3-0  Euler  CA,  and  it  is  not  presently  linked  to  tha  2-0 
Naviar-Stokes  CA.as  seen  in  figure  5.  Hence,  tha  affect  of 
flexibility  on  tha  viscous  part  of  tha  inlet  flow  is  naglactad. 
The  procedure  for  adding  structural  flexibility  to  tha 
optimization  process  is  described  in  more  detail  in 
reference  6. 

In  the  previous  cases,  tha  optimizer  produced  a 
longer  and  more  slender  forebody.  By  adding  tha  flexibility 
effect  Into  the  optimization  process,  the  same  type  of 
shapa  occured.  except  that  tha  design  variables  remained 
closer  to  the  baseline  values,  as  seen  in  figure  13.  This 
indicates  that  tha  benefits  of  making  tha  forebody  longer 
and  more  slender  reaches  a maximum  closer  to  tha 
baseline  shapa  when  the  flexibility  effects  on  tha  forebody 
aerodynamics  and  tha  inviscid  inlet  performance  are 
included  in  tha  process.  For  a rigid  vehicle  whan  tha 
optimizer  increases  tha  forebody  length  and  decreases  tha 
cone  angle,  tha  forabody  drag  is  reduced.  However,  for  a 
flexible  vehicle  these  changes  also  generate  larger 
deflections  dua  to  tha  air  loads,  which  produces  more  drag 
compared  to  treating  tha  vahicla  as  rigid.  Eventually,  tha 
optimizer  reaches  a point  where  an  additional  increase  in 
DV-1  and  a decrease  in  DV-2  creates  more  additional  drag 
due  to  flexibility  than  tha  decrease  in  drag  dua  to  tha 
design  variable  changes.  This  explains  why  tha  changa  in 
the  design  variables  and  tha  improvement  in  tha  trimmed 
specific  impulse  is  much  smaller  in  case  4 than  it  is  in  casa 
3. 


CONCLUDING  REMARKS 

A muWdisdplinary  configuration  optimization  technique 
which  directly  applies  to  tha  vary  difficult  challenge  of 
hypersonic  vahida  design  is  presented  and  demonstrated. 
A simple  hypersonic  forabody  design  problem  Is  used  as 
an  application  of  tha  tachniqua.  Tha  basic  result  of  tha  four 
optimizations  is  that  a longer  and  more  slender  forabody 
produced  a higher  specific  impulse.  It  is  interesting  to  note 
that  qualitalivaiy  tha  changes  in  tha  forabody  design  para- 
meters are  similar  for  all  four  cases. 

By  adding  tha  2-0  Naviar-Stokes  CA  to  the  initial 
optimization  casa,  it  is  discovered  that  the  inlet  perform- 
ance increased  from  viscous  effects  due  to  the  design 
variable  changes.  However,  this  positive  effect  dropped  off 
as  the  design  varaibles  got  farther  away  from  the  baseline, 
which  is  evkferrt  from  tha  case  2 results. 

The  most  interesting  result  of  adding  the  trim  con- 
straint is  that  the  forabody  shape  changes  (DV-1  through  - 


4)  are  almost  identical  to  the  previous  case.  In  addition,  the 
shape  changes  actually  required  trim  moment  from  the 
control  surfaces,  which  also  reduced  the  trim  drag.  For  the 
problem  presented,  only  the  bodyflap  was  effecthrs  in 
maintaining  the  trim  constraint. 

The  result  of  adding  the  flexibilty  is  the  same  as  result 
in  reference  6.  The  addition  of  tha  other  disciplines  had  no 
qualitative  effect  on  the  structural  effect  on  the  optimization 
results. 

Future  work  will  investigate  optimizing  for  multiple 
design  points.  This  can  be  accomplished  by  adding  the 
trajectory  contributing  analysis.  In  addition,  the  optimization 
of  the  rest  of  the  vehicle's  shape  (ie..  aftbody,  wing,  inlet, 
etc.)  needs  to  be  included  in  the  process. 
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Introduction 

The  adoption  of  robust  numerical  optimization  tech- 
niques  in  trajectory  simulation  programs  has  resulted 
in  powerful  design  and  analysis  tools.  These  trajectory 
simulation/optimization  programs  are  widely  used,  and 
a representative  list  includes  the  GTS  system  (Ref. 
[1]),  the  POST  program  (Ref.  [2]),  and  newer  collo- 
cation methods  such  as  OTIS  (Ref.  [3])  and  FON- 
PAC  (Ref.  [4])  . All  of  these  programs  rely  on  op- 
timization algorithms  which  require  objective  function 
and  constraint  gradient  data  during  the  iteration  pro- 
cess. However,  most  trajectory  optimization  problems 
lack  simple  analytical  expressions  for  these  derivatives. 
In  the  general  case  a function  evaluation  involves  in- 
tegrating aerodynamic,  propulsive  and  gravity  forces 
over  multiple  trajectory  phases  with  complex  control 
models.  With  the  newer  collocation  methods,  the  in- 
tegration is  replaced  by  defect  constraints  and  cubic 
approximations  for  the  state.  While  analytic  gradi- 
ent expressions  can  sometimes  be  derived  for  trajectory 
optimization  problems,  the  derivation  is  cumbersome, 
time  consuming  and  prone  to  mistakes.  Fortunately, 
an  alternate  method  exists  for  the  gradient  evaluation, 
namely  finite  difference  approximations.  In  this  paper 
some  finite  difference  gradient  techniques  developed  for 
use  with  the  GTS  system  are  presented.  These  tech- 
niques include  methods  for  computing  first  and  second 
partial  derivatives  of  single  and  multiple  sets  of  func- 
tions. A key  feature  of  these  methods  is  an  error  control 
mechanism  which  automatically  adjusts  the  perturba- 
tion size  to  obtain  accurate  derivative  values. 

Numerical  derivative  methods  for  optimization  ap- 
plications have  been  studied  elsewhere.  In  Ref.  [5] 
a method  for  approximating  Jacobian  matrices  based 
on  balancing  the  truncation  and  rounding  errors  is 
presented.  An  error  control  method  is  proposed  for 
forward  difference  gradient  approximations  of  a single 
function  in  Ref.  [6].  The  methods  developed  in  this 
paper  share  many  ideas  with  these  studies.  A key  dif- 
ference is  the  technique  developed  for  approximating 
the  truncation  errors  during  reperturbations. 


The  first  derivative  techniques  considered  below  all 
use  a central  difference  approximation  requiring  two  ad- 
ditional function  evaluations  for  each  variable.  While 
one  sided  differences  can  sometimes  be  used,  it  is  dif- 
ficult to  choose  an  appropriate  perturbation  size  with- 
out additional  function  information.  In  order  to  ob- 
tain this  information,  extra  function  evaluations  are 
required  which  negates  any  computational  savings  of 
using  a one  sided  partial.  Also,  in  cases  where  sev- 
eral nonlinear  functions  are  simultaneously  differenti- 
ated using  a common  perturbation,  the  choice  of  the 
perturbation  size  is  less  critical  with  the  more  accu- 
rate two  sided  differences.  The  increased  accuracy  af- 
forded with  central  differences  is  especially  important 
during  the  final  optimization  algorithm  iterations  to 
obtain  convergence. 

Error  Sources  in  Numerical 
Derivative  Calculations 

The  Special  case  for  a single  function  / dependent  on 
a single  variable  x is  considered  first.  The  function 
/ along  with  its  higher  derivatives  are  assumed  to  be 
smooth.  It  is  important  to  distinguish  between  the 
function  /,  and  an  approximation  / which  is  computed 
by  a numerical  procedure.  The  mathematically  defined 
function  / is  free  of  any  error  sources,  and  can  be  eval- 
uated precisely.  When  a numerical  scheme  is  used  to 
approximate  /,  error  sources  which  are  inherent  in  the 
nunnerical  computation  arise.  It  is  emphasized  that  the 
purpose  of  the  numerical  differentiation  is  to  approxi- 
mate the  function  /'.  The  function  f\  defined  in  the 
mathematical  sense  as  a limit,  is  usually  zero. 

A constant  cj  , called  the  function  accuracy  tolerance, 
is  assumed  to  exist  such  that 

l/(^)-/(*)l<e; 

for  all  X of  interest.  The  value  of  cy  depends  on  the 
computational  technique  and  the  number  of  digits,  N , 
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retained  in  the  computation.  For  simple  analytic  func- 
tions a good  approximation  is 


where  is  the  machine  precision  (e^  « 

The  central  difference  formula  for  the  derivative  of  / 
IS  given  by 


with  only  three  function  values.  Special  assumptions 
must  be  made  in  this  case  to  obtain  estimates  for  this 
term  Following  Ref.  [5]  if  /"(*)  5^  0 and  h is  suffi- 
ciently  small,  it  can  be  shown  that 


^ j/(x)  - + /(^  - h)  j 

Substituting  / values,  the  truncation  error  is  bounded 
as 


where  r(x,A)  is  the  truncation  error.  This  error  term 
depends  on  the  the  third  derivative  of  / and  is  equal  to 

T’(x.A)  = -^/(3)(^) 

for  some  point  ( in  the  interval  [x  - h,x  + Al.  When 

numerically  evaluated  values  of  / are  substituted,  the 
result  IS 


rv-.)  _ /{*  + A)  - /(x  - A)  ^ . 
^ ^ 2A + 


(1) 


/(x-f  A)-2/7x)+  ffr-A^ 


2A3 


= AA2 
(5) 


Reperturbation  Computations 

Adding  the  two  bounds,  the  sum  of  the  truncation  and 
roundofi  errors  is  estimated  as 

tfl(A)  = e^/A  + /g\ 


The  term  R(x,A),  called  the  roundoff  error,  combines 
the  function  accuracy  errors  at  the  two  poinU  and  is 


(R(x,A)(  < fy/A  ^2) 

In  practice  the  unknown  error  terms  in  Eq.  (1)  are 
dropp^,  and  the  derivative  is  approximated  as  the  cen- 
tral difference  using  the  / values. 


Numerical  Derivative  Calcula- 
tions With  Error  Control 

To  determine  if  the  derivative  approximation  is  suit- 
able, a method  for  measuring  and  controlling  the  error 
terms  is  required.  A performance  index  is  defined  as  the 

sum  of  the  errors,  and  the  value  of  A is  sought  which 
satisfies 

min{r(x,A)  + /e(x,A)}  (3) 

The  error  control  mechanism  is  simply  a means  of  ad- 
justing the  perturbation  size  A to  approximately  solve 
this  problem.  This  technique  is  derived  assuming  an 
initial  perturbation  size  A is  given.  The  steps  to  ap- 
proximate the  errors  and  derive  a new  perturbation  size 
n are  outlined. 

Error  Estimates  With  Three  Function 
Values 

The  bound  from  Eq.  (2)  is  used  to  approximate 
n(x,n).  ihe  truncation  error  term  involving  the  third 
erivative  of  / can  not  be  accurately  approximated 


where  A is  obtained  from  Eq.  (5).  The  value  A*  which 
minunizes  is  given  by 

v2A/  **  (/(3)  j (7) 

With  the  new  value  A*  computed,  a test  is  applied 
to  determine  if  reperturbations  are  actually  required 
In  a neighborhood  of  the  solution  to  (3)  it  is  expected 
that  the  total  error  is  insensitive  to  small  changes  in  A 
In  addition  since  the  error  bounds  are  approximations, 
only  a rough  solution  to  (3)  can  be  found  in  practice. 
Ihe  acceptance  test  requires  a user  supplied  tolerance, 
p>  1,  on  the  accuracy  desired  in  the  perturbation  size. 

-1  ^ A* 

P <J-<P  (8) 

then  the  central  difference  gradient  approximation  for 
/ (*)  with  perturbation  size  A is  accepted.  Otherwise 
A*  is  the  new  value  and  additional  function  values  are 
requested. 


Refined  Truncation  Error  Estimates 
With  Four  Function  Values  ' 


The  function  is  first  evaluated  at  the  point  x+A* . Using 
this  new  piece  of  information  a better  estimate  for  the 
truncation  error  can  be  obtained  as  follows.  Define  the 
quantities 


Ai  = fix  + h)~  fix) 
Az  = fix  - A)  - fix) 
A3  = /(i  + A*)-/(x) 
a = A*/A 


(9) 
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After  manipulating  Taylor  series  expansions,  the  third 
derivative  of  / can  be  shown  to  satisfy 


Generalizations  To  Multiple 
Functions  and  Variables 


hV3)(x)/6  =^  + 5^4- 

The  error  term  Er  depends  on  fourth  derivatives  of  / 
times  the  term  h\  The  third  derivative  estimate  from 
Eq.  (10)  is  used  to  approximate  T(x,/i),  and  a new 
perturbation  size  /»,  is  obtained  from  Eq.  (7).  The 
new  perturbation  ratio,  is  then  tested  m Eq.  ( ). 

If  this  test  is  satisfied,  then  the  perturbation  size  h is 
in  fact  acceptable,  and  reperturbations  are  not  neces- 
sary. This  check  is  performed  to  avoid  cases  where  the 
truncation  error  estimates  from  Eq.  (5)  are  erroneous 
because  only  three  data  points  were  used. 


Refined  Truncation  Error  Estimates 
With  Five  Function  Values 

When  the  ratio  test  fails,  the  function  is  evaluated  at 
X - h’  and  an  improved  truncation  error  estimate  is 
obtained  using  five  function  values.  Following  Eq.  (9), 
define 

A4  = f(x-h-)-  f(x) 


The  extension  of  the  method  to  multiple  variables  is 
straightforward  where  the  process  is  repeated  for  each 
independent  variable.  The  case  of  multiple  functions 
depending  on  a single  variable  is  treated  next.  Assume 
that  the  n functions  of  a single  variable  x are  given  as 

/i(x),...,/n(x) 

In  most  trajectory  optimization  problems  the  funcUons 
are  evaluated  simultaneously.  Thus,  for  computational 
efficiency  it  is  required  to  use  a common  perturbation 
size  h for  the  n individual  finite  difference  gradient  ap- 
proximations. 

Ideally,  function  accuracy  terms  €/(l), ... ,«;(«) 
would  be  specified,  and  the  rounding  errors  in  each  cen- 
tral difference  derivative  would  be  approximated  as 


Ri{x,k)  ss  ej(i)/h 

A simpler  method  uses  a common  unit  accuracy  terrn 
for  all  functions  where  the  errors  are  approximated 

as 

Ri{x,  h)  « tul/«l/^ 


From  Taylor  series  expansions,  it  follows  that 

= <r  (— Ai  -f  Aj  -1-  a”'(^3  ” 
h* /l<)(x)/24  = (T  (-Ai  - Aj  -I-  a“^(A3  + A4))  + Eu 


The  error  terms  Erg  and  Er^  are  proportional  to  /i® 
times  quantities  involving  fifth  derivatives  of  /.  Drop- 
ping the  Era  term,  a refined  second  order  approxima- 
tion to  is  found  which  in  turn  is  used  to  estimate 
the  truncation  error  T(x,h').  A new  perturbation  size 
h’*  is  then  computed  via  Eq.  (7)  with  the  new  error 
estimates.  Once  again  the  perturbation  ratio  test,  Eq. 
(8)  is  performed,  and  if  the  test  fails  then  the  whole 
procedure  is  repeated  with  /i**  as  the  new  estimate.  A 
maximum  of  five  reperturbations  are  allowed. 

The  method  outlined  above  always  computes  the 
derivative  value  with  only  two  function  values.  It  is  pos- 
sible during  reperturbations  to  estimate  the  first  deriva- 
tive using  the  four  function  values  available  with  a for- 
mula similar  to  Eq.  (11).  These  higher  order  appro.x- 
imations  are  not  utilized  for  the  first  derivative  value 
since  they  have  larger  rounding  errors  and  unknown 
truncation  errors.  In  practice  it  has  been  observed  that 
for  a suitable  value  of  A,  the  two  point  central  difference 
formula  usually  yields  acceptable  derivative  estimates 
for  optimization  applications. 


The  truncation  error  estimates  Ti{x,h)  are  approxi 
mated  for  each  function  as  above. 

The  individual  error  terms  are  combined  into  a com- 
posite performance  index  utilizing  weighting  terms. 
Define  the  geometric  average  of  the  function  deriva- 
tives, computed  with  central  differences,  as 

The  weighting  term  for  each  function  is  given  by 

/ 1 ifl/il</' 

A performance  index  which  measures  the  total 
weighted  errors  is 

is{h)  = j2  WiRiix,  A)  + i:  u'iTUx,  A)  = e/h  + kh^ 

i=l  »=1 

where  the  i and  k terms  are  weighted  sums  of  func- 
tion accuracy  errors  and  third  derivative  approxima- 
tions similar  to  Eq.  (6).  The  remaining  compuUtions 
follow  the  single  function  case.  The  parameter  p is  use 
to  determine  if  reperturbations  are  necessary,  and  the 
truncation  error  estimates  are  refined  using  additional 
data  when  it  is  available. 
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Second  Derivative  Computations 


The  discussion  so  far  was  restricted  to  the  computa- 
tion of  first  derivatives.  In  postoptimality  analysis  ap- 
plications, Ref.  [7],  it  is  necessary  to  compute  numeri- 
cal second  derivatives  of  a function  / dependent  on  an 
n— vector  x.  An  error  control  technique  for  this  prob- 
lem is  addressed  next. 


Once  again  the  single  variable  case  is  treated  first. 
It  is  assumed  that  a suitable  perturbation  size  h\  is 
available  for  the  central  difference  first  derivative  of  /. 
In  postoptimality  analysis  this  value  is  obtained  from 
the  just  completed  optimization  problem.  The  central 
difference  second  derivative  expression  for  f{x)  is 


(12) 

where  /O)  is  the  fourth  derivative  of  / evaluated  at  a 
point  V in  the  interval  [x  — h,x  /»]. 

The  roundoff  error  incurred  when  the  numerically 
evaluated  function  values  / are  substituted  is  bounded 


values  now  available,  the  fourth  derivative  of  / can  be 
^Umated  using  Eq.  (11).  A new  perturbation  size, 
«2,  is  then  obtained  which  minimizes  the  truncation 
and  roundoff  errors  from  Eq.  (13).  The  perturbation 
ratio  hyh^  xs  tested  as  in  Eq.  (8).  If  the  ratio  test 
fails,  then  hj  is  the  new  perturbation  size  and  two  more 
function  values  are  requested.  The  fourth  derivative  of 
/ is  then  estimated  using  function  values  at  the  five 
points  ; x,x±h2,x±hl.  This  completes  one  cycle  of 
the  method.  A maximum  of  five  reperturbations  are 
allowed. 

The  generalization  to  n variables  first  repeats  the 
above  sequence  for  each  variable.  From  this  data  the 
diagonal  elements  of  the  Hessian  with  respect  to  x can 
be  computed.  The  off  diagonal  Hessian  matrix  elements 
are  obtained  using  a standard  mixed  derivative  formula 
utilizing  two  additional  function  evaluations  for  each 
element.  No  error  control  is  employed  for  the  off  diag- 
onal elements  due  to  the  large  computational  expense 
that  would  be  required.  For  most  practical  case  if  er- 
ror control  is  used  for  the  diagonal  elements,  the  off 
diagonal  Hessian  elements  computed  with  these  same 
perturbation  sizes  are  usually  accurate. 


R{x,  h)  < ^cjlh^ 

Following  the  same  derivation  for  the  central  difference 
first  derivative,  the  optimum  perturbation  size  that 
minimizes  the  sum  of  the  truncation  and  roundoff  er- 
rors in  Eq.  (12)  is 


By  combining  Eqs.  (7)  and  (13)  and  eliminating  o,  it 
follows  that  ^ 


To  obtain  an  initial  perturbation  size  for  the  sec- 
ond derivative  calculation,  the  higher  derivatives  in  Eq. 
(14)  must  be  eliminated.  If  the  third  and  fourth  deriva- 
tives of  / are  assumed  to  be  the  same  order  of  magni- 
tude, then  the  optimal  perturbation  size  for  the  second 
derivative  calculation  is 

h2  « 2(Ai)<  '^®) 

The  second  derivative  computation  begins  by  eval- 
uating / at  the  points  x ± ii2  and  forming  the  cen- 
tral difference  approximation  from  Eq.  (12).  If  no  er- 
ror control  is  desired,  then  the  calculation  is  complete. 
Otherwise  two  additional  function  evaluations  are  per- 
formed at  the  points  x ± 2/i2-  Using  the  five  function 


Implementation  Details 

The  numerical  derivative  methods  outlined  above  have 
been  implemented  with  the  GTS  system  and  also  as 
Stand  alone  FORTRAN.  The  interface  is  consistent 
with  the  reverse  communication  procedure  described 

111  Ref.  [8].  Some  implementation  details  are  discussed 
below. 

As  noted  in  Ref.  [5],  the  bound  for  T{xji)  from  Eq. 
(4)  may  be  completely  dominated  by  roundoff  errors  it- 
self when  h is  too  small.  The  truncation  error  estimate 
is  totally  unreliable  in  this  case,  and  the  perturbation 
size  must  be  increased.  The  refined  truncation  error  es- 
timates using  additional  function  values  are  also  prone 
to  catastrophic  rounding  errors  if  the  perturbation  sizes 
are  too  small,  or  if  the  ratio  a is  too  small  or  large. 
In  these  cases,  the  perturbation  size  must  be  adjusted 
based  on  rounding  errors  only.  In  the  second  derivative 
calculations,  the  perturbation  size  is  allowed  to  change 
by  at  most  a factor  of  ten  (0.1  < a < 10.)  during  a 
reperturbation.  This  results  in  more  stable  truncation 
error  estimates. 

Numerical  first  derivative  computations  are  repeat- 
edly  performed  during  the  optimization  algorithm  it- 
eration. The  finite  difference  perturbation  sizes  com- 
puted at  one  point  are  retained  for  the  next  derivative 
evaluation.  In  many  problems  it  is  sufficient  to  utilize 
the  error  control  at  the  initial  point  only,  and  leave  h 
fixed  for  all  subsequent  gradient  evaluations.  Options 
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are  also  available  to  compute  the  gradients  with  etro 
control  each  time,  or  skip  the  error  control 
entirely  Recommended  values  for  the  reperturbation 
"tiottor  . range  from  3 to  10.  Smaller  valu«  ^ 
in  more  reperturbations,  and  more 

Finally,  large, 

therfarg^rerturbation  sizes  result  which  can  lead  to 

t"LL  Lv..i.»  due  «. 

ror  If  the  function  accuracy  is  under^timated,  then 
rounding  errors  will  dominate.  One  useful  ‘echmque  to 
approximate  these  parameters  is  to  examine  °P|‘- 
mization  output  from  a similar  problem  i ^ 

At  the  converged  point,  the  active  constraint  errors  gi 

a rough  estimate  of  the  constraint 

(assuming  tight  convergence  was  obtained.)  ^ith  fe 

W.  poin.  4.hods.  Rpb.  181  »d  [121, 
poi  Jon  thn  Pon.«.inl  surface  are 

function  accuracy  can  be  estimated  as  the 
dividual  constraint  errors  observed. 

Example  : Optimal  Control 

Space  Shuttle  Reentry 

A shuttle  reentry  problem  is  used  to  illustrate  the 
derivative  techniques.  This  problem  was 
alyzed  in  Ref.  [10],  and  more  recently  investigated  in 
Ref  fill  The  solution  technique  requires  solving 
two' point  boundary  value  problem  utilizing  the  adjoint 
equations.  An  initial  state  vector  at  the  reentry  point 
with  time  to  = 0 is  given  as 


eleven  differential  equations  describing  Uie  sUte  and 
adioints  are  integrated  backwards  to  time  to  - 0,  a 
the  altitude,  longitude,  velocity,  and  flight 
conditions  specified  above  are  imposed  as  constraints^ 
An  additional  optimality  condition  on  the 
the  Hamiltonian  is  imposed  as  the  fifth  c°"strai  ^ 
latitude  and  azimuth  are  held  constant  throughout  the 
traiectory  and  eliminated  from  the  problem. 

Th7w.iJ  .liable  value  and  pe,lu,ba.,on  size 
chS^n  are  listed  in  Table  1.  The  perturbation  sizes 
were  arbitrarily  chosen  as  10“^  to  10  times  e in 
tial  variable  values.  The  maximum  downrange  reent  y 
probll  was  solved  using  fixed  perturbation  sizes  and 
with  two  different  derivative  error  schem^^  The 

first  error  control  scheme  used  the  method  described  in 
Ref  [51  with  the  unit  roundoff  error  estimated  as  10 

The  other  case  used  the  method  described  >n  this^a- 

p.,  with  a 

function  accuracy  errors,  cj(t)  and  consira 
ity  tolerances  were  chosen  as 


260000  ft 
0 deg 
0 deg 
25600  fps 
-1.0  deg 
: 90  deg 


r^^nstrainl 

Cl  : Altitude  at  to 
C2  : Longitude  at  to 
C3  : Velocity  at  to 


e/(») 

Tolerance 

10-® 

10-^ 

10-" 

10-^ 

10~® 

10-® 

to  10-'- 

10-' 

0 10-'^ 

10-® 

■ NLP3,  Ref. 

[12],  was  used 

Altitude 
Longitude 
Latitude 
Velocity 

Flight  Path  Angle 
Azimuth 

The  desired  conditions  at  the  final  free  time  tj  are  spec- 
ified  as 

Altitude  = 80000  ft 

Velocity  = 2500  fps 

Flight  Path  Angle  = -5.0  deg 

Assuming  a spherical  earth  model  and  simplified 
aerodynamics,  it  is  desired  to  find  the  °P^»‘ 
trol  profile  which  maximizes  the  downrange 
tude)  The  control  profile  is  specified  in  terms  of 
gle  of  attack  a with  the  bank  angle  0 held  equal  to  zero^ 
The  problem  is  formulated  and  solved  using  backwa  d 
trajectory  propagation  where  the  vehicle 
at  time  1/  with  the  terminal  constraints  satisfied.  Th 


to  solve  the  five  equations  in  tive  ^ ^ 

dard  Guass-Newton  technique  is  employed.  The  results 
are  summarized  in  Table  2 showing  the  total 
function  evaluations  (FE's),  number  of  FE  « 
ents  number  of  times  reperturbations  were 
final  root  sum  square  of  the  constraint  error,  and  the  fi- 
nal perturbation  sizes.  The  case  utilizing  the  new  erroj^ 
control  method  required  reperturbations  for 
four  variables  at  the  initial  point.  After  this  no  addi- 
,epe,tu,batio«s  w„e  p.,fo.™d; 
the  Ref  [51  error  control  method  required  (3  function 
vJatli.  Th.  case  w.thou.  .,ro,  ^ 

minated  after  five  hundred  function  evaluations.  None 
of  the  constraints  were  satisfied  to  within  _ 

The  high  degree  of  constraint  nonlinearity  and  poor 
Jcaling  can  be  seen  by  examining  some  derivative  va  - 
ues.  The  constraint  Jacobian,  matrix  elemen  s ^ 

spect  to  the  first  three  variables  ranged  from  0 J20  to 
416  X 10".  The  third  partial  derivatives  of  the  con- 
straints with  respect  to  the  first  three  variables  ranged 
from  -2.14  x 10^  to  -3.10  x 10  . , . 

The  perturbation  sequence  for  variable  1 and  the 
resulting  partials  for  constraint  2 are  summarized  in 
Table  3 At  the  initial  point  the  truncation  error 
lonsLint  2 was  dominant.  The  perturbation  size  was 
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Table  1 
Variable 

: Adjoint  Altitude  at  tf 
X2  : Adjoint  Velocity  at  ij 
X3  ; Adjoint  Flight  Path  Angle  at  t, 
X4  : Final  Time  (<y) 
ars  : Final  Longitude 


Initial  Variable  Values  and  Perturbation  Sizes 


Initial  Valn»» 
-0.0110026242 
-0.682174037 
-0.906370867 
3633.710745265  sec 
187.508990542  deg 


Perturbation  ,Si7e 
10-® 

10"* 

10-* 

io-> 

10-* 


Table  2 ; Comparison  Results  With  and  Without  Error  Control 

Error  Control  Ref  [5]  Error  Control  No  Error 


Total  Number  of  FE’s 
Number  of  FE’s 
Number  of  Perturbation  FE’s 
Number  of  Reperturbations 
Final  RSS  Constraint  Error 
Final  Pert  Size  for  x\ 

Final  Pert  Size  for  zo 
Final  Pert  Size  for  Z3 
Final  Pert  Size  for 
Final  Pert  Size  for  Z5 


63 
5 

58 

4 

.47  X 10-*® 
.25  X 10- 
.90  X 10- 

.21  X 10- 

.51  X 10- 
.15  X 10- 


1-9 


3-^ 

1-1 


1-1 


73 
5 

68 

9 

.23  X 10-*® 
.10  X 10-^ 
.40  X 10-’’ 
.79  X 10-^ 
.29  X 10-® 
.014 


> 500 

> 47 

> 460 
0 

.42  X 10-^ 
10-® 
10-® 
10-® 
10-' 
10-* 


Point 


Table  3 : Perturbation  Sequence  For  Variable  1 

T-,{x,h)  R2(x,h)  Total  Rel  Error 


1 

2 

3 

4 


.100  X 10-® 

-102358. 

.213  X 10-® 

-97078. 

.237  X 10"® 

-98063. 

.245  X 10-® 

-96755. 

.246  X 10-® 

-96750. 

45705. 

0.00001 

0.00024 

0.0470 

0.0028 

0.0423 

0.0032 

0.0409 

0.0029 

0.0406 

575558 

0.0712 

0.068 

0.068 

0.067 


reduced  once  where  the  final  derivative  value  was  dom- 
inated by  roundoff.  Note  that  the  initial  truncation  er- 
ror estimate  from  Eq.  (5)  was  45704,  while  the  actual 
change  in  the  first  derivative  value,  which  also  measures 
the  truncation  error  in  this  case,  was  only  5280.  The 
total  relative  weighted  errors  in  the  last  column  show 
stable  behavior  after  the  initial  point. 

The  case  with  fixed  perturbation  sizes  failed  due  to 
the  inappropriate  values  chosen.  This  problem  demon- 
strates the  importance  of  carefully  choosing  these  pa- 
rameters for  trajectory  optimization  applications  if  no 
error  control  is  used.  In  practice  the  user  should  not  be 
burdened  with  this  choice.  As  the  above  results  show 
the  error  control  mechanism  can  automatically  adjust 
the^  parameters  and  make  a dramatic  difference  in  the 
optimization  algorithm  performance. 

To  illustrate  the  second  derivative  techniques,  a full 
second  order  sensitivity  analysis  was  performed.  A sin- 
gle perturbation  parameter  p was  chosen  as  the  ref- 


erence surface  area  of  the  shuttle  with  nominal  value 
5r«/  = 2690  ft^.  The  GTS  postoptimality  analysis  op- 
erator, Ref.  [7],  was  executed  at  the  converged  point. 
The  Hessian  of  the  Lagrangian  function  was  computed 
with  respect  to  the  variables  x and  the  parameter  p. 
The  function  accuracy  and  reperturbation  parameters 
were  set  equal  to  tj  = IQ-*®,  and  p = b.  In  this  case 
all  perturbations  were  performed  with  respect  to  the 
scaled  variables,  and  the  techniques  described  in  Ref. 

[7]  were  used  to  obtain  the  final  unsealed  sensitivity 
data. 


The  Lagrangian  Hessian  diagonal  elements  required 
11  sets  of  reperturbations.  The  fourth  derivative  esti- 
mates obtained  from  Eq.  (11)  ranged  from  .97x  1Q-®  to 
.20  X 10®.  The  sensitivity  derivative  of  the  optimal  final 
longitude,  /*,  with  respect  to  perturbations  in  S^es , p, 
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wzis  computed  as 

^ = -0.1556  X 10"*  deg/ft^ 

dp 

This  value  was  verified  by  solving  perturbed  optimiza- 
tion problems  and  found  to  be  accurate  to  four  sigmfi- 
cant  figures. 


Future  Work 

The  finite  difference  methods  considered  in  this  report 
have  been  tailored  for  trajectory  optimization  applica- 
tions where  several  nonlinear  functions  must  be  simul- 
taneously differentiated  using  a common  perturbation 
size.  Experience  has  shown  that  to  obtain  consistently 
accurate  derivatives  and  monitor  the  errors,  two  sided 
differences  are  required.  There  are  instances,  howev«, 
where  one  sided  finite  differences  would  suffice.  At 
points  far  from  the  solution,  optimization  algorithms 
can  make  progress  with  one  sided  partials.  If  loose  con- 
vergence tolerances  are  employed,  then  "convergence 
can  sometimes  be  obtained  depending  on  the  problem. 
However,  if  tightly  converged  answers  are  sought,  then 
the  gradient  data  must  be  computed  more  accurately 
as  the  solution  is  approached  which  requires  central  dif- 
ferences. A topic  for  future  work  is  to  extend  the  error 
control  techniques  to  compute  both  one  and  two  sided 
perturbation  sizes.  This  could  be  done  at  the  initial 
point,  and  the  optimization  algorithm  could  proceed 
with  one  sided  partials  until  the  errors  become  exces- 
sive. The  more  expensive  two  sided  central  differences 
could  then  be  used  to  obtain  final  convergence. 

Another  topic  of  interest  is  to  implement  a method 
to  estimate  the  function  accuracy  error  terms  £;(i)  at 
the  first  point.  Since  the  perfect  mathematical  pro^ 
lem  model  can  not  be  evaluated  in  practice,  this  tech- 
nique could  only  be  approximate.  However,  based  on 
the  numerical  model  it  should  be  possible  to  determine 
the  noise  level  in  /.  Finally,  the  use  of  variable  scal- 
ing in  conjunction  with  numerical  differentiation  is  dis- 
cussed in  Ref.  [6].  The  second  derivative  techniques 
developed  in  Ref.  {7]  perform  all  gradient  calculations 
with  respect  to  scaled  variables  and  functions. 
ing  scaling  for  first  derivative  computations  is  planned 
' and  should  result  in  improved  methods. 
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This  roll  effectiveness  expression  is  an  equality  con- 
straint for  the  (iesii5n  procedure.  Tlie  requirement, 
{pb/2V)o  = cons/ifn/.  provides  the  reqiiired  aileron  de- 
flection angle  (^o)re,r  Fnuation  1 and  determines 

the  required  aileron  hinge  moment. 


value).  To  solve  the  optimization  problem,  Roaenbrock^s 
procedure(10]  was  used.  For  this  procedure,  the  deriva- 
tives of  the  objective  function  with  respect  to  design 
variables  arc  not  needed.  However,  this  algorithm  may 
he  slow  to  converge. 


The  aileron  hinge  moment,  lirotci  ts  calculated  us- 
ing an  aerodynamic  panelling  method  and  is  the  ob- 
jective function  for  optimization.  This  hinge  moment, 
Hrotat^  required  for  the  roll  maneuver  is  composed  of 
two  terms[9]: 

is  the  hinge  moment  required  for  the 
rigid(undcformed)  wing  structure  and  Hrux  is 
rection  to  the  hinge  moment  due  to  deformation.  These 
terms  are  functions  of  the  ply  angle,  skin  thickness,  and 
wing  and  aileron  geometry.  The  expressions  for  the  roll 
effectiveness,  hinge  moment  were  programmed  and  at- 
tached to  the  EL  A PS  code(9]. 


Y 


0 layer 
4-45®  layer 
-45®  layer 


Figure  1:  Wing  planform  geometry. 


Constraints  are 

1.  (p6/2V)  = 0.08.  p~^l»ec. 

2.  \\Ving  Tip  Tiuint  j < 2.0* 

3.  15%  < Na  < 85%  of  the  semi-span 

4.  0.2  < CTE  < 0.4 

5.  -30*  < A < 30* 

6.  0.25  < A < 0.75 


The  wing  planform  analyzed  is  shown  in  Figure  1. 
The  design  airspeed  is  400  miles  per  hour  at 
\eyt\(q=S.S4  p»i),  wing  area  and  semi-span  are  6050  m 
and  no  inches.  The  wing  skin  consists  of  a symmetrical 
composite  laminate,  modelled  as  a plate  with  six  sym- 
metrical layers.  [0/  + 4-5V  - 4.5*],.  The  thickness  of  the 
each  layer  is  constant  and  is  not  subject  to  change. 


Figure  2:  Wing  design  synthesis( first  example). 


Optimization  Examples  and  Results 

The  general  optimization  formulation  is  written  as 
follows: 

Minimize  ff(x^) 

subject  to  Ij  < < Uj,  j = 1,2 m 

where  xj  is  a design  variable  vector  and  /;,  «;  J^re 
lower,  and  upper  limits  of  ronstraints<such  as  re- 
quirements that  wing  tip  iwist  does  nor  exceed  some 


Five  design  variables( listed  in  Figure  2)  are  used 
in  this  optimization  example.  The  integrated  optimal 
design  system(shown  in  Figure  2)  consists  of  three  sub- 
systems( aerodynamics,  structure,  and  control  sizing  and 
placement),  which  are  the  functions  of  the  design  vari- 
ables. For  the  overall  optimal  design,  three  sub-systems 
must  be  accessed  simultaneously.  Although  geometry 
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such  as  wing  sw<v.p  and  taper  will  change  during  opti- 
mi2atJon.  wing  area  and  span  are  fixed  during  the  opti- 
mization procedure  to  keep  the  aspect  ratio  of  the  wing 
constant.  Spanwi.se  extent  oft  he  aileron  is  .set  to  he  30% 
of  the  semi-span,  hut  the  chord  dimension  can  change. 

Figure  4 summarizes  the  changes  in  wing  planform 
geometry  and  ply  orientation  during  the  optimal  design 
process.  The  initial  ply  orientation  (9(shown  in  Figure  1 ) 
is  ■)*  while  the  wing  quarter-chord  sweep  angle  is  1.5*. 
These  design  variables  converge  to  32*  and  25.5*,  respec- 
tively. The  optimal  aileron  position  and  fiap-to-chord 
ratio  are  84%  of  the  semi-span  and  0.2  which  is  the  con- 
straint boundary.  Wing  tip  twist  approaches  the  upper 
limit  of  the  constraint  as  shown  Figure  5.  The  optimal 
nmgc  moment  is  8RAtb-in. 

Tn  this  optimization  example,  the  aileron  spanwise 
pwition  was  determineil  subject  to  the  minimization 
of  hinge  moment  only.  The  aileron  also  can  be  used 
or  Hiitter  suppression.  Nissim’s  aerodynamic  energy 
concept[8]  was  used  to  determine  the  most  effective 
aileron  spanwise  location  for  fiutter  suppression.  This 
result  is  compared  with  that  for  roll  control. 

Figure  6 shows  the  variation  of  “energy  ratio'  with 
the  aderon  spanwise  location  when  the  ply  orientation 
is  15®  and  the  quarter-chord  sweep  angle  is  20*.  The 
flutter  speed  V,  is  required  to  he  888  feet  per  second 
when  the  control  is  active.  A location  corresponding  to 
the  larger  negative  value  of  energy  ratio  represents  the 
more  effective  aileron  spanwise  location  to  suppress  flut- 
ter. The  energy  ratio  is  computed  when  V = \ Wt  Fig- 
ure  6 shows  that  the  aileron  should  be  placed  at  about 
i0%  of  the  semi-span  in  this  case.  The  best  position  of 
the  aileron  for  roll  control  is  also  good  for  flutter  sup- 
pression in  this  case,  which  is  typical  of  others  e.xainiiieil. 

For  the  previous  optimization  example,  wing  weight  ' 
was  fixed.  As  the  second  optimization  example,  wing 
weight  IS  included  as  a part  of  the  objective  function  and 
the  thickness  coefficients  of  a skin  layer  are  included  as 
design  variables. 

The  skin  layer  thickness  distribution  <,(f,  q)  is  ex- 
pressed as  a power  series: 


The  thickness  distributions  of  the  other  two  -f45*  -45* 
layers  are  prescribed  as  follows; 

— fa  = 0.025  — 0.015q  inchrs  (6) 

Tlie  wing  weight  portion  of  the  objective  function  is 
computed  as  follows: 


m = 0 n=0 


where  7 are  the  nondimensionalized  coordinates  such 
that  i refers  to  the  chord  and  r;  refers  to  the  span,  as 
shown  in  Figure  1.  .Vine  thickness  coefficients  of  the 
layer  are  includeil  as  <losign  variables.  The  thickness 
distribution  of  the  outer  layer  is  written  as  follows: 


where  p is  the  mass  density  of  the  material  and  the  num- 
ner  of  material  layers  is  6. 

A total  of  12  design  variables  were  used  in  the  sec- 
ond  example.  These  are  shown  in  Figure  3, 


Aerodynamics 

• flap-to-chord  ratio, ct*£. 

• spanwise  control  surface 

poaition.iVa. 


Structure 

• ply  angle. 

• 9 thickness 
coefficienl.s./_- 


f MINIMIZE  A 
[HINGE  MOMENT  &) 
yWING  WEIGHT  J 


Control 

• constant  roll  rate. 

• flap-to-chord  ratio, 

♦ .spanwise  control  surface 

po«ition,/Vfl, 


mnC  7 


mr/ies 


mst)  f»  = 0 


Figure  3;  Wing  design  .synlhesis(second  e.xample). 

Constraints  for  this  optimization  stiidv  are  as  fol- 
lows; 

I-  (pb/2V)  = o.n 

2.  |wing  tip  twist)  < .3* 

3.  15%  < /V„  < 85%  of  the  semi-span 

4.  0.2  < < 0.4 

5.  Minimum  thickness  constraint  (The  laver  thickness 
should  be  greater  than  zero.);  The  layer  thickness 
IS  checked  at  6 different  locations  (the  leading  and 
trailing  edges  of  the  wing  root,  mid-span,  and  tip). 

The  objective  function  J for  the  .simultaneous  min- 
imization of  the  wing  weight  and  aileron  hinge  moment 
I.S  e.xpressed  as  a linear  combination  of  the  wing  weight 
and  control  surface  hinge  moment.  This  objective  func- 
tion is  shown  as  follows; 

7- 
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when*  J •.»«  the  weiKht.in«  factor.  This  factor  will  .le- 
pend  upon  the  relative  weighting  placed  upon  structural 
weight  and  acuiator  weight.  W and  H 
weight  and  aileron  hinge  moment.  Wo  and  flo  ''^e  the 
wing  weight  and  aileron  hinge  moment  for  the  initial  set 
of  the  design  variables.  The  aileron  hinge  moment  H is 
a function  of  the  thickness  coefficients,  ply  orientation, 
and  aileron  spanwise  location  and  chordwise  ilimension. 

Figure  7 shows  the  optimized  wing  thickness  distri- 
bution when  the  weighting  factor  0 is  l.O.  The  thick- 
ness of  the  laminate  is  the  largest  at  the  leading  edge 
near  the  wing  root  and  the  thickness  constraint  at  the 
trailing  edge  of  wing  tip  becomes 

mization  progresses.  The  initial  wing  weight  is  64 /6s. 
The  final  wing  weight  and  hinge  moment  are  o0.2/6s  an 
1639.7  lb-in.  The  optimal  ply  orientation  is  25  and  the 
aileron  mid-span  location  is  about  75%  of  the  semi-span. 

Other  examples  from  Reference  [9]  show  that  the 
optimization  result  is  sensitive  to  the  initial  design  vari- 
ables If  the  design  process  is  .started  using  a wash-in 
laminate  design(0»  < 9 < 90*).  the  optimal  ply  ori- 
entation remains  in  the  wash-in  region  and  the  wing 
sweeps  aft  to  compensate  for  the  effects  of  the  wash- 
in  laminate.  The  converse  is  true  for  the  wash-out 
laminatc(-90*  <9  < O*)-  To  determine  whether  or  not 
the  minimized  hinge  moment  is  global,  the  optimization 
analysis  must  be  conducted  u.sing  other  initial  values  of 
the  design  variables. 

Conclusion 

From  these  limited  examples,  we  have  seen  that 
aileron  .size  and  location,  structural  arrangement  and 
aerodynamic  planform  are  highly  interdependent.  As  a 
result,  a parallel  synthesi.s  procedure  is  invaluable. 

The  aileron  hinge  moment  can  be  minimized  by  re- 
designing the  wing  geometry  and  aileron  flap-to-chord 
ratio  and  spanwise  location,  and  reorienting  composite 
ply  angles.  The  hinge  moment  and  wing  weight  can  be 
minimized  simultaneously.  For  the  wing  planform  ge- 
ometry usecl  in  this  study,  the  final  wing  thickness  dis- 
tribution shows  that  the  leading  edge  area  of  wing  root 
is  the  thickest.  The  wing  thickness  decreases  gradually 
in  the  direction  of  the  trailing  edge  of  wing  tip. 

Although  no  attempt  was  made  to  include  flutter 
suppression  or  other  maneuver  criteria  simultaneously, 
there  was  little  diflercnce  between  the  best  aileron  loca- 
tion for  roll  control  and  that  for  flutter  suppression. 
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Figure  5:  Wing  tip  tw.si  and  hinge  moment  design  cycle  number. 
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behavior  of  wings  during  the  optimization  process.  It  is  also  expected  to  result  in  better  initial  models  and, 
thus,  a more  efficient  optimization  cycle. 

First,  the  performance  of  the  optimization  module  was  evaluated  against  results  reported  in  the 
literature  on  the  straight  untapered  wing  used  by  Rudisill  and  Bhatia  [4],  McIntosh  and  Ashley  [5], 
Segenreich  and  McIntosh  [6],  and  others  for  structural  optimization  with  flutter  constraints.  This  wmg  was 
chosen  since  it  represents  one  of  the  very  few  models  where  all  structural,  material,  and  environmental  data 
are  given  for  aeroelastic  analysis  and  optimization  with  flutter  constramts.  Then,  a set  of  test  cases  was 
selected  consisting  of  a high  aspect  ratio  swept  and  tapered  wing,  a medium  aspect  ratio  straight  wmg  with 
a tapered  section  toward  the  wing  tip,  and  a low  aspect  ratio  swept  and  tapered  fighter-type  wmg  ^ig.  1). 
The  straight  wing  and  the  high  aspect  ratio  wing  were  evaluated  at  subsonic  Mach  numbers  while  the 
fighter  wing  was  investigated  for  flutter  at  subsonic  and  supersonic  speeds.  These  latter  three  wings  were 
modified  derivatives  of  the  wings  used  in  the  investigation  of  the  influence  of  modeling  on  normal  modes 
and  flutter  analysis  by  Striz  and  Venka5^a  [7]. 

High  Aspect  Ratio  Wing  Medium  Aspect  Ratio  Wing  Low  Aspect  Ratio  Wing 


Figure  1.  Wing  Models  Used  in  die  Optimization  Test  Cases 

2.  Background 

The  importance  of  this  investigation  can  be  seen  from  the  following  «iample:  It  is  generally 
understood  tiiat  membrane  elements  when  used  for  spars  and  ribs  ovcti»edict  the  stiffiiess  of  a wing.  Thus, 
when  the  wing  used  by  Rudisill  and  Bhatia  was  modeled  by  the  present  authors  by  replacing  the  front  and 
rear  spar  membrane  elements  with  shear  elements,  the  natural  frequencies  of  the  first  three  bending  modes 
dropped  from  10.5,  55.9.  and  125.8  Hz  to  6.3,  37.6,  and  110.3  Hz.  respectively.  This  kind  of  change  m 
wing  bending  frequencies  can  have  a considerable  impact  on  control  surface  performance  and  flutter. 
However,  this  example  represents  only  a structural  modeling  change.  In  flutter  analysis  and  optiinization 
with  aeroelastic  constraints,  the  aerodynamic  modeling  also  affects  the  results:  the  number,  size,  and 
distribution  of  the  aerodynamic  panels  and  the  splining  between  the  aerodynamic  points  and  the  structural 
grid.  Since  optimization  is  only  as  good  as  the  associated  analyses,  it  can,  in  some  cases,  compound  and 
exaggerate  errors  arising  from  these.  Thus,  if  modeling  errors  can  have  a considerable  impact  on  the 
quality  of  the  results  of  the  associated  analyses  [7],  optimization  can  be  ^ously  jeopardized  to  the  point 
where  the  resulting  optimal  design  can  be  very  unreliable.  In  the  cited  example,  use  of  the  stiffer 
membrane  elements  resulted  in  a 10%  lower  minimum  wdght  design  (38  lbs)  as  compared  to  the  more 
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r^^c,  l«s  sdff  shMT  d«nents  (42  Ite).  It  flutter  is  the  driving  constmint,  this  could  lead  to  the  design 
of  a structme  is  potenuaUy  too  weak.  It  is,  therefore,  essential  that  the  initial  designs  used  in  optiS- 

zaaon  fc^ible  and  modeled  correctly  especiaUy  when  buUt-up  finite  element  structural  models  are  used 
rather  than  the  previously  more  common  beam  models. 

Thus,  fully  buUt-up  fimte  element  structural  models  for  the  four  wings  were  evaluated  for  their 

irridr^f!^  op^^non  and  the  mfluence  of  such  modeling  factors  as  finite  element  selection,  structural 
^d  re^ement;  selection  of  upper  frequency  bounds;  aerodynamic  panel  size  and  placement;  splining  of 
Ae^rodynanuc  gnd  to  the  structural  grid;  the  selection  of  extra  points  off  the  structural  wing  ix>x  (MFCs 
for  better  mass  distnbution  and  aerodynamic  splining;  solution  procedures  such  as  reduction  schemes-  etc  ^ 
and  selected  results  are  presented.  ’ ’’ 


3.  The  Rudisill  and  Bhatia  Wing  Model 

As  mentioned  in  Reference  7.  one  of  the  drawbacks  of  this  model  lies  in  the  fact  that  no  non- 
structural  mass  was  mcluded  m the  model.  Thus,  the  mass  center  of  the  wing  coincides  with  the  elastic 
a^,  resdtmg  m a close  proximity  of  flutter  speed  and  divergence  speed.  Here,  for  the  base  model  with 
^ libs,  and  webs  all  modeled  by  membrane  elements,  the  flutter  speed  for  an  input  Mach  number  of 
M - Md  M altitude  of  h = 10,000  ft  was  calculated  by  ASTROS  and  MSC/NASTRAN  as  10  881 
in/sec  and  10.500  in/sec,  respectively,  with  divergence  speeds  of  11,900  in/sec  and  11500  in/sec 

^ ^ configuration  was  about’ 

10,800  in/sec.  When  the  optimized  versions  of  the  model  as  obtained  in  References  5 and  6 were  analyzed 

for  flutter.  Aey  were  found  to  all  encounter  a divergence  speed  much  lower  than  the  speed  used  as  a flutter 
constramt.  It  seems  that  none  of  these  optimizations  included  the  possibility  of  divergence  as  a flutter  root 

optimized  results  seem  to  have  been  limited  to  flutter  constraints  only 
and  would  have  resulted  m designed  wing  models  that  considerably  exceeded  their  divergence  speeds.  ^ 

ac  11  influence  of  the  finite  element  selection  on  the  optimization,  the  spar  webs 

as  well  as  the  nbs  were  ^temately  modeled  as  shear  elements  and  as  membrane  elements.  The  rest  of  the 
m^el  was^pt  as  m Reference  4.  All  inplane  displacements  were  removed  from  the  analysis  set  by  Guyan 
reduction.  Optimization  results  are  presented  in  Table  1. 

th^  the  ribs  from  membrane  elements  to  shear  elements  did  not  influence 

e o^inuzed  weight  at  However,  when  the  spar  webs  were  changed  from  membranes  to  the  more 
re^sne  shear  elements,  there  was  a significant  increase  in  the  optimized  weight  due  to  the  fact  that  the 
na  al  frequencies,  especially  for  the  bending  modes,  as  well  as  the  divergence  and  flutter  speeds  all 
opped  sigmficantly,  showmg  the  all-membrane  model  to  be  non-conservative.  When  non-structural 
masses  were  added  to  the  all-shear  model,  the  minimum  weight  stayed  essentially  the  same,  but  now 

Table  1.  Varying  Element  Types  on  Wing  of  Reference  4 (9  Design  Variables) 


Rib  Elements:  Membrane 

Spar  Elements:  Membrane 

Shear 

Membrane 

Membrane 

Shear 

Shear 

Shear 

Shear/Mass 

Shear/Mass 

Initial  Structural  Weight:  195.92 

Optimum  Structural  Weight:  37.69 
Aeroelastic  Mode:  Divergence 

No  Flutter 

195.92 

37.69 

Divergence 
No  Flutter 

195.92 

41.76 

Divergence 
Flut.  Close 

196.04 

41.79 

Divergence 
Flut.  Qose 

196.04 

41.68 

Divergence 

Flutter 
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the  divergence  and  flutter  speeds  almost  coincided  for  the  optimized  structure. 

To  examine  the  influence  of  the  number  of  aerodynamic  boxes  on  the  wing,  various  paneling 
schemes  were  chosen  for  the  model  with  shear  elements  for  spar  webs:  6 spanwise  boxes  x 4 chordwise 

Kr.  24x4  and  24x9  respectively.  The  results  suggest  that  a reasonably  coarse  mesh,  especially 

^e^<^  - L'^aveWtcr  dme  for  preliminary  optim^^^^  and  design,  smce 
it  seems  to  result  in  a conservative  approximation  to  the  minimum  weight. 

4.  Three  Wing  Models  with  Different  Aspect  Ratios 

The  three  wing  models  represent,  in  that  order,  a swept  and  tapered  transportA>omber  type  ^g 

of  hirii  aspect  ratio,  a^straight  and  partially  tapered  Ught  transport/combat  airoraft  type  wmg  of  medium 
^ ^ fiffhter  tvDc  wine  of  low  aspect  ratio.  All  necessary  dimensions  and 

^Se^s^^’a^^^avauS  in  Reference  8.  Some  selected  structural  and  environmental  data  for  these  wmgs 
are  given  in  Table  2. 

The  structural  models  for  the  three  wings  were  built  from  rod,  membrane,  and  shear  elements  to 
Table  2.  Environmental,  Initial  Geometrical,  and  Material  Property  Model  Data 
fflGH  ASPECT  RATIO  WING:  (Transport/Bomber,  M = 0.87,  h = 30,000  ft) 

Variation:  Seven  ribs,  fourteen  ribs,  twenty-one  ribs 


Shear  panels: 
Membranes: 
Spar  stifleners: 


0.145"  to  0.1"  in  ribs  (for  14-iib);  0.2"  to  0.1"  in  spars 
0.3"  to  0.1"  in  skins 

0.15  in^  (for  14-rib)  Spar  caps:  3.6  to  3.0  in^ 


Thick- 

nesses: 

Areas: 


MEDIUM  ASPECT  RATIO  WING:  (Light  Transporl/Combat  Aircraft,  M = 0.58,  h = 5,000  ft) 

Variations:  No  MFCs,  acrodynaimc  MFCs,  mass  MPO;  aetodynamic  mesh  variations 

nucbiesses:  Shear  panels:  0.08"  in  sparsftibs  Mem^:  O.M"  in  skins,  0.08"  in  ribs 

Areas:  Spar  stiffeners:  0.2  hf Spar  Caps:  1.0  m 

LOW  ASPECT  RATIO  WING;  (Fighter,  M = 0.85,  h = 5,000  ft;  M = 1.5,  h = 30,000  ft) 


Variation:  Five  spars,  ten  spars 


Thick- 

nesses: 

Areas: 


Shear  panels:  0.08"{I)  / 0.12"{n)  in  ribs;  0.15  to  0.06"  in  spars  (5-spar) 

0.135  to  0.05"  le/te,  0.075  to  0.03"  int.,  m spars  (10-spar) 

Membranes:  0.25  to  0.04"  in  skins 

Spar  caps:  2.0  to  1.0  iiF  {!)  / 1.0  to  05  m^  (H)  (5-s^) 

1.75  to  0.88  in^  le/te,  1.0  to  0.5  in*  int.  (10-spar) 

Spar  stiffeners:  0.05  in*  


Material  for  all  wings  is  Aluminum:  E = 10,000,000  Ib^*,  v = 033,  Q - 0.1  Ib^  • 
All  values  decreasing  from  root  to  tip.  .====== 
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Table  3.  Spanwise  Structural  Variation,  High  Aspect  Ratio  Wing  (7X5  Aero  Mesh) 


# of  Ribs: 

# of  Design  Variables: 


Seven 

13  26 


Fourteen 
13  26 


Twenty-One  ' 
13  26 


Imtial  Stru^al  Weight:  10205.6  10205.6  10205.4  10205.4  102052  10205  2 

Optimum  Structural  Weight:  6408.8  6341.3  6498.3  6447.8  6371.9  ^52A 


represent  the  ;^g  boxes  with  sp^,  spar  caps,  spar  stiffeners,  ribs,  and  skins.  Here,  the  rods  corresponded 
wcraZ.e“”rite  SI  d.,  .hear  .lemenK  to  ,par 

^ the  high  aspect  ratio  wing,  the  structural  weight  was  assumed  to  be  about 

30%  of  the  overaU  weight  of  the  wmg,  with  the  other  70%  distributed  as  non-structural  masses  at  all  nodal 
pomts.  In  the  opumizmion  process,  Guyan  reduction  was  appUed  to  retain  out-of-plane  displacements  only 
A flutter  coMtramt  of  14,000  in/sec  was  chosen  together  with  a lower  bound  of  1 Hz  on  the  lowest  natural 
frequency.  For  this  wmg,  the  influence  of  structural  complexity  in  spanwise  direction  was  evaluated  bv 
varymg  the  num^  of  bays  m the  wing  from  seven  to  fourteen  to  twenty-one  while  keeping  the  total 
weight  constant.  This  mcrease  accounts  for  a more  uniform  distribution  of  mass  and  stiffiiess  without 

changmg  their  overaU  values.  Reasonable  element  aspect  ratios  were  exceeded  to  determine  how  forgivinit 
the  structural  modeling  process  is  (Table  3).  ^ ® 

From  these  results,  it  seems  that  the  most  reasonable  fourteen  bay  wing  showed  the  most 

yielded  lower  minimum  weights.  This  could  be  due  to  the 
stiffiiess  distnbutions  m the  respective  models,  especially  in  the  root  area,  or  due  to  the  somewhat 
excessive  aspect  ratios.  In  all  cases,  an  increase  in  the  number  of  design  variables  resulted  in  a lower 
weight  as  expected  smee  a finer  discrete  distribution  of  masses  is  possiWe. 

Met^um  Aspect  Ratio  Wing:  For  aU  models  of  the  medium  aspect  ratio  wing,  the  structural  weight  was 
awumed  to  constitute  about  30%  of  the  overall  weight  of  the  wing,  with  the  other  70%  distributed  m non- 
^ctural  m^ses  at  all  structural  nodal  points  and  MFCs.  The  flutter  constraint  chosen  was  14,000  in/sec 
Here,  the  influence  of  the  aerodynamic  wing  model  complexity  was  evaluated.  The  number  of  aerodynamic 
^xes  on  tfie  wmg  wm  mcreased  from  an  initiaUy  very  coarse  grid  (5  spanwise  boxes  by  5 chordwise 
^xes)  by  mcrcasmg  the  number  of  spanwise  and  chordwise  subdivisions.  The  reasonable  aspect  ratio  of 
^ aerodyn^ic  boxes  was  exceeded  to  deteimine  how  forgiving  the  aerodynamic  modeling  process  is. 
ine  results  for  some  of  these  cases  are  presented  in  Table  4. 

Here,  Ae  models  wiA  less  spanwise  boxes  showed  sUghtly  higher  minimum  weights  wiA  virtually 
no  vananon  due  to  a change  m Ae  number  of  chordwise  boxes.  This  seems  to  mAcate  Aat  a coarse 
aerodynamic  mesh  can  be  used  for  preliminary  design  and  will  result  in  a conservative  design. 

Table  4.  Aerodynamic  Mesh  Variation,  MeAum  Aspect  Ratio  Wmg  (31  Design  Variables) 


Panel  Mesh:  t 


Imtial  Structural  Weight: 

Optimum  Structural  Weight:  177.7 


5x  10  11  x5  11  x 10  22x5  22x  10 

576.8 

177.3  170.6  168.6  167.5  166.5 


Table  5.  Use  of  MFCs,  Medium  Aspect  Ratio  Wing,  I;  EPS=-0.02;  H:  EPS-0.03;  DI:  EPS=-0.05 
(5x5  Aero  Mesh,  31  Design  Variables)  _==—=== 

mpTc-  None  Aero  Mass  Aero+Mass 

Upper  Ft«,«ncy  Bound:  50  Hz  100  Hz  50  Hz  100  Hz  50  Hz  100  Hz  50  Hz  100  Hz 


Init.  Struct.  Weight: 

Opt.  Struct.  Weight;  I 

n 

m 


170.3  184.2  157.4 

179.1  184.2  157.4 

179.1  186.4  157.4 


576.8 

157.1  229.9  477.0 

157.1  229.9  477.0 

157.1  229.9  477.0 


175.6  180.0 

175.3  175.6 

175.6  206.4 


Finally,  the  use  of  multi-point  constraints  (MFCs)  was  evaluated.  These  MFCs  add  non-structural 
points  rigidly  splined  to  existing  structural  points  for  two  purposes;  to  attach  non-s^ctmal  for 

^tter  overall  mass  distribution  and  to  add  points  to  which  the  aerodynamic  loads  cm  be  splmed  for  better 
aerodynamic  load  distribution.  They  had  been  used  in  all  of  the  above  mentioned  compumtions  for  the 
medium  aspect  ratio  wing  along  with  Guyan  reduction  to  only  out-of-plane  ^plawments.  Three  Mferwt 
values  of  the  constraint  retention  parameter  EPS  were  appUed;  -0.02,  -0.03,  as  weU  as  two 

values  for  the  upper  frequency  bound  on  the  modal  flutter  analyses:  50  Hz  and  100  Hz.  For  this  study 
only,  the  vertical  spar  stiffeners  were  eliminated  and  the  ribs  converted  from  shear  to  membrane  elements 

to  eliminate  breathing  modes. 

It  seems  (Table  5)  that,  for  a given  combination  of  upper  frequency  limit  and  constr^t  retention 
parameter  EPS,  the  use  of  MFCs  for  better  distribution  of  the  non-structural  mass  away  from  Ac 
structural  wing  box  has  the  effect  of  increasing  Ae  optimized  weight  coupled  wiA  a lowermg  of  Ae  frutter 
speed  found  m Ae  accompanymg  analysis.  This  may  be  caused  by  Ae  larger  rotational  moments  produced 
by  Aese  offsets.  The  use  of  MFCs  for  splining  Ae  aerodynamic  forces  to  a largw  arw  than  just  the 
structural  wing  box  had  Ae  opposite  effect,  i.e.  Ae  optimized  weight  was  even  lower  Aan  for  Ae  case  with 
no  MFCs.  This  was  consistent  wiA  a considerable  mcrease  m Ae  flutter  speed  from  Ae  accompanying 
analysis.  When  Ae  two  sets  of  MFCs  were  combmed,  however,  Ae  minimum  weight  of  Ae  structure  was 
comparable  to  Aat  for  Ae  case  of  no  MFCs.  Thus,  mass  MFCs  seem  to  be  a necessity  for  obtaining  a 
conservative  weight  m optimization,  even  Aough  Ae  lack  of  aerodynamic  MFCs  may  rwult  m too  high 
a minimum  weight.  Also,  an  maease  m Ae  upper  frequency  limit,  i.e.  m Ae  number  of  modes  retted 
in  Ae  flutter  analyses,  resulted  m an  increase  m Ae  minimum  weight  for  all  but  Ae  aerodynamic  splinmg 
results  while  Ae  effect  of  a change  m Ae  constraint  retention  parameter  had,  for  most  cases,  little 
mfluence.  However,  boA  of  Aese  parameters  have  to  be  chosen  wiA  care. 


c)  Low  Aspect  Ratio  Wme:  For  Ae  low  aspect  ratio  wing,  non-structural  mass  in  Ae  amount  of  2400  lbs 
was  distributed  over  aU  nodal  pomts  and  a mass  of  200  lbs  for  a tip  store  wiA  launcher  oyer  Ae  wing  tip 
pomts.  No  MFCs  were  used,  smee  Ae  wmg  box  covers  a large  part  of  Ae 

dynamic  meshes  of  5 x 5 and  15  x 15  boxes  were  chosen.  A flutter  constraint  of  25,^  i^sec  was 
appUed.  For  this  wing,  Ae  mfluence  of  structural  complexity  m chordwise  dfrecuon  was  evaluated.  Sta^g 
wiA  a reasonable  model  for  Ae  wing  box  usmg  five  internal  spars,  Ae  wing  was  subdivided  by 
five  more  spars  wlule  keepmg  Ae  total  weight  constant.  The  mfluence  of  a more  evenly  distnbuted 
stiffriess  and  mass  arrangement  was  Aus  evaluated.  BoA,  subsonic  and  supersome  analyses  were 
performed.  Results  for  Ae  subsonic  case  only  (M  = 0.85)  are  presented  in  Table  6 for  aerodynamic  meshes 

of  5 X 5 and  15  x 15  boxes. 


The  results  suggest  that  distributing  mass  and  stiffness  more  evenly  m chordwise  direction  allows 
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Table  6.  Varying  Spar  Number  on  Low  Aspect  Ratio  Wing.  Aero  Mesh  a)  5 x 5 b)  15  x 15 


# of  Internal  Spars:  Pive 

# of  Design  Variables:  6 


Initial  Structural  Weight:  I 

497.8 

497.7 

n 

402.7 

Optimum  Structural  Weight:  la 

330.3 

228.0 

la  303.6 

202.8 

Ib 

352.6 

237.0 

Ib  328.5 

208.6 

na 

322.6 

218.6 

nb 

362.4 

228.4 

Ae  optiiniz^on  to  optimize  more  members  and  thus  leads  to  lower  final  weights.  The  same  is  of  course 
when  the  number  of  design  variables  is  increased.  It  should  be  noted  that  the  five  spar  whig  with  18 

It  might  ^advantageous  for  the  preliminaiy  sizing  of  wings  with  flutter  constraints  to  use  a relatively 
simple  model  with  a reasonably  large  number  of  design  variables  rather  than  go  through  the  effort  of 
CTwtog  a more  complex  model.  Since  the  initial  structure  {1}  of  the  five  spar  wing  had  somewhat 
in  a undersized  shear  webs,  both  sets  of  values  were  adjusted  in  structure  (H)  to  result 

1 ® u distribution.  However,  this  only  resulted  in 

0 5^-  for  ti  TT  I V.  ® *an  5%  for  the  structural  weight  L less  than 

riif  coIrwV **  aerodynamic  mesh  was  chosen  (15  x 15)  rather  than 
i minimum  weights  were  somewhat  higher  (generally  less  than  12%  for  the 

'^“«***  However.  L preliminary  sizing 

times^ere  shoner  CPU  times  (for  ten  spar  wing  with  26  design  variables^e  CPU 

.06  for  the  5 X 5 mesh  and  1:28:55  for  the  15  x 15  mesh  on  the  WRDC/FDL  VAX8650). 

5.  Discussions  and  Recommendations 

“><<  “lOdynamic  modeling  on  opdmizalion  and  the  minimnm  weight 
totgn  of  b^-up  finite  element  wmg  models  were  investigated  nsing  the  optimiaation  module  of  St 

Opl^^on  System  (ASTROS).  This  was  done  to  gain  a better  understanding  of 
*e  optimizanon  ptM«s  with  dynamic  aeroelastic,  i.e.  flutter,  constraints.  Several  trends  could  be  obsened 
t^g  the  comse  of  the  tnodeling  and  the  optimization  even  though  it  is  understood  that,  until  many  more 
^^e  been  evaluated,  any  set  of  analyses  has  to  be  mgarded  as  more  or  less  wini  type  anTm^S 

stiucturfmdSeS.^^i*''“'“'‘°“  if  “ «*•>■  h reasonably  coarse  model  for  both  the 

moH.1  .t  ^ * aerodynamics  wiU  result  m an  optimum  weight  that  is  close  to  that  for  a more  detailed 

f “"?«vafive.  Here,  a finer  chordwise  sttuctural  distribution  seems  to  yield  a 

SS«tls  me""" 

rhdVTcinP®  finite  elements  for  modeling  the  structure  is  rather  critical  since,  e.g. 

. ^ mstead  of  shear  elements  for  spars  can  result  in  non-conservative  minimum  weights 

^ teken  when  selecting  the  modes  included  in  the  optimization  In- 
plane modes  as  well  as  extensional  modes  of  the  vertical  spar  connecting  rods  can  caSe  convergence 
problems  and  should  be  eliminated.  For  wings  where  chordwise  bending  modes  are  not  expected*  it  is 
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.7 Hr. 

'7'. 


suggested  .0  iucr««  the  fte,ua.cy  of 

conveiting  the  uJupiL  md  lower  wing  surfaces  can  be  connected  by  MFCs  instead, 

possible  chordwisc  bending  modes,  analysis  during  the  course  of  an  optimization  can 

two  parameters  have  to  be  carefuUy  chosen. 

Thf  of  mass  MFCs  is  advised  for  a more  reaUstic  mass  distribution  and  seems  to  yield  rather 
The  us  x/TPf^c  fr*r  n hettcT  aerodvuamic  force  distribution  seems 

'XTI'  w'ei^ts  ta  a n^JTtative  fashion.  Depending  on  the  nrodel.  the  onussion  of 

all  MFCs  can  lead  to  lower  weights  and,  thus,  be  non.conser*an»e  as  well. 

Z behavior  of  representative  wings  in  a true  mulh-disaplmary 
a more  general  understanding  of  the  modeling  mfluences  on  such  optimization. 
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Preliminary  Design  Optimization  of  Jo}n«>d-Winp^  ‘ 

John  W.  Gallman/  Ilan  M.  Kroo,t  and  Stephen  C.  Smith  * ^ ^ ^ 

Introduction  / ' ^ 

The  joined  wing  is  an  innovative  aircraft  conficiiratinn  fViaf  Vioo  « a m , 

wng  forming  a diamond  shape  in  both  lop  and  pla^ew  ‘ This  leometric*^  connected  to  the 

a ‘1  “ ctcnctSral  support  for  fhe 

have  studied  this  configuration  and  predicted  sienificant  redurtiono  ;«  j j researchers 

Inral  weight  when  cornered  with  a conven  LnKtT^'^S^^^  ^ 

the  cruise  drag  of  joined  winp  with  conventional  1 

slmclnral  weight.  This  study  showed  an  1155  mduclTinfri^S  “'J 

S'n°:d1dTiore"t“±:r^ 

— s,  such  asLrway  length,  cJuin^a^TJ"  Urr^dSTofenti^S” 

accurately  represent  the  interaction  between  structures  and 
aerodynamics  for  joined  wings,  we  developed  a new  design  code  for  this  studv  Tbs.  a ^ 

ICS  and  structures  analyses  in  this  study  are  significant^  more  Ih  " T 

in  i^st  conventional  design  codes.  This  sophistication  wL  needed^to  predict  the  aemd!^i'^^-^ 
interference  between  the  wing  and  tail  and  the  stresses  in  th^  m^^ 

Analysis  Methods 

ohaZ  ofT^f/-  required  to  estimate  transport  aircraft  performance  throughout  aU 

pnases  ot  a medium  range  mission  were  developed  for  the  dessJvn  /-gads,  w ugnout  au 

l=SS£FS?“ 

nmway  field  togth  are  described  in  ref.  6 along  with  thn^tlTfS^SLV^ta 
beai^fL  Ag"*”!!  “Tb'“‘  f ““del'd  «dth  variable  cross  section  skin-stringer 

it  Jits  “iissrirs'.siss;  s™ 

Aerospace  En^eer,  NASA  Ames  Research  Center,  Moffett  Field,  California 
t Assistant  Professor,  Stanford  University,  Stanford,  California 
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with  .n  ithtw  td‘d  " tS 

that  the  maxumim  stress  m all  “ ,?r,ictural  weiehts  are  compared  with  the  weights 

structural  wei^t  of  tlm  wmg  m j£  and  old  weights  differ  by  more  that 

associated  with  the  imtial  ^d^Tts  the  anSysis.  A more  detailed 

10-',  the  method  up<W«  the  ^ “^/Ser  thidmies  with  this  method 

Slrn^tSt^dlTgf'iSables  for  the  optimization  problem  by  160,  and  hence  the 
Two  interesting  prob^  were 

the  dea^  problem.  P^ntSuity  in  the  panel  width  of  the  vortex-lattice  model.  This 

drag  which  was  caused  by  that  unrealistic  wing  twists  were  optimum 

error  caused  the  numerical  optimize  wine-fuselaee  model  with  constant  panel 

Figure  3 shows  lift  distributions  ctJcvdat  g , ® ivine-fuselage  joint.  Although 

widths  and  a model  with  a discontmm  y “ difference  of  10%  in  panel  width  produced 

the  panel  discontinuity  is  exa^erated  in  Fig.  3 a ^erence  ^ a constant  panel  width 

significant  errors  in  the  twist  distributions  of  °P‘“^  rather 

wSleeded  to  detain  l^^se  ^Uch  was  caused 

than  continuous  desi^  vroablm.  structural  design  algorithm.  This  problem  was  solved 

by  the  convergmce  cntma  ^d  m ‘^e  strnctmd  d ^g^^  specified  function  precision. 

by  exerosmg  the  input  option  t®'  N matOTal  distribution  without  introducing  a 

Using  this  option  “ np^te  of  t^ 

ifiscontinuity  m problem  functions  ^ variables  and  9 constraints.  Fig.  4 shows 

the  Jig^'’^^^“trc^SJ,  'J  “J-^.be  il^a&^tuSt 

rmnim^  an  violations  for  a typical  11  variable  9 

objecti^  “his  fi|^™hlrs  convergence  to  the  Khun-Thcker  conditions  for  optimalhty 

constramt  problem.  IMs  ,.«TT,rm National  time  on  a VAX  3200  workstation.  Increasing 

in  two  hours  and  twenty  minutes  o p _ i x;  from  10~®  to  10“^  could  save  much  of  this 

the  feasibihty  tolerance  for  the  constraint  violations  from  10  to  lU  coma 

computational  time  during  conceptual  desi^. 

^ Results  1 rri  X 1 

DOC  are  all  normalized  with  respect  to  values  calculat^  for  a r^nmM 

similar  to  a M^DonueU  Doi^  Wrt  Jmce  ^ “/mL  is  u,^ 

nautical  mUes  at  a cruise  «?'=>' ->f  6500  ft  at  sea  level 

segment  chmb  padie^  p-ea  • - moment  for  take-off  rotation  is  also  required. 

S?Sjn%indHt"ng"^ 

.Sise  drag  ihan*The  reference  airplane.  The  99  ft  span  joined  wing 
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indicates  a savings  of  8%  in  cruise  drag  and  10%  in  liftinir  u r a t 

“ilsl  r*  T*"  ‘ ^ 4u^  a 

t^ntenance  costs  which  increa*^  span  (weight)  and  fuel  costs  wUch  de^^^'litfr^ 
(drag)  produces  this  savings  in  DOC.  Our  studies  have  shown  that  w 

mission  reduces  the  potential  savings  in  DOC  from  3.2%  to  the  2%  shown  in  Fie  6 
wmg  ^th  a span  of  104.5  ft.  The  primary  reason  for  this  is  that  a ^Sng  w^  reauired'tn 

meet  the  take-off  and  chmb  constraints.  This  increase  in  surface  area  increases  thrsSrfHcLn 
^ag  which  m turn  mcre^es  the  DOC.  Extra  wing  area  was  needed  for  these  joinelwiW  £sWs 
because  of  the  larger  tail  downloads  required  to  trim  at  the  hieh  wine  lift 

sensitivity  of  these  "optimum”  designs  with  lespect  to  the  take-off  climb 

•>«=*  joined-wing  or  convratteai 

1?5  ftM°  s ^ “■"'entional  T-tail  d^^ 

Winch  was  175  ft  less  than  the  reference  airplane.  This  could  be  caused  by  a difference  in  f,£l 

constrmnts  used  to  design  the  reference  airplane.  The  opHm^ 

^ea  for  the  joined  ^ng  was  925  ft\  The  large  taU  downloads  that  cause  this  incre^el^  ^g 

^ea  also  increase  the  induced  drag  of  joined  wings  during  cruise.  Since  reducing  the  required 

trim  loads,  further  improvement  can  expected  fof  joined  wings 

designs  require  very  Uttle  tail  load  to  trim  indicating  l2s 
potential  for  improvement  with  reduced  stability.  maicaung  less 

_ Conclusions 

The  results  presented  demonstrate  the  usefulness  of  numerical  optimization  in  Dreliminarv 

tr^sDorts^Tq?^^  indicate  that  joined  wings  are  promising  alternatives  for  medium  rangj 
tr^sports.  A 9%  savings  in  drag  with  a corresponding  savings  of  2%  in  DOC  was  shown  fnA 
joined-wmg  tr^sport  with  a span  of  104.5  ft  ^d  a t^-to-sjan  ratb  of  appre^^  7 X 

Sp^^^ntifv^the  bi^t  stability  climb  gradient,  and  runway  length  would  also 

nnXa  /i  u jomed-wing  transport.  Optimum  solutions  were  determined  eflficientlv 

aerodynamics  model,  Tco^odXg  th^ 
rnA  fK  ♦ ®^ign  from  the  optimization  problem,  and  developing  analysis  methods  for  the  desien 
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Fig.  1 Wing  and  tail  lil 
and  landing  approach. 


a Uft  distributions  tor  a typical  joined  wing  that  is  trinuned  for  cUmb,  cruise, 


■ Capi  Tx 


Web,Tz 


Fig.  2 


structural  box  model  with  skins,  stringers,  and  the  resultant  bending  moment. 


Fig.  3 Lift  distributions  calculated  with  and  without  a panel  width  discontinuity  at  the  wing 
fuselage  joint. 


Fig.  4 Design  variables,  constraints,  and  a flow  chart  of  the  calculations  in  the  design  code. 
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Line  Search  Number 


Fig,  5 The  iteration  history  of  the  objective  function  and  the  construnt  violations  for  a joined- 
wing  design  problem. 


Span  (ft) 

Fig.  6 Optimization  results  for  conventional  T-tail  and  joined-wing  transports. 
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LARGE  SCALE  NONLINEAR  NUMERICAL  OPTIMAL  CONTROL 
FOR  FINITE  ELEMENT  MODELS  OF  FLEXIBLE  STRUCTURES^' 

Christine  A.  Shoemaker  and  Li-zhi  Liao 
Cornell  University 
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Abstract 

This  paper  dUcusses  the  development  of  large  scale  numerical  optimal  control  algorithms  for  nonlinear 
systems  and  their  application  to  finite  element  models  of  structures.  This  work  is  based  on  our  expansion  of 
the  optimal  control  algorithm  (DDP)  in  the  following  steps:  a)  improvement  of  convergence  for  initial  policies  in 
nonconvex  regions;  b)  development  of  a numerically  accurate  penalty  function  method  approach  for  constrained 
DDP  problems;  and  c)  parallel  processing  on  supercomputers.  The  expanded  constrained  DDP  algorithm  was 
applied  to  the  control  of  a four-bay,  two  dimensional  truss  with  12  soft  members,  which  generates  geometric 
nonlinearities.  Using  an  explicit  finite  element  model  to  describe  the  structural  system  requires  32  state  variables 
and  10,000  time  steps.  Our  numerical  results  indicate  that  for  constrained  or  unconstrained  structural  problems 
with  nonlinear  dynamics,  the  results  obtained  by  our  expanded  constrained  DDP  are  significantly  better  than 
those  obtained  using  linear-quadratic  feedback  control. 


I.  Introduction 

The  discrete-time  optimal  control  problem  studied  in  this  paper  has  the  following  format: 


N 


(1.1) 


where  xt-n  = /(zt,  t)  f = l, . . . ,jV  - l,  (1,2) 

= xi  given  and  fixed 

where  art  G i?”  and  Ut  € are  state  and  control  variables;  the  function  g : Ri  jg  the 

objective  function  (or  performance  index);  and  the  function  / : _ Rn  is  the  transition 

function.  In  some  cases,  there  are  constraints  on  state  and/or  control  variables  of  the  form 

h(it,U(,0<0  t = for  A : -> (1.3) 

In  the  following  analysis,  all  of  the  functions  g,  f suid  h may  be  nonhnear.  The  differential 
programming  (DDP)  algorithm  first  suggested  by  Mayne  [6]  and  expanded  by  Jacobson 
^d  Mayne  [Ij  addressed  unconstrained  problems  of  the  form  (1.1)-(1.2).  Ohno  [8]  and  Yakowitz 
^1]  mtroduced  methods  for  constrained  differential  dynamic  programming  (CDDP)  problems. 
Yakowitz’s  theoretical  development  is  hmited  to  hnear  constraints  and  has  been  implemented 
on  sizable  problems  with  linear  constraints  (Jones  et  al  [2]).  Ohno’s  method  has  not  been 
numencally  implemented  on  large  scale  problems. 

Liao  and  Shoemaker  [5]  recently  proposed  a new  algorithm,  which  is  called  Constrained 
Differential  Dynamic  Programming  (CDDP),  for  solving  general  nonlinear  constrained  problems. 
This  algorithm  is  based  on  penalty  function  method,  QR  factorization  and  matrix  partition 
techmques,  and  the  unconstrained  DDP  algorithm.  Numerical  results  of  the  CDDP  algorithm 
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on  son.,  t.3.  proble.ns  with  hnndr.ds  f the  pendty 
and  control  varinbl«  w«.  abo  P-ented  .»  h^  P)  h^  P^  1 

parameter  ■‘» the  nnmerical  problems 

complexity  tor  the  worst  case  ot  the  CDDP  algorithm  per  iteraUon  are  the  following. 

In(n  + m)’  + + p{n  + m)U  i(m  - a)’  + !".»’'+{"•-  + 2(“  - 

2 ^ 

u * raw,  n «T,r1  m and  the  forward  simulation  is  not  counted  here  (for 

p°^C“on the  cLIeU  Tnprcl^puL'lllBM"^^^^^^^  -'y  “ 

reducing  computation  time. 

II.  A Nonlinear  Structural  Control  Application 

2.1  Description  of  a general  structural  control  problem 

There  has  been  Kttle  literature  on  the  optimal  control  of  nonlinear  strnctnies  and  to  onr 
knowdedce  no  previous  research  on  the  couphng  of  nonlinear  opUnnzation  to  norfinem  fim 
elemit  stinctural  models.  There  have  been  many  apphcatioM  of 

Eexible  stmctnres  but  most  of  them  use  LQ  (Linear  systeni  dynan^,  Q ^ j 

function)  techniqnes  that  assume  the  system's  dynam.cs  are  hn^.  The  ” 

is  that  feedback  control  can  be  rapidly  computed.  Previous  workers  have  used  P ^ 

computed  on  the  basis  of  a linear  approximation  of  nonlinear  dynamics  hoping  this  control  would 

work  reasonably  well  on  nonlinear  systems.  , . i j xu 

The  results  presented  here  indicate  that  nonlinear  DDP  optimal  control  pohaes  b^ed  on  the 
nonlinenmaiics  of  a structure  perform  significantly  better  fin  nonhnear  f 

thelonventional  LQ  control  policies.  Both  the  DDP  and  CDDP  algorithms  provide  time-varying 

feedback  control  laws. 


by: 


[back  control  laws.  ... 

Following  the  description  in  Shoemaker  e<  al  [9],  the  dynamics  of  the  structure  are  describe 


Mdt  + Cdt  + K{dt)  ■dt=pt  + B{dt)  • u« 


(2.1) 


where  d.  is  the  vector  of  nodal  displacements  at  time  t,  d,  C d.  ‘f  ' 

at  time  t,  d,  6 fl";  d,  is  the  vector  of  nodal  proportioL  viscous 

matrix,  K{dt)  6 M is  diagonal  mass  matnx,  M e R > ^ ^ 

damping  matrix,  C € B(d,)  is  control  influence  matrix  B(dt)  €R  , P.  is  external 

history  vector,  ptei?";  and  is  control  forces  vector,  u,6K  . , ^ ^ „ 

The  criterion  used  to  select  the  optimal  policy  is  the  discretization  of  the  objective  functi 
suggested  by  Miller  ei  al  [7]: 


N 

(dK.idfBid,  -l-«M,.drMd.  + 0b.,uTB^K^'Bu,) 


(2.2) 


t=l 
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where  the  «’s  are  weighting  parameters,  = K(0)  and  JfKd„  ctTMd.  n, 

measnres  of  strata  energy,  hinetic  energy  and  potential  ener^,  rip^'t,"t’  ' “f 

fnnctlt  h Sd  f i-“o  ‘ke  system  becanse  they  are 

vector  u,  of  the  form  «>■“«  situations  to  put  constraints  on  the  control 


t Sut<u\ 


max 


(2.3) 


where  u?""  and  are  given  parameters  that  reflect  the  range  of  force  of  the  controUer. 

2.2  Formulation  of  the  transition  equation 

need®r&cL°rth“‘‘dS’r“i?^^^^^ 

equation  (2.1),  we  have  ' “‘’^"<^“<^■>8  *ffsrence  equations  in 


Pt 

B ■ ut 


(2.4) 


where 


(2.5) 


V -hM-^K  In-hM-^C  )'  hM-^)' 

and  h is  the  tune  difference  used  in  the  difference  equations. 

The  stiffness  matrix  iif  is  a quadratic  function  of  dt,  and  can  be  expressed  as 

^ = (.6) 

where  is  a constant  matrix,  K,  is  a matrix  only  having  linear  terms  in  d K 
only  having  quadratic  terms  in  d.  Now,  we  define  L state  vSabfeT  ’ ^ 


for  f = l,...,AT 


(2.7) 


“sldZ  turont  Then,  our  final 


(2.8) 

f ‘ T '"Tv “ d^sribed  in  Liao  [31.  The  matrices 

and  B are  functions  of  a:,  and  hence  (2.8)  is  nonlinear.  matnces 

2.3  A four-bay  nonlinear  structural  control  problem 
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Fig.  1 A two  dimensional  four-bay  truss. 

Some  Specifications  of  the  Problem 

1)  The  damping  matrix  C is  assumed  to  be  sero. 

2)  The  control  inHuence  matrix  B is  constant.  . r g n'\  then  x,  £ R«- 

3 The  dimension  of  the  nodal  displacement  vector  n = 16,  ne  _d, 

4)  The  dimension  of  the  control  force  vector  m _ 2,  i.e.  «t 

5)  The  external  load  vector 


14 


Pt 


OeR}^  i>  758. 


(2.9) 


e)  The  time  intmval  in  the  exphrit  time-marching  scheme  h = 0.00032P666S  sec. 

7)  The  total  time  steps  N = 10, 000.  = 2 

8)  The  wrighting  parameters  6k,  = 1,  *«,.  = ‘ ^ ^ energy 

9)  The  units  used  in  this  truss  are  d,  (inch),  d.  (mch/sec.),  p.  t Pb 

(inch-kip).  0 05  <(«tV  <0.18,  * = 1.2,  t = ‘ 

10)  In  the  constrained  case,  the  constrain  generated  by  the  dynamics  of  equation 

The  dynamics  for  the  nonlinear  system  m ,Tabk  linear.^ 

,)  vrith  the  actud  ,ri.h  oQuation  (2.8)  and  the  assumption  that  K- 


(2.8)  tlm-tual  stiffness  matrix  ‘»at  K is 

LLn, however,  the  dynamics  “e  s.m.^ted^ ^uaUon  t , j 

i.e.  K = Ko-  The  objective  function  (2  2)  is  me  s 

energies.’  Our  goal  is  to  minimize  this  sector.  The  initial  value  of  the  DDP 

resuSi  in  a fourth  order  polynonual  function  feedback.  The  adaptive  shift 

algorithm  in  Table  1 is  the  44  iterations  of  the  DDP  algorithm  to 

procedure  (see  Liao  and  Shoemaker  [4])  obiective  function  for  the  unconstrained 

system.  We  see  that  the  total  ’“I”' “*  pDP  solution  although  our  exp^ents 

Uneariaed  feedback  control  b nonlinear.  i.e.  uncontroUed  trajectory  does  no 

sho««i  that  the  ^17toear  systems. 

differ  very  much  between  the  nonhnearM  are  constrained  to  be  in  the  range 

Table  2 combers  th^e^-e  m ’V^;"  "o  reory  for  the  constrained  problem 

rrurdierw*;’;;  use-Unear  feedback  is  to  apply  the  control  force 


til 


M*n(ur“*,Max(u7‘",  At  -h  Bt®«)). 


(2.10) 
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Xt+1  = T{xt,ut,i) 

where  At  and  Bt  define  the  linear  feedback  control  law  for  minimising  (2.2)  given 
for  both  cases  that  Ki  and  K2  = 0 (i.e.  K = Kq). 


(2.11) 


(2.7)  assuming 


Table  1 Unconstrained  Case:  Table  entries  are  values  of  the  objective 
function  (inch-kip)  and  their  percentage  contributions  to  the  total. 


Strain 

Kinetic 

Potential 

Total  Energy 

No  Control 
Linear  System 

8639.54 

(51.2%) 

8222.65 

(48.8%) 

0.0 

(0.%) 

16862.2 

(100.%) 

No  Control 
Nonhnear  System 

7964.70 

(50.4%) 

7832.03 

(49.6%) 

0.0 

(0.%) 

15796.7 

(100.%) 

Linear  System  with 
Linear  Feedback 

772.45 
' (27.5%) 

494.93 

(17.6%) 

1536.82 

(54.8%) 

2804.19 

(100.%) 

NonLinear  System  with 
Closed-loop  Linear  Feedback 

618.79 

(26.2%) 

364.86 

(15.5%) 

1376.30 

(58.3%) 

2359.94 

(100.%) 

Optimal  Solution 
from  DDP 

668.93 

(38.6%) 

379.03 

(21.9%) 

684.61 

(39.5%) 

1732.57 

(100.%) 

Table  2 Constrained  Case:  Table  entries  are  values  of  the  objective 
function  (inch-kip)  and  their  percentage  contributions  to  the  total. 


Strain 

Kinetic 

Potential 

— 

Total  Energy 

Truncated  Closed-loop 
Linear  Feedback 

989.54 

(35.7%) 

797.19 

(28.8%) 

984.46 

(35.5%) 

2771.19 

(100.%) 

Truncated  Unconstrained 
Optimal  DDP  Solution 

863.81 

(41.3%) 

634.04 

(30.3%) 

593.36 
I (28.4%) 

2091.20 

(100.%) 

Optimal  Solution  from 
Constrained  DDP 

722.28 

(38.6%) 

432.26 

(21.9%) 

639.68 

(39.5%) 

1794.22 

(100.%) 

Equations  (2.10)  and  (2.11)  define  the  truncated  closed-loop  linear  feedback  pohcy  in 
\ truncated  optimal  DDP  policy  is  ««  = Min(u^^^,Max(u^''^,uUx))  where 

«t(x)  IS  the  optimal  DDP  solution  to  the  corresponding  unconstrained  problem.  The  results 
o these  pohcies  are  compared  to  the  solution  obtained  using  the  constrained  version  of  DDP. 
The  imtial  value  of  the  CDDP  algorithm  in  Table  2 is  the  truncated  unconstrained  optimal  DDP 
solution.  The  adaptive  shift  procedure  (see  Liao  and  Shoemaker  [4])  was  used.  It  took  45 
CDDP  algorithm  to  reach  the  optimal  solution.  The  results  in  Table  2 indicate 
a e pohcy  computed  by  the  constrained  DDP  algorithm  is  much  better  than  the  truncated 
hnear  pohcy  since  the  objective  function  value  is  35%  lower  for  the  optimal  constrained  DDP 
algorithm  than  for  the  truncated  Hnear  pohcy. 

These  results  support  the  use  of  the  DDP  algorithm,  especially  in  its  constrained  version,  for 
active  control  of  flexible  structures  since  obviously  better  control  is  obtained.  The  advantages 
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controls  are  unconstrained. 

III.  Conclusions 

Our  uumericl  results  indicate  that  substantial  imp^veno«.t  “ 
hv  usine  a nonlinear  optimal  control  algorithm  rather  than  by  applying  LQR  theory  to  a im 
Sr^rf  apprordmation  of  the  nonlinear  system.  However,  the  computattonal 
be  signihSntly  larger  tor  DDF  than  for  LQR  and  hence  mcreases  m performance  will  re, 
increases  in  computational  resources. 
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ABSTRACT 


3 


/ 
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Conceptual  Sizing  Code  (PAYCOS),  a new  multidisciplinary  computer 
development  phase  of  hypeisonic  lifting  vehicle  (HVsl  is 
de^bed.  The  progrm,  wntten  at  Lockheed  Missiles  and  Space  Company  in  Sumyvie 
&hfomia.  allows  engineers  to  rapidly  determine  the  feasibiHty  of  an  HV  concept 
improve  upon  the  concept  by  means  of  optimization  theory.  ^ ^ 

fliaht  contains  an^ysis  modules  for  aerodynamics,  thermodynamics,  mass  properties 

^ packaging.  Motivation  for  the  code  lie^s  w^the 

balUstic  predecessors.  With  these  new 
shapes,  the  need  to  rapidly  screen  out  poor  concepts  and  actively  develop  new  and  better  concents 
IS  an  even  more  crucial  part  of  the  early  design  process.  ^ 

Preliminary  results  are  given  which  demonstrate  the  optimization  capabilities  of  the  code. 


INTRODUCTION 

Bodv  ^'fting  vehicles  (HVs),  such  as  a Maneuvering  Reentry 

Q h ^ complex  and  time  consuming  task,  involving  many  people  and  years  of  effort 

finatt  consists  of  Concept  development,  preliminary  design,  detailed  design  and 

finally  the  fabrication  of  a prototype  or  flight  test  vehicle.  ° 

nrfuUmifo  Resign  phascs,  beginning  with  concept  development  and  continuing  into 

prehmiii^  design,  the  emphasis  is  on  evaluating  the  capabilities  of  many  competing  desigL  To 
S ? aerodynumicz.  d,«m«iynamics! 

Stability  controls,  loads,  structures,  and  packaging  (i.e.  a multidisciplinary  appro^hr  ^ 
Rcccntiy,  effort  has  been  directed  into  developing  multidiscipUnary  analysis  programs  for 

preliminary  design  phase  of  aerospace  structures**^.  When  coupled  with 
p Mtion  thwry,  these  tools  are  a powerful  means  of  obtaining  better  designs  Unfortunatelv 
designtools  arc  generaUy  not  weU  suited  for  concept  development^iis  is  due  in  pm 
to  the  differences  between  concept  development  and  preliminary  design.  ^ 

At  the  concept  development  phase,  the  emphasis  is  on  obtaining  an  HV  external  shane  that 
zunsf.es  yanous  perfonnance  ,equnemen,z.  The  vehicle  cant  be  loo  long  .«  zl^.2,  h^^^^ 

Idl’ai'k’*hn'”  *''?  ‘■isciplines  has  to  be  considered  in  a global  mamiCT 

(that  IS,  how  one  discipline  effects,  either  positively  or  negatively,  the  others).  Once  suitable 
shapes  have  been  found,  the  preliminary  design  phase  begins, 

prcliininary  design,  it  is  structure  optimization  which  becomes  important.  The  analysis 
focused;  cotistTaints  are  tightened,  subsystems  are  defined  and  analyzed  and 
in  and  flutter  arc  studied.  aU  of  which  lead  to  a gener^  iSiease 

h™  M !’  post-processing  time.  Thus,  preliminary  design  deinands  a greater 

**  required  for  concept  development  and  takes  far  longer  than  a small  a^ysis 
team  has  m the  short  amount  of  time  allocated  for  HV  concept  development  ^ 
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Th.  purpose  of  the 

designs  and  Ldvely  pursue  pronusing  designs  prior  ,o  .he 

preliininary  design  effort. 


OVERVIEW 

had  to  be  modular  so  that  the  concept  level  results  would  carry  through  to 

SSrSy.^“ad“^  - on^  varier,  of  compurer  plarforms 

> '>^.'“60  of  hyp^c  vehicles  from  body-of-revoluuon 
derivatives  (Figure  1 a)  to  complex  glide  vehicles  (Figure  ). 


(a)  Body-of-Revolution  Derivative  (b)  Glide  Vehicle 

Figure  1:  Common  Hypersonic  Lifting  Vehicles 

The  code  consist  of  modules  for  each  of  major  fUgh.  disciplines.  A brief  descriprion  of 
each  Module  is  as  follows: 

Smri^wvey  Module  - To  determine  the  flight  stabtiity  of  Ae  vehicle. 

Controls  Module  - To  determine  control  system  requirements.  ,«ctrihiitions 

Mass  ProDerties  Module  - To  provide  mass  and  mass  moment  of  inertia  di^buuo  . 

^mre,  ModuU  - To  provide  skin  and  in^  smeture  weight  and  volume. 
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Whenever  newTXg  is^S ‘^s'’‘^*e“^raST™h’ ‘‘m'*”'?? 

SmictiimM^iUes,  a thorough  techicalvahdanon  is  p^  Properties,  Packaging  and 

connected  »fware  sta^iards.  TTte  tnoduies  are 


Figure  2:  Ihe  PAYCOS  Hypersonic  Vehicie  Analysis  Program 


To  ^tc  PAYCOS  has  been  successfuiiy  run  on  VAX  IRIS  and  miuvitv 


Optimization  Capabilities 

nnnn  t » “>  r^PMIy  Malyae  a given  concept,  and  b)  to  improve 

prcc^rsf:^^^^^ 

diS.“ ““Suage*  dtat  can  be  execuL  from 
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The  optimization  problem  solved  in  PAYCX)S  is  expressed  as 


-/iV 


Minimize  f(X) 


Subject  to; 


Where  X is  a set  of  bounded  input  variables  (design  variables),  f(X)  is  a single  function  (objective 
function)  being  minimized  (or  maximized),  and  gfX)  arc  the  inequality  constraints. 

PAYCOS  allows  for  a good  deal  of  flexibUity  when  it  comes  to  the  optimization  problem 
statement  The  Optimization  Module  contains  a Ubra^  of  candidate  objective  ^d  constramt 
functimis.  A partial  list  of  available  objective  and  constraint  functitMis  is  given  m Table  1 . 


Table  1 

Available  constraint/objective  functions 

1 

Total  weight 

6 

Roil  stability 

2 

Lift/drag 

7 

Internal  volume 

3 

Yaw  stability 

8 

CG  = Cp  + offset 

4 

Roll  efficiency 

9 

Flap  loads 

5 

Ballistic  coefficient 

1 0 

T rim 

E)esign  variable  definition  is  completely  up  to  the  user.  Typically,  the  PAYCOS  design 
variables  arc  the  inputs  to  the  Geometry  Generation  Module  and  die  optirrazation  process  is  one  of 
aeroshaping.  The  Geometry  Generation  Module  consists  of  a number  of  design  specific  geometry 
generators.  This  means  that  a body-of-rcvolution  derivative  has  a different  gwmeoy  generatOT  th^ 
a delta  wing  "gUder",  which  has  a different  geometry  generator  than  a dart  shaped  evader  . ms  is 
in  lieu  of  much  more  difficult  task  of  developing  a single  universal  generator  that  lends  itself  to 
efficient  aeroshape  optimization.  A single  flag  is  used  to  tell  the  Geometry  Generation  Module 
which  generator  to  use. 


Preliminary  Optimization  Results 

The  Optimization  Module  containing  ADS  has  been  successfully  linked  vwth  PAYCOS  and 
a variety  of  optimization  problems  have  been  successfully  run.  In  Figure  3,  Ac  iteration  histones 
of  two  functions  are  given  for  one  such  test  case.  Quanitity  values  have  been  intentionally  delet^. 
In  Figure  3a,  yaw  stability  (the  objective  function)  is  shown.  In  Figure  3b,  lift/drag  (one  of  the 
constraints)  is  shown.  Note  that  although  the  test  vehicle  was  made  more  yaw  stable,  as  was  the 
goal,  it  was  done  so  at  the  cost  of  lift/drag. 
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(a)  (b) 


Figure  3:  Iteration  History  for  Maximizing  Yaw  Stability 

Of  course,  obtaining  better  designs  is  not  the  only  value  of  using  optimization.  In  concept 
development,  a "best"  design  can  be  considered  secondary  to  understanding  how  a change  in  one 
function  affects  another.  The  large  amount  of  data  generated  during  the  optimization  run  can  be 
used  to  generate  the  desired  sensitivity  plots.  Consider  Figure  4a,  where  ballistic  coefficient  is 
plotted  against  yaw  stability,  and  Figure  4b,  where  roll  efficiency  is  plotted  versus  vehicle  weight 
for  the  optimization  problem  of  Figure  3.  The  trends  are  obvious:  As  yaw  stability  increases, 
ballistic  coefficient  decreases,  and  as  weight  increases,  roll  efficiency  remains  fairly  flat 


(a)  (b) 

Figure  4:  Sensitivity  Comparison  Between  Functions 

Part  of  the  validation  process  involves  tailoring  ADS  to  the  types  of  optimization  problems 
PAYCOS  is  used  to  solve.  From  the  start,  the  preferred  optimization  method  was  the  modified 

method  of  feasible  directions^  with  polynomial  interpolation  used  for  the  one  dimensional  search 
(ISTRAT=  0,  IOPT=  5,  INOED=  7)  because  of  its  robusmess  in  handling  initially  infeasible 
designs.  The  relative  convergence  criteria  has  been  relaxed  to  a 5%  change  in  objective  function 
(WK(12)  = .05)  with  the  absolute  convergence  criteria  (WK(8))  set  according  to  the  chosen 
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objective  function.  To  avoid  having  to  create  a Sensitivity  Module,  the  internal  ADS  finite 
difference  routine  is  used  to  calculate  the  function  gradients.  A finite  difference  step  size  of  5% 
(WK(21)  = .05)  is  used  in  most  cases. 


Conclusion 

p/^YCOS  brings  optimization  directly  to  the  concept  level  in  a multidisciplinary  hypersonic 
vehicle  analysis  code  designed  from  the  start  to  be  used  very  early  on  in  the  design  pre^ess. 
py^YCOS  greatly  increases  the  ability  to  rapidly  generate  feasible  and  improved  hypersonic  lifting 
body  designs  by  providing  not  only  designs  themselves  but  also  the  means  of  understanding 

sensitivity  of  ewnpeting  design  requirements. 

Version  1.0  of  PAYCOS  is  scheduled  for  completion  in  Fall  1990. 
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Ravi  M.  Rangan*,  Graduate  Research  Assistant  N94- 71480 

Robert  E,  Fulton,  Professor 

George  W.  Woodruff  School  of  Mechanical  Engineering 

Georgia  Institute  of  Technology  P _ / 

Atlanta.  GA  30332  ' 

Introduction 

The  design  of  complex  engineering  systems  such  as  aircraft.  automobUes  and  computers  is  primarily  a cooperadve 
multidisciplinary  design  process  involving  interactions  between  several  design  agents.  The  common  thread 
underlying  this  multidisciplinary  design  activity  is  the  information  exchange  between  the  various  groups  and 

disciplines.  The  integrating  component  in  such  environments  is  the  common  data  and  the  dependencies  that  exist 
between  such  data. 

This  may  be  contrasted  to  classical  multidisciplinary  analyses  problems  where  there  is  coupling  between  distinct 
design  parameters.  For  example,  they  may  be  expressed  as  mathematically  coupled  relationships  between 
aerodynamic  and  structural  interactions  in  aircraft  structures;  between  thermal  and  structural  interactions  in 
nuclw  plants,  and  between  control  considerations  and  structural  interactions  in  flexible  robots.  These 
relationships  provide  analytical  based  frameworks  leading  to  optimization  problem  formulations. 


However,  in  multidisciplinary  design  problems,  information  based  interactions  become  more  critical.  Many  times, 
the  relationships  between  different  design  parameters  are  not  amenable  to  analytical  characterization.  Under  such 
circumstances,  infomation  based  interactions  will  provide  the  best  integration  paradigm.  i.e.  : there  is  a need  to 
model  the  data  entities  and  their  dependencies  between  design  parameters  originating  from  different  design  agents. 
The  modeling  of  such  data  interactions  and  dependencies  forms  the  basis  for  integrating  the  various  design  agents. 

Disparate  CAD/CAM  systems  and  Data  Management  Problems 

There  is  a large  body  of  information  and  expertise  that  must  be  harnessed  and  made  available  both  during,  and 
subsequent  to  the  design  stages.  The  information  that  is  to  be  made  available  to  aid  a particular  designer  is  very 
difficult  to  handle  - it  is  widespread,  diffuse  and  unorganized  [ALEX64],  and  originates  from  different  sources 

and  is  conveyed  in  different  mediums.  This  information  is  usually  not  accessible  in  a manner  that  permits  the 
designers  to  best  utilize  it. 

Progress  in  the  development  of  computer  aided  design  and  computer  aided  manufacturing  (CAD/CAM)  systems 
has  larply  been  driven  by  specific  task  automation  needs.  Drafting,  conceptual  solid  modeling  . finite  element 
analysis,  tolerance  analysis,  simulation  of  motion,  tool  path  simulation,  numeric  control,  automated  process 
plaiuiing  systems  are  among  several  tasks  that  have  been  significantly  computerized.  In  such  CAD/CAM 
environments,  the  designer’s  principal  directive  is  to  generate  a geometric  model  of  the  product.  This  model 
serves  as  the  primary  input  to  several  of  these  analyses,  simulation  and  validation  systems.  Current  CAD/CAM 
environments  are  largely  driven  by  this  master  geometry  model.  However,  the  issue  of  allowing  these  CAD 
systems  to  interact  with  data  generated  by  the  engineering  design  process  has  not  been  investigated  from  the 
standpoint  of  providing  collaborative  capabilities  within  these  CAD  systems.  This  paper  will  attempt  to  study  this 
interaction  in  more  detail.  Within  this  context,  we  shall  introduce  the  notion  of  the  design  action: 

* currently  with  Structural  Dynamics  Research  Corporation.  Milford,  OH-  45151 
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prevailing  design  process. 

ta  crier  K.  extenaliie  Ihe  designer’s  information  burden  in  such  environments,  oor  objecthms  are : 

. To  study  the  engineering  design  process  horn  the  standpoint  of  infotmaUon  flows 
between  interacting  design  agents 

• Define  a framework  to  integrate  the  design  process  with  the  design  acuon 
specifically:  , j . 

• Provide  conceptual  centralization  of  design  life  cycle  date 

. Define  a design  environment  to  faciliute  interaction  with  related  n 

. Ensure  data  consistency  between  the  design  environment  and  the  centralized 

life  cycle  databases 
Scope  of  this  Initiative 

W.sh.Umv«U,.»dmsoissurifrim  •>'' 

• Identification  of  a thin  slice  of  the  problem  domain  for  detailed  study 

• Data  Collection  using  protocol  studies 

• Data  Analysis  and  data  modeling 

• Prototype  Development  research  issues 

• Prototype  Implementation 

process. 

The  Design  Model:  Data  and  Constraints 

Design  organizatioos  consolidate  several  active  design  agents  that  may  work  in  a 

* mfv  nnt  he  indeoendent  Pahl  and  Beitt  [PAHL84]  stress  that  the  need  for  interdisciplinary  collaborauon 
r^^^To^^c  scTorganizations,  Further,  they  note  that  the  mady  aj^labUity  o^ide  ra^ 
of  c^OThensive  and  problem^iriented  information  is  of  utmost  impotlance  in  the  design  Pf““- 
L^^blem  is  to  deveiop  strategies  to  suppori  the  coliabotation  of  design  agents  u.  solvmg  complex 
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'*'1  assigned  to  subtasks  decomposed  along  discipline  and  functional 

bom^cs  and  may  require  different  problem  solving  skills,  and  methodologies.  TTre  purpose  of  this 
collaborabon  is  to  reduce  the  uncertainty  and  the  resulting  contingencies  associated  with  the  subtasks. 


Let  us  consider  a design  agent,  A.  The  input  data  is  represented  by  A/  and  is  made  available  to  A by  the  various 
upstream  fimctions,  t/.  The  design  agent  acts  on  this  information  and  transforms  this  data  based  on  the  operator 
characteristics  (€>i)  into  output  data  (Aq)  that  is  communicated  to  the  downstream  fiinctions.  D.  In  order  to  ensure 
that  the  operator’s  (0,)  characteristics  are  consistent  with  both  the  upstream  and  the  downstream  functions,  it  is 
necessary  to  unpose  a constraint  function  'F,-  that  incorporates  the  data  interdependencies  that  exist  between  the 
upstream  functions,  C/,  the  current  function,  A,  and  the  downstream  functions,  D.  Figure  1 shows  a simple  model 
desenbing  this  requirement.  Aj , Aq  are  the  data  inputs  and  outputs  with  respect  to  ^ . 


Figure  1 : Design  - Data  Input  / Output  Model 


In  the  present  case,  the  operator  (0i).  represents  the  designer  and  the  design  action.  The  design  action  must 
therefore  be  capable  of  sharing  data  with  the  serial/  parallel  functions.  In  order  to  provide  such  extemalization 
capabilities  at  the  design  action,  the  design  action  must  allow  the  designer  to  interact  with  the  design  process  in  an 
effortless  manner.  Figure  2 illustrates  the  nature  of  such  an  environment. 


Figure  2 : Integration  of  Design  Action 
with  Environment 


Figure  3 : Manual  Interaction  Between  Designer 
and  CAD/CAM  Environment 


The  user  interacts  with  a CAD  system,  which  in  turn  is  intimately  integrated  with  both  the  geometric  database  as 
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well  as  a blackboaid.  The  life  cycle  data  is  maintained  by  several  interacting  disciplines  and  is  indicative  of  the 
current  of  the  design  and  may  be  viewed  as  an  information  blackboard.  Such  a conHguration  ensures  that  the 
design  action  has  access  to  up-to-date  design  data  originating  from  different  participants  or  teams  in  a distributed 
design  environment.  It  must  also  be  possible  to  manipulate  these  databases  from  the  design  action. 

The  compatibility  requirement  between  the  life  cycle  data  and  the  geometric  database  dictates  that  changes  in  one 
system  trigger  changes  in  the  other  system  as  appropriate.  This  configuration  significantly  externalizes  the  data 
comiminication  and  consistency  requirement  that  is  required  of  design  processes  involved  in  multidisciplinary 
design  by  teams.  This  contrasts  to  the  manual  interaction  mode  illustrated  in  figure  3 which  introduces 
inefficiency  in  the  design  process. 

Proposed  Architecture 

Given  the  scope  of  this  paper,  this  section  describes  an  architecture  to  provide  such  externalizing  capabilities  at 
the  CAD  system  ( the  design  action). 


Figure  4 : Integrated  Framework 


The  integrated  frameworic  sujqxnts  an  inference  engine,  a grammar  module,  a geometry  database,  a blackboard 
DBMS,  a featuiizer  and  a geometry  engine.  The  geometry  engine  manipulates  the  getmietry  database  ( only 
geometry)  directly,  whereas  the  featurizer  manipulates  the  geometry  database  as  well  as  the  attributes  as  per  the 
granunar  nxxhiles*  or  inference  engines  directives.  The  grammar  module  retrieves  data  from  the  geometry  / 
attribute  database  as  well  as  the  blackboard  database  and  manipulates  the  blackboard  data  and  the 
geometry/attribute  directly  through  the  featurizer.  The  inference  engine  defines  rule  activations  using  facts 
derived  from  the  geometry/attribute  database  and/or  the  blackboard  data  and  may  change  the  blackboard  data 
directly  and  may  also  manipulate  the  geometry/attribute  database  via  the  featurizer.  The  components  of  the 
integrated  framework  are  listed  below: 
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oritinatin*  fitim  several  design  agents  Hils  concern,  tt  “™'8'as  to  ensure  consistency  for  data 

chaogera,„ests,tratesandra.a.edproduc.i„fornjr''^^^^^^ 


In  the  cunent  implementation  a relational  DBM^  i<  h«<»h  ti,-  — ' . >. 

and  supports  generalization  and  subset  hierarchies  (standard  oaiS'!^ir°rf  relaUonship  model 

hierarchy.  The  BOM  structure  permits  data  from  different  “1?  a dynamic  BOM 

with  the  needs  of  the  current  deL  tlZ  T ^ ««Pn^aented  in  a manner  consistent 

ratd  is  explatoed  in  IR^O]  “ ‘"'P''™"'"'  “i"g  the  ORACLE  DBMS  [ORAC87] 


entity  and  ttedfutaoIrbSkSlldmcI^  ?“  8«otnetdc 

ER  attributes  and  facilitates  automatic  uodate?  «nH  istency  between  the  relationships  defined  in  the 

aundanBdarahasesra,dthea“e:Cd“^^  ” 
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, , . Mlled  because  it  uses  the  shape  grammar  formalism  [STIN80]  to  manipulate  the 

of  U..  conLizcd  d.Uta«)  of  U«  .tesign  prc«». 
ST|^.II^to«ra«s  L bo*  *0  d«abo«s  a™,  provides  . ooifonn  OKCbeoism  for  orsunng 
ctmsistency  between  the  design  action  and  the  blackboard  stnicture. 


Figure  7:  Example  Grammar  Operation 

F«.turi«r  The  featurter  irarsfonm  parametrised  blackboard  data  (e.g.  attributes  of  ^daud 

In  other  words,  it  convens  the  geometric  / attribute  data  into  equtwden.  blackboard  structums 

and  vice  versa. 

Rule  based  Inf«^  Engine:  The  CLIPS  expert  system  shell  was  used  to  imptement  the  rule 

in  C and  was  Lrfaced  to  the  CAD  system  and  the  DBMS.  A detatled  account  of  the  CUPS 

implementation  is  discussed  in  [RANG  190]. 

Engine  / User  Interface:  In  the  prototype  implemenution.  the  AUTOCAD  (AUTOgP)  system  w« 

used  to  stada^  the  CAD  system.  The  customiration  features  in  Autocad  were  used  extensively  to  augment  the 

geometry  based  capabilities. 

Capabilities  of  Implemented  Prototype 

The  software  prototype  implementation  is  discussed  in  [RANG90).  Some  of  the  key  functionalities  of  the 
CAD  system  arc  enumerated  below 

. Attachment  of  textual  attributes  to  geometric  entities:  Encapsulation  of  form  and  function. 

- Query  facUityfor  geometric  entities : e.g.:  select  all  holes  > OJ" 

- Blackboard  interaction  with  CAD  system: 

Automated  information  transfer  between  serial  and  parallel  groups : 
insert  geometric  entity  from  standards  DBMS 
insert  geometrical  entity  from  product  specific  Data 
(automated  UPDATES.  DELETIONS.  INSERTS  of  dependent  data  entities) 

. Direct  query  link  between  CAD  system  geometric  definition  and  DBMS  attributes 

- Maintenance  of  geometric  associations  and  consistency 

- Automated formfeature  generation 

- Design  for  Mamrfacturability  considerations:  Feedback  on  Assembly!  Test  time 

- Matdpuladon  of  design  features 

. Irferencing  using  the  CUPS  expert  system  shell 
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Conclusions 
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Using  a Quasi-Procedural  Method  and  Expert  System 


nanKrooandMasamiTakai 
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Stanford,  California 


Introduction 


mis  pap«  describes  a new  program^htenne 

don  » aiicraft  design  opdmiaadon.  This  ^decides  which  variables 

; tor  d«  calculation  of  objective  function  “,ho  obiective  and  con- 


routines  l 


need  to  be  recomputed  in  response  to  the  cl«nge 

“‘ora'SX of  the  system  U eompared  with  that  of  con- 
ventional  programs. 

Quasi-Procedural  Method 

me  quasi-procedural  method  (Ret.  1)  is  a ^“  “f  n^P^^P»^_^^ 

compiled  subroutines  and  an  execunve  routin  the  executive  program  calls  the  relevant 

cies.  In  response  to  a request  for  the  value  of  a cer^n  v , caces  the  variable  depen- 

routines  in  the  appropriate  order.  In  the  example  shown  ^ variables 

rs.o"^«m" 

sis  is  combined  with  numerical  optirmzation. 


Figure  1.  Quasi-Procedural  Method  and  Consistency  Maintenance 
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Numerical  Optimization  Using  Quasi-Procedural  Programming 

Numerical  optimization  involves  repeated  evaluation  of  an  objective  function  and  constraints.  At  each  . 
evaluation,  modification  of  some  design  variable  (e.g.,  wing  area)  may  require  re-execution  of  a large 
number  of  analysis  modules.  On  the  other  hand,  changes  in  other  variables,  such  as  takeoff  flap  deflec- 
tion, may  invalidate  only  a few  analyses.  The  quasi-procedural  method  recognizes  the  difference  and  re- 
configures the  computational  path,  allowing  the  optimizer  to  avoid  the  redundant  calculations  made  by  con- 
ventional methods  with  rigid  program  structures.  This  improved  efficiency  may  be  utilized  in  several 
ways.  The  following  sections  describe  three  methods  by  which  the  quasi-proc^ural  method  may  be  used 
to  improve  the  performance  of  conventional  numerical  optimization  methods. 

Gradient  Calculation 

Time  savings  are  especially  large  when  the  gradient  of  the  objective  function  must  be  computed  by  finite 
differences.  In  this  case,  each  component  of  the  gradient  is  constructed  by  evaluating  the  change  in  objec- 
tive function  due  to  a change  in  the  corresponding  design  variable.  Since  this  process  involves  changing 
only  a single  design  variable  at  a time,  much  of  the  computational  path  is  unaffected  and  so  the  numter  of 
required  computations  is  reduced.  Furthermore,  if  the  calculation  of  one  gradient  component  requires  a 
time  T,  which  is  substantially  longer  than  the  times  required  to  compute  the  other  components  in  a N- 
dimensional  optimization,  a fixed  program  structure  evaluates  the  gradient  in  a rime  N*T,  while  the  quasi- 
procedural method  demands  only  a bit  longer  than  T. 

Constrained  Optimization 

Constrained  optimization  problems  provide  additional  opportunities  for  reduction  in  computation  time. 
Figure  2 shows  a feasible  region  bounded  by  five  constraints.  The  gradients  of  the  objective  and  con- 
straint functions  are  evaluated  at  the  end  of  each  line  search.  The  size  of  a finite  difference  interval  for  gra- 
dient calculation  must  be  small  enough  to  approximate  the  derivatives  accurately.  This  means  that  if  a con- 
straint is  inactive  at  a point,  that  constraint  is  not  violated  during  the  gradient  calculation  at  that  point.  The 
quasi-procedural  method  makes  it  easy  to  remove  inactive  constraints  from  gradient  calculations.  The  re- 
sulting computational  time  savings  is  large  when  expensive  constraints  arc  inactive  during  much  of  the 
search.  Further  savings  arc  achieved  because  not  all  design  variables  affect  all  constraints.  Since  chang- 
ing take-off  flap  deflection  affects  climb  and  take-off  field  length,  but  not  range  or  landing  field  length,  no 
additional  time  is  spent  computing  range  when  take-off  flap  is  varied.  This  makes  it  possible  to  achieve 
the  efficiency  available  with  a reduced  design  variable  set  without  actually  changing  design  variables. 


Sunt 


Figure  2.  Constrained  Optimization  and  Activation  of  Constriants 
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mav]£tbm”bn>udne  dependency  infonnadon,  provided  ^ 

L use  of  the  chain  rule,  which  may  reduce  dte  cost  of  derivative 

ysis  procedure  shown  in  Figure  3.  If  the  entire  calculation  were  treated  as  a black  l»x  the  nme  require 
for  c^mputadon  of  the  gradient  of  q with  respect  to  the  seven  design 

7»M+B+C+D+E+f +G+//+/)  where  A,  B,  C,  etc.  represent  the  dme  required  for  the  corres^nding 
reuSit  (m  value  if  Lhal-differencing  is  used.)  However,  given  the  dependency  information, 

the  derivative  of  q with  respect  to  a may  be  wntten: 

dqlda  =dqldo*dolda  + dqldp*dplda  , 

z=dqldo*idoldl*dllda  + doldm*dm/da  + oolan  dn/M) 

= dqldo*idoldl*dlfdh*dhJda  + doldm*dtnldi*dUda) 

This  evaluation  is  performed  in  the  time:  I+H+E+A+H+F . 

The  entire  gradient  requires  a time  of: 

(I+H+E+A+H+F)  +A  + (B+G+H)  + B + (C+G)  + (D+I)  + F 
= 2A+2B+C+D+E+2F+2G+3H+2I 
Thus  the  evaluation  time  is  reduced  from  63  to  16  (in  subrou- 
tine units).  The  savings  become  more  significant  when  one  of 
the  subroutines  which  is  called  only  once  (i.e.,  C,  D,  or  £)  is 
very  time-consuming.  For  example,  if  the  routine  £ requires 
10  Hmffc  the  computational  effort  as  the  other  routines,  the  cal- 
culation time  is  reduced  by  80%. 

Expert  System 

Domain-specific  knowledge  can  be  especially  useful  in  the  e^ly  stages 
Led  system  was  combined^di  the  quasi-procedinal  pregtam  to 

other  design  ptoMems,  and  to  offer  intelligent  advice  on  how  the  problem  might  be  collected  (Kel,  a) 

The  warning  niles  examine  the  cuireni  database,  idendfy  aedve  design  constraints,  and  report  them  m *e 
“ling  rule  may  compare  the  current  value  of  a variable  with  tts  required  value,  and  issue 

a warning  string  in  case  of  constraint  violation. 

Soludon  rules  analyze  the  causes  of  a constrain,  violanon  and  geneme 

A <;olution  rule  first  looks  at  the  warnings  posted  by  the  warning  rules,  and  tries  to  identify  a specitic  proo 

“rhSlonruleisrespon®^^^^^  ^ Ldim 

fomtation  peninen.  u>  die  current  problem  and  presenbe  a solunon  bes  -suired  for  die  current  case.  For 
ample,  a set  of  solution  rules  for  the  takeoff  distance  problem  might  be. 


Figure  3.  Gradient  Calculation  by  Chain 
Rule  and  Intermediate  Sensitivities 


■.% 

■1 

i 


IF  (TOFieldLength  is  too  long)  and  not (ClimbGrad  is  too  small) 
and  (*<  TOFlapDefl  20.)  THEN  (Increase  TOFlapDefl) 

IF  (TOFieldLength  is  too  long)  and  (*/  TotalSLST  MaxTOW  SToverW) 
and  (*<  $ToverW  0.2)  THEN  (Increase  SLSThrust) 

A rule-base  with  approximaKly  100  rules  was  used  to  resolve  fundamenml  problems  wid.  die  inidal  design 

SO  that  the  numerical  optimization  could  be  started  in  a feasible  region. 
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Applications 


^ quaa-^uial  analysis  method  was  combined  with  a variable-metric  optimizer  to  illustrate  the  effl' 
n ■"  plications.  In  this  section,  nvo  ettaStpIe  ptoSe^Tdit usSd- 

whic?^l;2;:osfiSM^"  - ' 

WinePesipn 

ta  *is  exanple,  the  Unearity  of  an  aerodynamic  analysis  routine  is  exploited  by  the  quasi-pixjcedural  meth- 

tow  the  "T"'  distribution  is  to  be  designed  so  that  the  induced  drag  is  kept 

^ coefficient  distnbution  is  relauvely  uniform,  and  the  desired  wing  lift  is  achieved  The  desL 
variables  include  the  wing  taper  ratio,  the  twist  angle  of  each  of  the  twenty  p^els.  and  the  angle  of  attack 

1.cobJectivefb„ction  wllh  acen 


Rgure  4 shows  the  geometiy  and  vortex  arrangement  of  the  swept  wing, 
he  spanwise  lift  distribution  and  induced  drag  are  computed  based  on  a 
eissinger  method,  using  a discrete  vortex  representation  of  the  wake  and 
a concentrated  bound  vortex.  The  trailing  vortices  are  evenly  spaced  along 
the  span,  and  the  discrete  bound  vortices  are  placed  at  the  quaner  chord. 
Usuig  the  Biot-Savart  law,  an  aerodynamic  influence  coefficient  (AIC) 
rmCM  is  computed  which  relates  the  strengths  of  the  discrete  vortices  Tto 
the  downwash  w at  the  control  points  located  at  the  three  quarter  chord  of 
te  spanwise  panels:  AlC(iJ)  = wi  due  to  unit  vortex  strength  at  j 
e strengths  of  the  bound  vortices,  and  eventually  the  spanwise  lift  and 
i distributions,  are  then  found  by  solving  the  linear  equation: 

[AIC\{r)  = Uoo[ 6}  where  Ug„ is  the  freestream  velocity. 

Figme  5 shows  the  program  structure  for  the  wing  design  problem.  The 
subroutine  AIC  constructs  the  elements  of  the  AIC  matrix.  Decomp  per- 
foms  LU  decomposition  of  the  AIC  matrix,  and  Solve  performs  back- 
subshtuhon.  The  AIC  matrix  has  to  be  recomputed  when  taper  ratio  is 
n^fied,  but  need  not  be  recalculated  if  only  the  twist  angles  and  angle 
M attack  are  changed.  The  number  shown  to  the  right  of  each  subroutine 
box  m figure  5 is  the  execution  time  of  the  subroutine  as  a fraction  of  the 
total  execution  time.  Solve  is  much  faster  than  AIC,  accounting  for 
only  16%  ofthe  total  computational  time.  This  computational  structure 
permits  the  quasi-procedural  method  to  efficiently  compute  the  gradient 
components  with  respect  to  the  20  twist  angles  and  angle  of  atiack.  Fig- 
ure  6 shows  the  optimal  Ci  and  lift  distributions.  Note  that  the  optimal 
C/ distribution  is  nearly  constant  as  desired,  and  the  lift  distribution  is 
nearly  elliptic  as  reflected  in  the  span  efficiency  of  0.98 


TnSbig  VcrtOM 


Bound  VoiikM 


Figure  4.  Wing  Vonex  Model 


Taper 


AIC 

& 

Decomp 

Twists  2,  ^ 

Solve 

84.02% 


15.98% 


J 

Uft,Q 

Figures.  Structure  of  the 
Analysis  Routines 

B^use  a centr^  differencing  scheme  is  used,  every  gradient  calculation  requires  evaluation  of  the  AIC 
^t^  twice  each  change  in  taper  ratio,  and  solution  of  the  linear  system  42  times  (2  times  for  ta^r  ratio 
^d  40  times  far  tmsis).  Therefore,  the  computational  time  for  one  gradient  evaluations  ’ 

tionfl  ^ compared  with  the  time  needed  by  conven- 

sec  T^raS  nf  t°  the  program;  42  * (5.33  sec  + 1.01  sec)  = 266.3 

sec.  The  ratio  of  these  two  values  indicates  a 80%  saving  by  the  quasi-procedural  method. 
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Figure  6.  Optimal  Lift  and  Q Distributions 


Figure  7.  Computation  Time  Distribution 


Hgu,.  7 compares  Ore  .oral  optimization  to™  ^ 

80%  gain  avaitable  in  the  gradient  calculation. 


To  illustrate  the  appUcation  of  the  method  in  a more  complex  problem,  a set  of 
The  analy*  routines  include  geometric,  aerodynamic,  f 

prehmin^  design  methods  of  Douglas  Aircraft  Company  (Ref.  5)  which  were  modified  for  this  apphca 
tion. 

The  expen  synem  was  firsi  employed  to  gcneiate  a liable  *‘^8 

don.  In  this  case,  the  system  was  able  to  suggest  soluuons  to  pmto  “ solu- 

ble  metric  optimizer  was  then  used  to  minimize  direct  operating  co  . gu  desien 

don  which  sadsfies  the  five  constraints  and  reduces  DOC  by  4%  compared  with  the  midal  design. 


Dtsic*  Vftrkbks 

MaxTOW  9S739  lbs 
#Wli«Aie&  9502  sq  ft 
SiwepW 

Wii«  t+c 


Mdcb-0.80 


R«nee  - 1500  n.  mi 
TOFieldLenclb  < 6000  ft 
LanlPieldLenjtlK  5500 
CbmbOnd  > 0.024 


InitlslCxAlt 

29990  ft 

FiaalCiAlt 

30046ft 

SL^Thnist 

16797  lbs 

TOFlapDsfl 

12.4* 

Sh-fSirinc 

273 

Figure  8.  Optimal  Geometry  and  Design  Variables 


Figure  9.  Computational  Path  for  DOC  and 
Constraints 


Figure  10  shows  the  amount  of  time  spent 
in  each  of  the  subroutines  for  three  optim- 
ization cases.  In  the  first  case,  the  sub- 
routines were  arranged  in  a suitable  order 
and  the  quasi-procedural  system  was  not 
employed.  In  the  second  case,  the  system 
with  consistency  maintenance  was  used. 
Finally,  inactive  constraints  were  re- 
moved from  gradient  calculations  as  de- 
scribed previously.  The  result  is  an  over- 
all reduction  in  computation  time  of  22% 
for  the  quasi-procedural  method,  increas- 
ing to  39%  when  inactive  constraints  are 
removed.  The  figure  shows  that  routines 
such  as  fuselage  geometry  (FUSEGM) 
ure  not  affected  by  the  selected  design 
variables  and  so  need  to  be  executed  only 
once. 


Convcnponal  method 
I B QPM  with  all  constraints 

QPM  with  only  active  constraints 


Figure  10.  Distribution  of  Computation 
Times  Among  Analysis  Routines 


Conclusions  and  Continuing  Work 

of  conventional  numerical  opdmi. 

calc"an™“  h cSc^eTSL'^of  ^-Puudonal  path  during  g^dien. 
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Abstract 


An  .ppro»:h  has  been  Oeveioped  ^ thc^ss  d^gn  of 

The  object  of  designing  such  models  • . . onrimization  problem  and  worked  with 

distribution.  This  desi^  " ^previous  effort  used  the  m^odified  method  of  feasible  directions 

two  different  optunization  methods.  p « hiised  oDtimizaiion  code.  In  this  effort,  a 

(MFD)  as  implemented  in  a general  purpose  finite  P 

^^rse::d:lpanng  the  ftnal  designs  obuined 

using  MFD  and  compound  scaling. 

Introduction 

1 ■ eu-  edonieem  nf  an  aerfbclasticallv  scaled  wind  tunnel  model  wing  is 

One  of  the  most  important  tasks  in  the  . g encincer  must  design  a model  structure  whose 

SlSTb::2L»lfLrnir“  '‘-wn  values  are  derived  by  sealing  .be  stiffness 

characteristics  of  the  fiiU-size  structure  that  the  model  represents. 

n*  column  of  the  desired  flexibility  matrix. 

B Uds  opdmizaHo.  apprwb  ^rl^^tbem  U no  ne^^^^^^ 

die  flexibility  mabix  ^ overall  stiffness  characteristics  match  the 

S'’sX»  of  “dicVsixe  smtenire.  The  possibiliD-  then  exists  of  mndeliing  an  anisonople  structure 
with  an  isotropic  one. 

.-1-  u bhaf  a (rcnfral  DUTDOSC  stiuctural  Optimization  code  can  be  used  to  simplify  the  wind 
It  has  been  shown  that  a general  p^e  smuu  ^ cumbersome  than 

mnnel  nmdel  de«gn  “"f  for  which  it  was  not  well  suW. 

T^S^T^S^edure,  a new  fuiite  clement  based  op.in.ixa.inn  program  was  written  and  dte 

problem  described  in  Reference  1 was  reworked. 

Analysis 

l^JZTu  the  same  l/9^scale  fighter  wing  was  selected.  The  wing  was  constructed  largely  of 
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composite  materials  and  was  built  to  demonstrate  the  feasibility  of  using  aeroelastic  tailoring  on  fighter 
winp  (See  Figure  1).  The  structure  involved  in  this  effort  represents  only  the  structural  box  of  the 
original  wing.  The  model  structure  described  here  is  the  .same  size  as  the  1/9  scale  wing. 

Refo-ence  3 presents  a flexibility  matrix  generated  from  a finite  element  model  of  the  1/9  scale  wing. 
Hexibility  coefficients  are  given  at  28  points  on  the  surface  of  the  wing.  The  location  of  these  points 
is  presented  in  Figure  2.  This  flexibility  matrix  was  u.sed  as  the  basis  for  the  design  of  the  test  structure. 
A set  of  displacement  constraints  for  the  optimization  problem  can  be  written  using  a column  of  the 
flexibility  matrix,  a load  is  placed  at  some  point  on  the  wing  and  the  terms  from  the  column  of  the 
flexibility  matrix  are  input  as  displacement  constraints.  Each  column  of  the  flexibility  matrix  is 
considered  as  a separate  load  case.  In  vector  form,  a normalized  set  of  constraints  can  be  written  as 

S.W  - ^ ^ 0,  /-u  (1) 


where  Xjj  is  the  calculated  displacement  at  the  j*  grid  point  due  to  a unit  load  at  the  i*  grid  point  and 
5|j  is  the  desired  displacement  at  the  j'*'  grid  point  due  to  a unit  load  at  the  i"*  grid  point. 

Previously,  structural  mass  was  used  as  the  objective  function  since  it  is  as.sumed  in  the  code  used.  This 
choice  is  reasonable  since  one  would  expect  a minimum  weight  .structure  to  be  a relatively  flexible  one 
and  thus  one  for  which  many  of  the  constraints  are  active  or  nearly  so.  However,  since  the  goal  of  the 
design  procedure  is  to  minunize  the  difference  between  the  desired  and  actual  deformation  at  the  grid 
points,  the  problem  was  reformulated  to  use  a squared  error  function  as  the  objective  function. 


The  design  variables  for  the  problem  are  the  widths  and  heights  of  the  beam  elements.  The  values  do 
not  show  up  explicity  in  the  objective  function;  however,  the  calculated  deformations  which  are  used 
in  forming  the  objective  function  are  in  turn  functions  of  the  element  .sizes.  The  formal  optimization 
problem  can  be  stated  as 


Minimize;  F{x{hJ))) 
Subject  to:  ^ f . 


(3) 


The  1/9  scale  wing  model  chosen  was  originally  intended  for  tran.sonic  testing  and  is  extremely  stiff. 
To  make  stiffness  testing  of  the  new  model  easier,  the  terms  of  the  flexibility  matrix  were  multiplied 
by  10.  This  was  considered  reasonable  since  the  purpose  of  this  experiment  is  to  .show  that  an  arbitrary 
stiffiiess  distribution  can  be  modelled  with  a simple  isotropic  structure,  rather  than  model  a specific 

wing.  The  result  was  a structure  flexible  enough  to  give  easily  measurable  displacements  under  a 
modest  load. 
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In  order  to  exactly  match  the  scaled  stiffness  properties  of  the  1/9  scale  model,  a complete  set  of 
displacement  constraints  would  need  to  be  applied  for  every  column  of  the  flexibility  matrix.  However, 
this  approach  would  result  in  an  unreasonably  large  problem.  Another  approach  is  to  appeal  to  intuition 
and  assume  that  if  columns  of  the  flexibility  matrix  are  correct  for  a .small  number  of  unit  loads  applied 
at  widely  separated  grid  points,  the  remaining  columns  are  correct  or  nearly  so. 

A second  assumption  can  be  made  to  further  simplify  the  optinruzation  process.  The  deformations  at  die 
inboard  grid  points  are  often  very  small  but  can  have  undesireably  large  influence  on  the  desi^ 
problem;  very  small  absolute  differences  between  the  desired  and  calculated  displacements  can  still 
result  in  very  large  normalized  constraint  values.  Ignoring  constraints  at  the  inboard  grid  points  when 
calculating  the  objective  function  helps  ensure  that  the  optimization  algorithm  does  not  get  bogged  down 
trying  to  cope  with  highly  violated  constraints  which  have  Uttle  effect  on  the  results.  AH  constraints, 
including  those  omitted  from  the  objective  function  calculation  were  used  to  define  the  boundary  of  the 
feasible  region. 

Previously,  a structure  composed  of  beam  and  plate  bending  elements  was  used  to  represent  the  structure 
of  the  aeroelastically  scaled  model.  The  results  were  good,  but  the  existence  of  the  plate  elements 
caused  problems  in  fabricating  a test  specimen.  To  address  this  problem,  only  beam  elements  were  used 
in  this  effort.  The  structure  is  a lattice  of  beam  elements  connecting  the  points  at  which  flexibility 
coefficients  were  given. 

A FORTRAN  program  was  written  to  model  the  wing  structure  u.sing  bar  finite  elements  and  generate 
function  values  and  gradients  for  passing  to  an  optimization  program.  The  program  uses  12  DOF  beam 
elements  to  model  the  bars.  The  finite  element  model  is  pre.sented  in  Figure  2.  Two  different 
optimization  methods  were  used  for  different  versions  of  the  program;  ADS  (Ref  4)  and  compound 
scaling  as  implemented  in  FUNOPT  (FUNctional  OPTimization.  Refs  .S  and  6).  The  Modified  Method 
of  Feasible  Directions  (MFD)  was  u.sed  in  ADS. 

A number  of  different  constraint  sets  was  specified  during  the  course  of  the  design  process.  Initial  mns 
were  made  using  a single  set  of  con,straints  and  the  number  was  gradually  increased.  It  was  found  that 
four  displacement  vectors  were  .sufficient  to  design  the  wing.  The  four  columns  of  the  flexibility  matrix 
correspond  to  unit  loads  placed  at  the  leading  edge  of  the  tip,  trailing  edge  of  the  tip.  leading  edp  of 
the  mid  span  and  trailing  edge  of  the  mid  span.  These  correspond  to  points  13,  16. 25  and  28  on  Figure 
2.  The  resulting  design  problem  had  106  design  variables  (width  and  height  for  each  of  53  beam 
elements)  and  112  constraints  (4  load  cases  and  28  constraints  per  load  ca.se). 

Results 

Both  methods  produced  acceptable  final  designs.  The  ADS  design  had  28  constraints  within  5%  of  the 
boundary  of  the  feasible  region,  but  most  of  these  were  concentrated  in  the  la.st  load  case.  For  the 
second  load  case,  there  were  no  constraints  within  5%  of  the  boundary.  The  FUNOPT  design  was  the 
better  of  the  two  since  approximately  60  constraints  were  within  5%  of  the  boundary  of  the  feasible 
region.  This  indicates  that  FUNOPT  was  able  to  find  an  approximate  intersection  of  60  constraints. 
The  caveat  should  be  made  that  both  methods  used  here  have  parameters  which  can  be  varied  to  improve 
performance.  ADS  may  have  produced  a better  design  if  the  optimzation  parameters  had  been  set 
differently. 

It  is  difficult  to  compaedy  present  rc.sults  from  the  analyses  described  here,  but  .some  feel  for  the  quality 
of  the  results  can  be  obtained  by  examining  the  deflections  along  the  leading  and  trailing  edges  of  the 
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Figure  3.  Deflections  Along  LE  Due  to  Unit  Load  at  Pt  28. 


Figure  4.  Deflections  Along  TE  Due  to  Unit  Load  at  Pt  28. 
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ABSTRACT 

A computer  code,  HITCAN  (High  lemperature  fiomposite 
developed  to  analyze/design  metal  matrix  composite  structures^  HITC^  N^ionll 
on  composite  mechanics  theories  and  computer  codes  developed  at 
Aeronautics  and  Space  Administration  (NASA),  Lewis  Research  Center, 

decades.  HITCAN  is  a general  purpose  code  for  the  global 

structural  and  local  stress -strain  response  of  multilayered  (arbitrarily 
oriented)  metal  matrix  structures  both  at  the  constituent  matrix,  and 

IntShaLT  and  the  structure  level  and  including  the  fabrication  process 
effe^s  The  thermo -mechanical  properties  of  the  constituents  are  considered 
tfbe  nonlinearly  dependent  on  several  par^eters  temper at^^ 

and  stress  rate.  The  computational  procedure  employs  an  incremental  iterative 
nonlinear  approach  utilizing  a multifactor- interaction  ^ 

HITCAN  features  and  analysis  capabilities  (static,  stepp  ng,  m , 

buckling)  are  demonstrated  through  typical  example  problems. 

BACKGROUND 

High  temperature  metal  matrix  composites  (HTMMC)  have  shown  potential  as 
structural  materials  for  21st  century  propulsion  systems.  The  nonlinear 
dependence  of  the  thermo -mechanical  properties  of  HTMMCs  on  ® 

temperature,  stress,  and  stress  rate,  may  alter  the  structural  response 
significantly.  Experimental  investigations  being  high  in  cost  computational 
models  including  nonlinear  material  behavior  simulating  the  real-life  respons 
of  components  made  from  HTMMC  materials  are  required. 

The  need  for  developing  multilevel  analysis  models  for  multilayered  fibrous 
composites  was  recognized  almost  2 decades  ago  (Ref.  1)  and  a multilevel 
computer  code  was  developed  subsequently  (Ref.  2)  Research  related  to 
aspLts  of  HTMMC  materials  and  structures  has  been  conducted  at  the 
ReLarch  Center  of  the  National  Aeronautics  and  Space  ^^tnistration  (NASA)  f 
several  years.  Building  upon  parts  of  this  research  effort,  a high  temperature 
composites  analyzer  code  HITCAN,  has  been  developed. 

The  objective  of  this  paper  is  to  summarize  HITCAN’ s capabilities  with 
illustrative  examples  which  demonstrate  its  application  versatility. 

HITCAN:  A BRIEF  DESCRIPTION 

HITCAN  presents  a self-contained  (independent  of  commercial  codes) 
synergistic  combination  of  NASA  developed  codes,  MHOST  and  METCAN  which  are 
finite  element  structural  analysis,  and  multilevel  nonlinear  material  behavior 
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codes,  respectively.  User-frf«ru^i  ^ 

of  HIT^  code.  For  Instance  u^c^rdL?''"  ““■'‘"S  «ovelopnent 

co^nly  used  eercspsce  fiber  and  ..«lx  ^terlaTs  P <‘«=‘'=oe  for 

base  can  be  input  to  HITCAN  automatically  Properties  from  this  data 

structSfs”  The'uft  par's  o7  n“ureTlpYct"  tS“d^°'  anslyslng  composite 

?l'nltrir  "™“"  "•"=ti?„ent  prajertles  «f  Urinate 

ifvS  analysis  which  provides  the  ^s true tura/^  depicts  the 

level.  And  the  right  part  shows  the  determination  of laminate 
at  the  constituent  level.  Finally,  the  bottom  l^fl^  ^ the  structural  response 
constituent  material  properties  based  on  inn  t«pdating  of 

constituent  stress  response.  Figure  2 shows^v  f and  calculated 
constituent  material  properties  arf^pdated  the 

features 

r.ap„nafrjuiYr;.\\'aH^^^^^^^^^  straaa-atrain 

at  the  constituent  (fiber  matrix  and  i ^ composite  structures  both 

HITCAN-s  analysis  capabilities  Include  static^’^lonrir  “"“I  structure  level, 
response.  HITCAN  treats  thermo-mechanical  buckling 

as  nonlinear  multifactor- Interaction  functions  of  constituent  level 

rate,  as  shown  below  (Ref.  3).  temperature,  stress,  and  stress 
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T,  and  Tg  denote  melting^  curr*l^it^*^rnd"«^^  material  properties;  T„, 

denote  fracture  at  T , current  and  refar^  temperature;  Sp.  a,  and  a 

•pproprutely  s.lpcteS,  ourren"  .nd  refere"rstr«p’V  “■> 

exponents  n,  m.  and  1 are  empirical  constants.  ’ • The 

'“e  u,tal  „,PPlx 

between  the  fiber  and  matrix.  riables  and  properties  of  an  Interphase 

through  examJle^probliJs^R/rATV^^^  marke?^*^*''?  demonstrated 

enhancement  of  the  code  cLtLuei,  in  i"  Although  the 

vide  variety  of  composite  struc";al\L1ys7I"rdbw:  ‘ 

demonstration  problems 

HITCAN^re'i'ulnVtra'^^^^  f"'’d‘sl"pl7^i'por«d'’ri^  capablUtlaa  of 

15-3-3-3.  For  all  deraonscraclon  problens  discusaed  In  4.T'  CAl- 

oonalsts  of  4 layer,  with  a top-to-borto.  ply  Uy.„p  oj' <J%:5>90;,  ’•a“nb.'r 
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of  0..,  a„d  a rafaranca  ta^araaur^ 

degradation,  and  fabrication- induced  stresses. 

a.  1-v.*.  present  report  is  to  demonstrate  the  capabilities 

Since,  the  purpose  of  ^ ^ results  a detailed  discussion  of  the 

otHITCAK  “fhar  than  tyravi^  ban^  unavailability  of  raaults  in  apan 

results  is  not  included.  bv  HITCAN  it  has  not  been  possible 

lltatatura  far  tha  Ealn -rifiad  far  a».a  claaaical 

to  provide  comperisons . Howev  , 

problems . 

STATIC  ASALYSIS:  Tha  /^/lied ^ 

mechanical  load  similar  to  th  . the  constant  material  property  case 

raaulta  far  Atatla  analysia  ba^g  aimr^  'ara  n“  inaludad  hara" 
of  the  load  stepping  analysis  which  foi 

hOAh  STEPPISG  AMALYSIS:  Tha  load  atapping 

llnaar  analysis  vhara  tha  load  is  “V ''  iha  analysis  was  first 

notarial  prapartias  updatad  at  tha  fabrlcatlL.  (0/±45/90) 

performed  for  the  base  case  with  g model  described  above 

ply  lay-up,  and  the  8®"^^  ee°o^metry,  loading,  and  boundary  conditions  are 

in  the  'FEATURES  section.  g ^ncludine  displacements  and  constituent 

Shawn  in  Flgura  3.  Tha  basa  urtT  ttfSaplacapants  ara  in  tha 

and  ply  laval  strassas  ara  also  shown  l„'^tha  local  matarlals 

global  structural  coordinata  ara  shown  in  Figura  1 

i^«arr“  B^'and  C,  usad  in  Flgura  3 ara  for  various  ragions  of  constituant 
material  nonuniformity,  defined  in  Figure  2. 

Tha  load  stopping  analysis  >P^Yv"“t?a‘?or«rr^^^^^^^ 

for  (i)  four  cases  of  only  material  properties 

case,  material  /proper^  dependent  on  stress  rate  only, 

dependent  on  stress  the  symmetric  orientation  of  (0/45),, 

(ii)  two  cases  of  nil)  one  ^se  of  fiber  degradation  by  a 

and  balanced  orientation  of  ( / creating  an  interphase  between  the 

factor  of  one-tenth  of  its  as  an  average  of  the 

fiber  and  matrix  with  “iJ^onr^I^  of  fabrication  thermal  loading 

fiber  a^d'^fore  and  mechanical  loading.  The 

(Figure  4)  applied  before  the  como  results  for  all  these  cases  are 

corresponding  displacement  an  ^^p  y^^^  brevity,  the  sensitivity  analysis 

tabulated  in  F g’^’^®  • base  case  at  the  end  of  the  third  load  step  only, 

response  is  compared  with  the  bas  in  all  cases  due  to  the  very 

The^ffect  of  stress  rate  was  the  transient 

nature  of  the  problems  chosen.  This  ettect  win 

analysis. 

ATdr  c fUfferent  forms  of  constitutive  models  was  analyzed 

The  effect  shows  the  importance  of  using 

further,  as  shown  ’ deofndent  on  applied  temperature  and 

material  behavior  models  that^the  vertical ^axis  of  Figure  4 shows 

calculated  stress  response.  No  change  in  the  form  of  the 

percentage  increase  in  the  displacement  due  to  a change  in 
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constitutive  model  i e 

degradation  of  material  properties  accorrH^  ^displacement  caused  by  the 

to  percentage  increase  in  the  dispLcement  when^h  Stress  Effect*  refers 

stress  dependent  only.  And  the  lah#.l  'r  k-  “aterial  properties  are  made 

tem^^^^r  displacement’ when  the  material  "propT/tT*"'  Percentage 

temperature  and  stress  simultaneously.  perties  are  made  dependent  on 

and  machanlcal  load  °FUdrr3)^as%rat combined  thetmal 
Four  modes  uere  calculated  (the  code  Is  capable  Analysis', 

aaired).  The  results  for  natural  fre,uencles  are  sh^  I'n  F%“re”T  “ 

sronT’'^Se  f?s^ri\trrdt^it  Ti 
c^:^?“Vor^“hZLa"rroa:l„r^n7l^ln^«^^^^^^^ 

thermo-mechanical  loading  without  fiber  degiaSt^n"“'^'^°\  “e  “"■’’i"®'* 
fiber  was  degraded  by  a factor  of  oJ-te„rt^f  j"'  «Fst  case,  the 

loadings,  boundary  conditions,  and  results  are  sho™  irFlg^e 

CONCLUSIONS 

composite  analyfercode*  HmbUj"hivVLerr*’‘''^'*'’  ’’*6*’  temperature 

These  feetures  make  HIK^N  a poweXf 

analyzing/designing  metal  matrix  comDoslt-g.  5 ‘^®st-effective  tool  for 
of  the  multilevel  analysis  approach^  components.  Because 

influence  of  Individual  con^?ituen;  In-Utu  Lb  , ''““Ting  the 

response.  HITCAN  will  help  in  material  Tgaif  behavior  on  global  structural 
analyzing  sensitivity  of  structural  resnon  ^ ^**5  ®P®cific  applications,  in 

.n  providing  structural  response  aJ 
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■ HITCAN  CapabllMoa 
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NATURAL  FREQUENCY  (cps) 


FIGURE  3 - LOAD  STEPPING  ANALYSIS:  BASE  CASE 
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FIGURE  4 • LOAD  STEPPING  ANALYSIS:  SENSITIVITY  CASES 
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FIGURE  6 • BUCKUNG  ANAL  YSIS 
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Abstract 

The  subject  of  this  paper  is  the  buckling  of  laminated  plates,  with  a pre-existing  delamination, 
subiected  to  inplane  loading.  Each  laminate  is  modelled  as  an  or^otropic  ^dlin  plate.  The  analysis  is 
carried  out  by  a combination  of  the  finite  element  and  asymptotic  expansion  methods.  By  applying  the 
finite  element  method,  plates  with  general  delamination  regions  can  be  studied.  The  asymptotic 
expansion  method  reduces  the  number  of  unknown  variables  of  the  eigenvalue  equation  to  that  of  the 
equation  for  a single  Kirchhoff  plate.  Numerical  results  are  presented  for  several  examples.  The  effects 
^ the  shape,  size  and  position  of  the  delamination,  on  the  buckling  load,  are  studied  through  these 

examples. 


1 Litroduction 

A separated  region  might  exist  between  the  layers  of  a laminated  plate  or  shell  ^ Such  a 

region  is  called  a delamination.  When  a plate  with  delamination  buckles,  the  critical  load  is  lower  than 
that  for  the  plate  without  delamination.  The  separated  portion  will  usually  open  when  delamination 

buckling  occurs  and  the  delamination  may  grow  due  to  the  buckling^^'^^-  , , , . l 1 1-  r 

Reference  [1]  is  one  of  the  earlier  papers  on  delamination  buckling.  The  delamination  buckling  ot 
beams  and  the  growth  of  delaminations  have  been  studied  by  using  the  classical  beam  theop'. 
Axisymmetric  delamination  buckling  has  been  studied  in  reference  [6].  The  buckling  of  a plate  with  a 
rectangular  delamination  has  been  solved  in  reference  [7].  However,  in  both  leferetKC  [6]  and  reference 
[7],  the  buckling  load  is  assumed  to  be  equal  to  the  value  for  the  delaminated  part,  which  is  considered  to 
be  a clamped  plate.  Obviously,  the  solution  can  only  be  applied  in  some  special  cases. 

In  this  paper,  the  delamination  buckling  of  laminated  plates  is  studied  by  applying  the  finite  element 
method,  so  that  we  can  study  plates  with  general  delamination  regions.  Each  layer  is  modelled  as  an 
orthotropic  Mindlin  plate^*^.  This  model  describes  the  mechanical  behavior  of  composite  plates  in  an 
accurate  maimer.  The  shearing  strains  in  each  layer  are  chosen  as  independent  variables.  In  this  way, 
the  locking  problem  can  be  avoidedl’l.  Also,  this  approach  enables  us  to  apply  the  asymptotic  expansion 
method,  which  reduces  the  number  of  unknown  variables  of  the  eigenvalue  equation  to  that  of  the 

equation  for  a single  Kirchhoff  plate.  ^ cr  r.u  ■ 

Buckling  loa^  are  calculated  numerically  for  several  example  problems.  The  ertects  ot  tne  size, 

shape  and  position  of  the  delamination  on  the  in-plane  buckling  load  for  a laminated  plate  are  studied  in 

the  paper.  Also,  the  results  show  that,  as  expected,  the  effect  of  the  material  properties  on  the  buckling 

load  is  significant. 


2 The  Governing  Equations 

Consider  a N-layer  laminated  plate  with  a delamination,  shown  in  Figure  1.  Take  the  plane  with  the 
delamination  as  the  x-y  plane.  There  are  nU  layers  with  z>0andNL  layers  with  z<0,  which  are  called 
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the  upper  pan  and  the  lower  pan  of  the  plate,  respectively. 

The  linear  discrete  layer  model  is  used,  i.e.,  each  layer  is  considered  as  a Mindlin  plate.  For  the  ith 
layer  (i=U. ....  1,2, .. . .N^),  the  displacements  are: 

u (x.y.z)  = Uj.j(x,y)  + 0j(x,y)  (zj  + ltj) 

= Uo(x.y)+2t;Y,„.hiW,  + Zi(y,.-w,) 

m=l 

v‘(x,y,z)  = Vi.i(x,y)  + (j).(x,y)  (z^  + i tj) 


(1) 


= Vo(x,y)+  X tmYym-hiWy-fZiCy  .-W„) 
m=i  yt  y 


■s 


w'(x,y,z)  = w(x,y) 

where  It  j I is  the  thickness  of  the  laminate,  and 
1 m m < i 

m m = i 


hi=Z  t 

m=1 


m 


(2) 

(3) 


unner  i,art  ' ^ ^ displacements  of  the  lower  surface  when  the  i*  layer  belongs  to  the 

pan  The  diT  / in-plane  displacements  of  the  upper  surface  when  the  i**  layer  belongs  to  the  lower 
pan.  -n.e  d.sp,accmems  Poand  v„  an=  d.=  diap,acen.„«  of  d.c  x-y  plancV,  L 7,.  TZ 

sheanng  strains  and  of  the  ith  jayer . ^ xi  y.  are  the 

j inc  equations  relating  stresses  and  strains  are 


The  potential  energies  of  the  upper  pan  and  lower  pan  of  the  laminated  plate  are 
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(4) 


= i 5 f P4  ‘ p-i‘ 

-P^f  j «w'rMi(W|)dxdy-Tl'> 

^ I r ({e)^p4  (e)  ,+  {y)] psl  Wi 
-p^jj  «w'lV]il»'l)'‘*‘*>''"'^''’ 


(5) 


where 


(W'}- 


W ; 

I W. 


[Nli  = 


Nx  Nxy 
Nx  y ^y_ 


p is  ih.  scaling  parameter  of  the  load  and  [N,,  is  the  mamx  of  msutot 

“PP*--  P'“*= 

respectively,  we  obtain 


5<D^  =0 
50^  =0 


The  FEM  and  The  Asymptotic  Method 


(6) 

(7) 


The  analysis  is  carried  out  by  a combination  of  the  finite  element  and  asymptonc  expansion  methods. 
For  details,  please  see  References  [10]  and  [llj. 

4 Results  and  Discussion 

h.  this  section,  we  study  dte  effects  of  « SSfn"— 

load  of  a laminated^at.  Hereaf^.  ]^Lnation  between  the  QO-layer  and 

For  example,  (0O//90°/45O)  means  a (0  /9  / P . : ^ distance  of  H/5  below  its  top 

“*¥:Jo  iSfnSroSSel  oneTso™^^^^  the  other  orthortropic.  are  considered.  Hre 

r^tenal^^esare  ^ ^ . Er/2(l.v) 

ta  aU ‘c®  s'  fsquare  pJ^th  L*!' ^menlrn  is  c^onsid^.  ^ "■  ” ' 

direcdon,  is  applied  along  the  edges  x=  + U2  of  the  plate,  e HA-  ■ 
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Table  1 

Buckling  Load  A,=  p/E 

(s.s.) 

Mode  No.  Square 

Circle 

Ellipse 

1 

M-l  2 

(0O//0O)  3 

6.7893 

11.480 

12.748* 

7.0528 

11,447 

11.530* 

6.9149 

12.442 

15.908* 

1 

M-2  2 

(450//450)  3 

27.028 

47.195 

48.147* 

27.426 

41.093* 

50.510 

28.482 

48.451* 

58.931 

Table  2 

Buckling  Load  X=  p/E 

delamination 
shape 

Square 

Circle 

Ellipse 

s.s. 
M-l  c. 

3.5152 

6.2256 

3.4848 

6.2160 

3.4928 

6.7328 

s.s. 

M-2  c. 

19.472 

30.446 

19.529 

31.770 

19.689 

41.278 

for  a 


Three  different  delamination 
shapes,  a square,  a circle,  and  a 
ellipse,  of  equal  area  ( TtV-He) 
are  considered  here.  In  each  case, 
the  center  of  the  delamination  is 
coincident  with  that  of  the  plate. 

For  the  case  of  symmetric 
delamination  (i.e.  where  the  full 
plate  is  symmetric  about  the 
delamination),  the  first  buckling 

mode  does  not  open,  while  for  a 
plate  with  an  unsymmetric  delami- 
nation, the  first  buckling  mode 

opens  up,  but  both  the  upper  and 
lower  pans  of  the  plate  deflect  in 
the  same  direction.  For  the  sym- 
metric case,  the  opening  buckling 
mode,  shown  in  Figure  2,  may 
occur  in  the  second  or  third  mode. 
In  Table  1,  the  numbers  with  ’"'s 
are  the  critical  loads  for  the  modes 
which  open  up,  for  a symmetric 
case.  Figure  3 shows  the  first 

!f\/\r\  / ir\r\  y-v ^ . 

a square 


_ _ - uiaicnai  piaie 


, thickness  on  ihe  dimensionless  buckling  load  X E vanishes  for 

TK  ■ u ^ position  only  moderately  affects  the  buckling  load 
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Figure  1 Coordinate  system  and  geometrical  parameters 
of  the  laminated  plate 


Figure  2 

Cross-section  of  the  lowest  opening  buckling  mode 
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3 Cross-secSons  of  the  buckling  mode  of  the  delaminated  Plaa. 


Effect  of  the  piste  thickness  on  the  buckling  load 

tor  a square  delamination  5.  Variations  of  the  fcucWinc 


Figure  6 Variations  of  the  bueWing  load  as  functions  of  the  pasWon  of  the  delaminaion.  The  center  of  the 
delamination  Is  at  (x,0)  and  {y.0).respectively 
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ABSTRACT 


Finite  clement  algorithms  have  been  developed  to  analyse  linear  anisotropic  viscoelastic  plates,  with  or  without 
holes,  subjected  to  mechanical  (bending,  tension),  temperature  and  hygrothermal  loadings.  The  analysis  is  based 
on  Laplace  transforms  rather  than  direct  time  integrations  in  order  to  improve  the  accuracy  of  results  and  save 
extensive  computational  time  and  storage.  The  time  dependent  displacement  fields  in  the  transverse  direction  for 
the  cross  ply  and  angle  ply  laminates  are  calculated  and  the  stacking  sequence  effects  of  the  laminates  are  discussed 
in  detail.  Creep  responses  for  the  plates  with  or  without  a circular  hole  are  also  studied.  The  numerical  results 
compare  favorably  with  analytical  solutions,  i.e.  within  1.8%  for  bending  and  10’^%  for  tension.  The  tension 
results  of  the  present  method  are  compared  with  those  using  the  direct  time  integration  scheme. 

1.  INTRODUCTION 


Advanced  composite  laminates  are  used  in  atmospheric  and  space  flight  vehicles  in  order  to  improve  perfor- 
mance by  substantial  structural  weight  savings.  The  polymer  matrix  exhibits  degradation  of  material  mechanical 
properties  when  exposed  to  hygrothermal  environment  and  the  hygrothermal  expansion  induces  residual  stresses 
in  a composite  laminate  which  may  result  in  delamination  and  subsequent  structural  failures  [l,  2|.  Therefore, 
time  dependent  analyses  of  polymer  composite  structures  are  required  to  predict  structural  lifetimes  under  short 
and  long  term  loading,  mandating  anisotropic  viscoelastic  analyses.  The  linear  thermo-viscoelastic  theory  for 
anisotropic  nonhomogeneous  materials  whose  stress-strain  relations  are  expressed  by  hereditary  integrab  has  been 
formulated  by  Hilton  and  Dong  [3].  Finite  element  methods  (FEM)  are  the  most  powerful  tool  for  the  analysb 
of  complicated  systems.  However  solving  time  dependent  problems  using  FEM  b difficult  and  requires  enormous 
computational  time  and  memory  storage,  since  the  constitutive  law  for  linear  viscoelastic  materiab  b described 
by  hereditary  integrab  or  fractional  differential  operators  as  developed  by  Rogers  [4|.  Numerical  procedures  for 
the  analysb  of  viscoelastic  boundary  value  problems  have  been  proposed  [5-8].  Taybr  et  aL  [6]  developed  a finite 
element  procedure  to  analyse  isotropic  linear  vbcoelastic  solids  undergoing  mechanical  and  thermal  deformations. 
The  integration  of  the  governing  equations  b performed  step  by  step  using  a finite  difference  recurrence  relationship 
for  approximate  calculations  of  dbplacement  derivatives.  Thb  method  requires  storage  of  only  the  previous  time 
solution  instead  of  all  the  solutions  throughout  the  loading  time  hbtory.  Srinatha  et  al.  [7]  suggested  a similar  nu- 
merical procedure  for  an  isotropic  material  and  applied  it  to  solve  plane  problems  using  the  trapesoidal  integration 
method  previously  developed  by  Zak  [5]  to  evaluate  integral  equations.  However,  the  accuracy  of  the  direct  integrar 
tion  scheme  primarily  depends  upon  the  sue  of  the  time  step  At.  Moreover  since  the  solutions  of  rate  dependent 
problems  at  the  present  time  are  affected  by  the  previous  solutions,  numerical  errors  may  be  accumubted  through- 
out the  time  hbtory  and  such  error  accumulations  are  described  in  |6,8].  If  the  value  of  time  step  b decreased  in 
order  to  obtain  better  approximations,  the  number  of  iterations  will  be  augmented  and  the  computational  time 
will  be  significantly  increased.  Use  of  the  direct  integration  method  for  long-term  predictions  of  time  dependent 
dimensional  changes  and  stresses  in  composite  structures  may  require  huge  amounts  of  computational  time. 

In  the  present  study,  a numerical  algorithm  b developed  for  the  efficient  analysb  of  time  dependent  deformar 
tions  and  stresses  in  linear  vbcoelastic  composite  materiab  which  are  subjected  to  mechanical,  temperature  and 
hygrothermal  loadings.  For  time  dependent  temperatures  and/or  mobture  contents,  the  hereditary  time  integrab 
are  not  convolution  ones  and  approximate  elastic-viscoelastic  analogies  [9,10]  have  been  developed  allowing  the  use 
of  Laplace  or  Fourier  transforms.  In  the  present  analysb  the  FEM  equations  are  formulated  in  real  time  and  then 
converted  to  reduced  times,  thereby  not  requiring  the  above  approximate  formulations.  The  Laplace  transform 
technique  b adopted  to  improve  the  accuracy  of  solutions,  to  save  expensive  computational  time  and  to  reduce  the 
tedious  formulation  of  numerical  procedures. 


^ Research  supported  by  a grant  from  the  IBM  Palo  Alto  Scientific  Center 
^Professor  of  Aeronautical  and  Astronautical  Engineering 
^Research  Assbtant,  AAE  Department 
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2.  ANALYTICAL  FORMULATION 

t.I  <7..,™.,,  C.r.w(«  H.I.. 

^ “pi  ”■-• 

»i,  (r,  M.  X,  ()  = C„{T,  U,  t,  r)|.|,„(x,  r)  - <i(*,  ,)|  * 

The  free  hygrothermal  strains  e.^  may  then  be  expressed  as  ° “d  moisture. 


<y  = ai,AT+AyAAf 


(2) 


f 'r  L^rr.=xr.;r  “j  ^vi  ^T‘>  - 

materials  (3,12),  the  relaxation  moduU  can  be  represented  in  the  form  ermorheologically  simple 

C.jm(T,  M,  t)  = Ciju[Tr,  Mr,  iiju(x,t)] 

•"  - r.U..d  .o  .K.  .hift 


Oiju(T(x,r),  dr 


(4) 

The  introduction  of  these  reduced  times  chan^M  /iW  i • 

derivative,  in  the  field  equation,  take  on  new  definitLs,  U.‘  <>»«•  « the  f plane,  however  i 


(A),  ■(*),' (ft),  (a 


(5) 

dTmtei'SrXrmetVr^^^^^^  “““  the  shift  function,  in  Eq.  (4)  are  experimentally 

stages  transforming  the  equations  into  the  c olane  C I dcnvatives  m the  x plane  and  then  at  later 

tim.  i»d,pe,deDt  ma  tk.  x, .direction  ie  dominued  by  the  SbeJ^  AU  c i in  e1'  TJl'  " "■«'”«d 

.,..1  to  Thi.  ndow.  on,  to  exp,,.,  .b.  „od,li  in  5i^.;.Se.‘;.\r:.cTZ: 


N 


= Ciju  + J2 ^Jki  «a:p(-f/Ap) 

<»=i 


(6) 


where  the  constants  Ap  are  relaxation  times,  jV  is  the  number  of  term,  fnrtfc  w. 

must  be  time  independent  and  symmetric.  The  stre«i-strain  relatio7(irnow  XesT“^^^^^ 


Mr,  f-f'  l^lMX.f')-e:,(X,f'))df' 


(7) 


with  X are  the  laminate  coordinates  and  0^,^  are  the  moduU  in  X - f plane. 

S.e  A Variational  Formulation  for  Thermo- VUcoelaUic  Problems 

Has  been  .iven  1.  Curtin  [n|  and  in  the 
LL=-oo!r=.„  *>  ’■)|:{MX.r)-?-.(X,r)}dr 
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(8) 


ds  J St  J 

where  V is  the  volume  of  viscoelastic  solid,  St  i*  the  surface  on  which  tractions  0.  are  appUed  and  u<  are  the  dis- 
placements. This  relation  forms  the  basU  of  finite  element  linear  viscoelastic  boundary  value  problem  formulations. 

S 3 Finite  Element  Formulation  Using  Integral  Transforms 

Using  the  aforementioned  variation  principles,  the  finite  element  equilibrium  equations  for  linear  viscoelastic 
solids  are  obtained  in  the  real  time  domain.  Then  substitution  of  Eq.  (4)  and  (6)  into  those  equilibrium  equations 
and  taking  the  Laplace  transform  result  in  a system  of  algebraic  equations 

[ Kmn  + ~ ^ (*) 

In  the  above,  and  are  the  global  stiffness  matrices,  £/»  is  the  global  vector  of  nodal  displacements,  Fm 

and  f*''  are  L 'F'of  global  nodal  force  vectors  due  to  applied  tractions  and  hygrothermal  gradients  respectively 
and  /W  is  the  L.T.  of  the  exponential  functions  in  Eq.  (6).  It  should  be  noted  that  Eq.  (9)  is  identical  to  the 
equivalent  elastic  problem  except  for  the  equivalent  viscoelastic  moduli  [12].  One  approach  to  solvmg  the  above 
system  is  to  carry  out  an  orthogonal  transformation  which  simultaneously  diagonaKses  the  two  real  symmetric 
matrices-  IC*  and  K*  . Once  the  nodal  displacements  are  determined  from  (10)  in  the  Laplace  space,  they 
can  be  transformed  back  into  real  time  at  selected  nodes  where  critical  conditions  of  mtercst  occur  thus  saving 
additional  computational  time.  If  the  loading  functions  are  provided  in  andytic  forms,  the  partial-fraction  method 
produces  exceUent  results.  Even  if  those  forces  are  given  numerically,  diverse  Laplace  transform  and  numerical 
L.T.  inversion  techniques  are  available  [18-21].  In  Ref.  21,  eight  numerical  algorithms  of  the  Laplace  tr^sform 
inversion  methods  are  compared  against  each  other.  The  study  shows  that  Schapery's  coUocation  method  [18]  and 
Becker’s  multidata  method  [19]  provide  good  results  for  non-oscillatory  functions  of  time  with  less  computer  tune 
and  that  Durbin’s  inversion  method  [20]  based  on  fast  Fourier  sine-cosine  transformations  yields  accurate  results 
for  the  oscillatory  time  functions,  but  at  the  expense  of  much  computing  time. 

3.  NUMERICAL  RESULTS 

3.1  Anisotropic  Plate  Bending  Studies 

Consider  a thin  composite  laminate  with  symmetry  in  both  geometry  and  material  properties  about  the 
middle  plane  and  subjected  to  bending  moments  and  lateral  loading  and  assume  the  Kirchhoff  hypotheses.  Two 
studies  were  conducted  to  verify  the  viscoelastic  finite  element  program  VBEND  [10]  which  are  developed  to  analyse 
viscoelastic  bending  responses  of  composite  plates.  The  first  study  concentrate  on  elastic  reults  and  the  second 
focuses  on  time  dependent  solutions.  The  dimensions  of  the  composite  laminate  are  100  in  x 100  in  and  the 
thickness  of  the  plate  is  1 in.  A total  of  128  elements  and  243  degrees  of  freedom  are  used  for  these  studies.  At 
time  t=0,  the  viscoelastic  finite  element  solutions  are  compared  with  the  corresponding  elastic  results  presented 
in  Ref.  22  for  composite  laminates  with  fully  clamped  edges.  The  elastic  orthotropic  material  properties  of  the 
composite  lamina  are  En  = 10^  psi,  Eja  = 10®  psi,  vi2  = 0.3,  and  Gia  = 0.25  x 10*  psi  [22|.  The  lammate  is 
subjected  to  uniformly  distributed  loading  p = 0.02  psi.  The  maximum  deflections  at  the  center  of  the  laminates 
are  compared  with  those  of  [22]  for  various  orientation  of  the  principal  orthotropic  maUrial  axes  with  respect 
to  the  laminate  axes.  As  shown  in  Fig.  1,  at  time  t=0,  the  viscoelastic  finite  element  solutions  agree  very  weU 
within  3%  with  the  elastic  solutions  of  [22].  In  the  second  study,  viscoelastic  finite  element  solutions  calculated  by 
VBEND  [10]  are  compared  with  analytic  results  evaluated  by  the  viscoelastic-elastic  analogy  [3].  Time  dependent 
deflections  for  a simply-supported  composite  plate  subjected  to  the  same  load  as  the  first  example  are  considered. 
The  elastic  anisotropic  bending  stiffnesses  of  the  laminate  are  D3233/D1111  = l,(X>iia2  + 2Di3ia)/i?im  = 1-5, 
and  D1112/D1111  = I?23ia/Euii  = -.5.  Using  the  viscoelastic-elastic  analogy,  the  maximum  time  dependent 
deflections  for  the  anisotropic  plate  with  the  above  flexural  stiffnesses,  simply  support^  along  all  the  edges  and 
subjected  to  a uniformly  distributed  loading  p(t)  can  be  expressed  in  the  Laplace  domain  as[3,20] 

^ ^ 0.00452  g*  p(s) 

where  ~ denote  the  Laplace  transform.  Temperature  shift  factor  is  equal  to  one  and  the  time  function  for  all  the 
flexur^d  stiffnesses  D%jki  i®  taken  as 

f{t)  = 6.698  X 10“®  + 0.93302  • eip(-t/1000)  (11) 


490 


Maximam  deflections  computed  by  VBEND  flOl  i 

Fi,.  2^  M E,.(U)  „ p,..^  i. 

Consider  next  •imply  8UDDort#<l  , •*  . ..  >n«xunum  error. 

independent  loading  p=0.03  pei.  The  time  deTe^ent  dk^Tmellt  1°  * »i»iformly  distributed  time-' 

.ymmetnc  cro«i  and  angle  ply  laminate,  such  as  (0,/9o/  S / se 

Md  (30/ -30)6.  are  calculated.  In  these  studies  the^-  " «6)..  (45/  - 45)5.,  (305/  - 305). 

the  lamina  are  also  the  same  as  those  used  for  the  first  v f ° *"**®"**  properties  and  the  dimensions  of 

20  plies  were  used.  The  time  var^bTfun  * l«nina  » 0.05  in  «d 

as  time  independent  since  “<*  ^nu  is  assumed 

observed  at  the  center  of  plates  for  all  the  cases  The  maximum  d’  *i  deflections  are 

laminates  are  displayed  in  Fig.  3 as  function,  of  iim^  At  ^ «d  (O/QO)*. 

the  (Os/OOfi).  and  (0/90)s.  lammates  is  0.04546  in.  The  rnarim  ^’a  ”“™““  deflection  Calculated  for  both 

23%  after  2 x 10*  second,  while  the  relaxation  moduli  such  as  C^aft)  tho«  laminates  increase  about 

the  same  tune  period.  The  numerical  results  show  that  the  m.ri™  J n ?•”  *1’  ^««(0  degrade  93.3%  for 

under  the  lateral  uniform  loading  are  not  afl^ected  by  the  ““  or  aymmetric  cross  ply  laminates 

laminate  has  significant  influenc!  on  the  ^ttLls  obt^^^^^^^  the 

of  viscoelastic  maximum  deflections  of  the  (45s/  - 45  ) i™i„  . ^™etnc  angle  ply  laminates.  Comparisons 
maximum  transverse  displacements  of  the  4 - 45st  ^ ~ f ‘he 

in  Fig.  4.  At  time  t=0.  the  values  calculat  ffor  the  ml^I  d 7 ‘hown 

and  (45/  - 45)s.  laminates  are  0.03212  in  and  0.02n8TTo  “ «^)* 

we  note  that  the  flexural  stiffnesses  J3,„2  and  for  the  (45*  / - \ 1 ***•  ^ explained  if 

(45/  - 45)5,  laminate  and  the  exact  elastic  maximum  defl  J ^ u j are  smaller  than  those  for  the 

“d  terms  are  larger  than  specially  orthotropic  soluTiorc’alculI^d^byT  including  the 

The  maximum  deflection  of  the  (45c/  - ak  l i.„-  tgnonng  those  twist  coupling  terms 

ofb.  («/-«,..  /"  T ^ F«rio/.‘arr. 

r “ Pi,.  5 ,li,H  ,t„„  rf0kc.“T.L  - “)>• 

(30/  - 30):^  k,  ‘ 

s.g  Plane  Stress  Anisotropic  Plate  Studies 

method  and  the  present  results  are  compared  with  the  integration 

for  the  classical  lamination  theory  At  the  75®  F ref  ^ T from  the  viscoelastic-elastic  analogy 

,«r t‘.:L^LU^r '..tr  ^ ^ 

(45/  - 45),  lammate  are  given  in  Table  1 At  t-0  the  thr  i.  recovery  responses  in  the 

end  the  direct  integretioii  method  is  conducted  nsin,  the  eirioMT**"  "*»"  ^ ■ *3*]^  *be  trnnsfonnstion  method 
~.K.  for  theee  cime.  mid  thom  ceic.l.ud  b,  the^^'.^^rTr*''’  Tj""'  " 

analogy  are  depicted  in  Fig.  6.  ExceUent  an-eement*^l.  nKi  • “ method  and  by  the  elastic-viscoelastic 

method  and  the  analytic  one.  between  creep  results  evaluated  using  the  present 


; u.DsjQxig  ^ 

nmpIHnde  of  iLiin,  “ |i«ns^el  kmdinp  m Th,  msmmiim 

etrsi.  ^pUtnJee  in  the  («/  - Irnnine^^tllrhil^'i.  If " “ ^ '''  ■"'  »“bmi" 

emne  frennenep,  the  mmdmnm  elrein  mnplitnde.  m T = I«0»  p *>  the 

e,.dAn«m  nt  nbont  n.  = 10—.  Temperuure  mid  Sminener  ^ll7"  “ ‘s“*  “ '' 

alK)  be  observed  in  these  resluts.  ^ ^ Ixkaviors  m the  viscoelastic  composites  can 
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Creep  reeponses  for  composite  plates  with  a circular  hols  are  evaluated  for  viscoelastic  GY70/339  composite 
inaterial  properties  given  in  [15]  and  for  laminations  of  (0/90).  and  (45/  - 45)..  The  dimensions  of  a plate  is  2 m 
X 4 in  and  the  diameter  of  the  hole  is  .25  in.  650  degrees  of  freedom  were  used.  The  finite  element  mesh  pattern  is 
depicted  in  Fig.  8 and  for  operating  temperatures  are  75«  F and  122«  F.  a uniaxial  tensile  stress  of  a.  = 5 psi  was 
uniformly  applied  along  the  edge  of  the  plate.  The  circumferential  creep  strains  around  the  hole  m (0/90).  ^d 
f45/  - 45)  laminates  are  plotted  in  Fig.  9 and  Fig.  10.  Maximum  circumferential  creep  strams  occur  at  the  90 
L^ar  position  in  both  plates.  At  t = 0.  the  strains  at  ^ = 90«*  are  1.725  x 10-  for  (0/M),  and  4^034  x 10-  for 
(45/  - 45).  Creep  strains  for  (0/90).  laminate  increase  about  10.6  % at  75*  F and  19.7%  at  122  F for  the  1 year 
period  whUe  those  in  (45/  - 45).  plate  increase  22.8%  at  75*  F and  44.2%  at  122*  F for  the  same  time  period.  At 
= 42*  the  strains  in  (45/  - 45).  laminate  and  at  ^ = 0*  for  the  (0/90).  laminate  remain  time  mdependent. 

4.  CONCLUSIONS 


Viscoelastic  bending  and  stretching  responses  of  polymer  matrix  composites  have  been  evaluated  using  the 
finite  element  method  and  Laplace  transform  technique.  Verification  studies  show  that  the  L.T.  results  agree 
weU  with  the  analytical  ones.  Plate  bending  time  dependent  displacement  fields  in  the  transverse  direction  for 
simply  supported  square  composite  laminates  have  been  computed.  It  is  observed  that  the  stacking  sequence  of  the 
laminates  significantly  affects  the  time  dependent  displacement  field  for  symmetric  angle  ply  laminates.  Maximum 
strains  are  obtained  at  p = 90*  for  both  GY70/339  (0/90).  and  (45/  - 45).  laminates.  The  rate  of  change  of  creep 
in  (0/90).  laminate  is  smaUer  than  that  in  (45/ -45),  laminate  for  tensile  loads.  The  present  method  can  be  re^Uy 
appUed  to  any  viscoelastic  boundary  value  problems  with  complex  geometries.  The  advantages  of  this  algorithm 
as  compared  with  the  direct  integration  method  is  accuracy,  saving  of  large  amounts  of  computational  time  for  the 
analysis  of  long  time  behavior  and  the  significant  reduction  of  labor  for  numerical  procedures  and  programmmg. 
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Abstract 

cl  constraints  on  the 

approach  is  illustrated  by  designii^  he  ACOSS  FOIIB^^  ’^*7  fc“i>>ililty  of  the 

and  intproving  the  efflcleny  chara"ciSicyo?Lys?r"cWrS^^^^^^^^^ 

1.  Introduction 

fraction  of  the^totd  conS  p^ower^exp^^^  indicates  the 

The  balance  of  control  power  is  washed  on  the  truLTtPd*lf^°  ^ finite-dimensional  system, 
towards  the  control  objectives.  In  References  lanf2Tw^^  T Purpose 

efficiency  can  be  used  to  address  a nuXrof  control  L " demonstrated  that  the  concept  of 
systems  such  as  the  spillover  effects  selection  of  a ffoo'Jf*  encountered  in  the  control  of  dynamic 
reduced  order  control  models  \n  irnDorlrnt  a^nprt  controller  configuration  and  obtaining 

system  is  that  the  behavior  of  the  full-order  svsfem  structure-control 

design  model  without  anv  knowled<^e  of  the  tninratpH  ® based  on  the  reduced-order 

the  control  power  lost  to  tS  truncated  dvn/r^r.?tJ  system  dynamics  The  efficiency  compares 

the  total  control  power  expended  via  the  Purpose  of  control,  to 

physical  system.  via  the  reduced-order  control  design  model  on  the  full-order 

and^'  A^Lty  of  Xe”iJ« “ ‘">'"'”‘1?  multidisciplinary  (Refs.  3 

subsystem-levels  (structure  or  control  subs'vstem.srtn*'h  *•>'  system-level  and 

the  problem.  For  obvious  reasons  an  ultimJp  oV  ^ interdisciplinary  study  of 

mass  structure  subject  to  structural  and/or  comrol  syLyconst‘Su.“'“  “ “ “ minimum 

mustbVL^\Xlrhigrrowe7 e¥de^^^^^^^  eo°f  l“^  ’‘^'t-tal  system 

jectives  and  constraints  aH  fuXr  ^uLI  ^ system  while  satisfying  the  control  ob- 

reference  4,  this  paper  brings  on  the  power  eScy^f  tL°s5i“m?n“  “ 

2.  Efficiency  Modes  of  a Structure-Control  System 

Consider  an  order  FEM  evaluation  model  of  the  structural  system 

Mg  -h  Eg  -f-  K?  = D/(t) 

nodal^H*'^!^  ^ mass,  stiffness  and  input  influence  matrices.  g(t)  is  the  vector  of 

equation?arrc"^nsiderId  structure  described  by  (l),  reduced-orde'r  modal  state-space 

x = Ax-hB/(t) 


X = 


= ( nl  ic  ] 


(2) 
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where  rjc  are  the  n < N structural  modes  controlled.  Hence,  considering  the  structural  model 
problem  associated  with  (l)  and  denoting  the  orthonormalized  modal  matrix  $ of  the  full  order 
evaluation  model  we  have 


5 = [ $<; 


Vc 

riR. 


(3) 


where  R denotes  truncated  structural  modes.  The  modal-state  space  system  of  (2)  is  the  reduced 
2n‘*  order  control  design  model.  The  A and  B matrices  have  the  form 


0 

I 

— u;^ 

— 2fw 

(4) 


B = 


0 

$rD. 


(5) 


where  w*  = diag  [wi....w„]  with  Wr  a natural  frequency  and  I is  the  n**  order  identity  matrix. 

Due  to  any  arbitrary  input  f{i)  the  control  power  associated  with  the  input  on  the  ax^tual 
full-order  evaluation  system  (1)  is  given  by  the  integral 


5^  = J /^D^M“^D/dt  (6a) 

The  portion  of  this  total  expended  power  on  the  actual  physical  system  that  is  projected  onto 
reduced-order  dynamic  system  represented  by  (2)  is 

= j (6b) 


We  refer  to  as  the  real  (total)  control  power  expended  and  as  the  modal  control  power 
expended  on  the  modal  control  design  model.  One  has  (Ref.  l) 

(7) 


and  the  control  power  wsisted  to  the  truncated  dynamics  is 

cm  cR  ci^ 

— O Oc 

The  model  input  power  efficiency  is  defined  as 

cm 

c%  = ^ X 100 


(8) 

(9) 


with  a maximum  possible  efficiency  of  100%. 

Associated  with  e,  a power  quotient  can  be  defined  as 

Sq%  = ^ X 100  = (1  - e)  X 100  ' (10) 

We  note  that  while  is  indicative  of  a quantity  for  the  reduced  control  design  model  through 
the  appearance  of  the  B matrix.  is  a quantity  for  the  evaluation  model  through  the  appearance 
of  the  mass  matrix  M.  This  observation  establishes  that  the  model  efficiency  relates  the  power 
performance  of  the  full-order  evaluation  model  of  the  actual  physical  system.  Most  importantly 
the  definition  of  model  efficiency  is  valid  regardless  of  the  specific  functional  dependence  of  the 
input  field  f {t)  which  is  the  physical  input  to  the  real  system.  For  example,  it  does  not  matter 

from  the  point  of  definition  whether  f{t)  is  a control  input  or  not. 
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state-fMdbac/of  the' redul^lo'mrol  d'«igrmodeU2) f“™  °f  ‘he 


/ = -Gx 


Ul) 


b:'hown  ^^<^-nsion  . x 2n,  then  it  can 

^ ^ -?oP  ?0. 

matrices,  respecti^ly.  They  °arnhe^sokUo*^^^  control  power 

closed-loop  control  system  yapunov  equations  associated  with  the 


■^ciP^  + P^Aci  + GD^M  *DG  = 0 

A^,Pr  + PrA,,  -h  GB^BG  = 0 
Aj/  = A.  + BG 


(13) 

(14) 

m^'ej.^HT^o^e  - ‘f' -"-I  del.^i 

model,  I.  f„,,„„a  that,  foe  a stable  stt^cture-r/rS  syste^‘‘lh?t?erXetrbt,:L^ 


e = 


= ?qP^?c 

?TP^?o 


(16) 


the  structure  and  con^rof  s^ys^tem^paTameteK^^  th"  disturbance  state  and 

Equations  (13,  14).  As  simple  as  definWon  (16^ Lyapunov 
a host  of  internal  information  about  the  workine  of  tht  X * system  appears,  it  does  hold 
chatactenzing  the  control/structure  inttrtrotXt  L we  rtlineVeC 

represents  a R "ylSgh°s"qiSt?“coMf^^^^^  efficiency  quotient  (16)  essentially 

matrices  (Ref.  2)  eigenvalue  problem  associated  with  the  power 

Pr^  = AJP^t,  i = i,2,...,2n 

where  A*  and  t,  are  defined  as  the  characterUtie-  j ^ 

mode  respectively.  The  eigenvector  t is  als^Swl^?  * controller  efficiency 

Introducing  the  efficiency  modal  matrix  T:  ^ ^ principal  controller  direction. 


T - ( <1  <2  ...  tin] 

the  following  orthonormality  relations  can  be  stated 

T^P^T  = I2„x2n,  T^P^T  = A* 

where 


(18) 


(19) 

P , . -•  t ^ 2nj’  ''I  i V 1 /20) 

A,,  the  vlKfThTq^oL^7(l6^^  Kete/by  (initial  disturbance  state) 


A*  = diag[A*  AS 


'^1  — ® — '^2n  — 1 


(21) 
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the  initial  state  Xo- 

3.  Optimization  Problem  Formulation 

Tn  ^hp  desien  of  structural-control  systems  it  is  natural  to  strive  for  a high  modal  efficiency 
lilloBs  of  initial  state  disturbance.  The  consequence  is  that  a high  efficiency  of  any  given 

“'attl'ere  ^ low,  control  power  spillover  to  the 

truncated  dynamics  and  hence  minimized  residual  interaction  with  the  design  model.  We  ca 
hm  o“se  a S«tme“ontrol  optimization  problem  which  incorporates  the  system  efficiency.  The 
objecre  of  t^o^  Problem  is  to  minimize  the  total  structural  mass  m subject  to  the 

constraints:  . (23) 


e%  > c*% 


(24) 


lr.S!£s51H£r‘i=SS5S 

by  a constraint  on  the  fundamental  efficiency 


X\  > c* 


(25) 


where  sensitivity  of  A;  depends  only  on  ‘he  f stem  matrices  via  the^^^^^^  problem 

(17).  Hence,  we  solve  the  optimization  problem  subject  to  the  constraints  (22)  and  [16). 

Sensitivities 

The  sensitivity  expressions  for  the  objective  function  and  the  frequenciw  w,  ar,e 
same^  given  in  Lf.  (4)  where  it  is  assumed  that  the  control  gam  matrix  G is  the  steady-stat 

solution  of  the  2n"*  order  matrix  Riccati  equation  associated  with  the  minimization  of  the  Control 

Design  Performance  Index  (CDPI) 


OC 

CDPI  = I (x^Q?  + 


(26) 


The  only  new  sensitivity  that  is  required  here  is  the 

efficienev  A*  From  the  controller  efficiency  eigenvalue  problem  (17),  noting  that  Pc  and  P 
symmetric  positive  definite,  efficiency  AJ  sensitivities  are 

A.,1  = tj  (P,":,  - AJPj)  t,  i = 1,2,. ..,2n  (27) 

where  I denotes  partial  derivative  with  respect  to  the  /*'*  design  variable. 

The  sensitivities  of  the  control  power  matrices  are  obtained  from  the  Lyapunov  equations 
(13.^14).  Similar  to  the  results  of  Ref.  (4,  5).  one  obtains  the  following  Lyapunov  sensitivitv 

equations:  ^ ^ -om  (28) 

(29) 


where 


A^/P,/  + P./Aw  = -Q.i  P = P^  or  P 
Q,(  = Qj  + PAf/.;  -b  A^/  ;P 


\fn 

c 
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(30) 


Q.I  = (GD^'M-’D)  for  P = P« 


Q,/  — ^ for  P = 

for  which  the  required  sensitivities  A,;./,  G,  /,  $, / etc...  are  again  given  in  Ref. 
of  M ^ is  obtained  from 

My*  = -M-*M,/M-* 


(31) 

(4).  The  sensitivity 

(32) 


4.  Illustrative  Example: 


SnenstoMSd°th”'f^^  four  masses  of  two  units  each  attached  at  nodes  1 through  V'tS 

ui?trfRe?4rl?coli^^^^^^^  structure  pe  specified  in  consistent  nondimensional 

units  (Ket  4).  Six  colocated  actuators  and  sensors  are  in  six  bipods.  The  controls  aDt»roar>i 

2rd"c'„u,‘'T'''““L"'®’‘‘“'”  The  weigiting  ^tSeXr  th^^ 

and  control  variables  were  assumed  to  be  equal  to  identity  matrices 


The  nominal  ^sign  is  denoted  by  Design  A with  cross-sectional 
to  those  given  in  Table  1.  This  nominal  design  weighs  43.69  units  . 
analyzed  with  the  first  eight  structural  modes  controlled. 


areas  of  the  members  equal 
This  structure  was  initially 


cl^ed-loop  frequencies  wj  and  UI2  were  found  to  be  equal  to  1.296  and  1 597 
Sir  py^nreter  A;  associated  with  the  nominal  design  wi  fo“  d to  be 

■ constraints  imposed  on  the  optimum  design  were  as  follows: 


wi  > 0.9069 


W2  > 1.117 
X\  > 0.549 


the  closed-loop  frequencies  are  0.7  times  those  of  the  nominal  desitn 

hltniS  de^ir  rrT  '""r®  ^ ^ optimization.  Hence,  they  were  constrained  to  70%  of 

the  initial  design.  The  initial  design  for  optimization  was  Design  A.  The  NEWSUMT-A  software 

b^ed  on  extended  interior  penalty  function  method  with  Newton’s  method  of  unconstrained 
minimization  was  used  to  obtain  an  optimum  design.  After  eight  iterations  the  original  structural 
Th*/  ^ reduced  to  15.83  units.  The  optimum  design  was  designated  as  Design  B 

™®™hers,  square  of  the  structural  frequencies  ind  the  closed-loop 
damping  associated  with  two  designs  are  given  in  Table  1-3.  ^ 


5.  Concluding  Remarks 

The  concept  of  the  efficiency  of  the  structure-control  system  is  used  to  design  an  optimum 
structure.  The  structural  weight  is  assumed  to  be  the  objective  function  and  the^constraints  are 

the  efficiency  parameter.  The  illustrative  example 
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Tabltt  1. 

Cro9S-”Sect  ional 

Areas 

of  the  Members 

Blamant  No 

. Design  A 

Design  B 

1 

1000.0 

678.62 

2 

1000.0 

211.77 

3 

100.0 

48.83 

4 

100.0 

59.64 

5 

1000.0 

70.13 

6 

1000.0 

357.89 

7 

100.0 

79.99 

8 

100.0 

118.58 

9 

100.0 

142.32 

10 

100.0 

32.87 

11 

100.0 

136.85 

12 

100.0 

43.18 

Weight 

43.69 

15.83 

FIGURE  1:  ACOSS-FOUR  structure  40.7  54.9 


Table  2.  Structural  Fraquancias  (w) 


Table  3.  Closed  Lo<^  Damping 


Mode 

Design  A 

Design  B 

Mode 

Design  A 

Design  B 

1 

1.68 

0.819 

1 

0.0563 

0.0634 

2 

2.55 

1.25 

2 

0.0674 

0.1147 

3 

7.31 

2.94 

3 

0.0739 

0.9297 

4 

7.52 

4.87 

4 

0.0805 

0.0791 

5 

9.98 

8.39 

5 

0.0848 

0.1052 

6 

16.08 

9.72 

6 

0.0866 

0.0939 

7 

20.01 

12.66 

7 

0.0762 

0.0899 

8 

20.17 

19.61 

8 

0.0718 

0.0715 

9 

66.24 

24.21 

10 

77.46 

29.78 

11 

97.42 

43.51 

V 

12 

151.30 

75.12 

j, 

■ 
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A Multidisciplinary  Appi^oach  to  Optimization 
of  Controlled  Space  Structures 


Stanley  E.  Woodard  and  Sharon  L.  Padula 
NASA  Laiighfy  Research  Center 
Hajiipton^  Virginia 

Philip  C.  Graves 
Vigyan  Research  Associates 
Hampton,  Virginia 

Benjamin  B.  James 

Locklieed  Engineering  and  Sciences  Company 
Hampton,  Virginia 


A fundamental  problem  facing  controls-structures  analysU  is  a means  of  determining  the  trade  offs 
crljr  *“  performance 

P ®^«®"^‘'^^°P^‘mi2ation-based  design  methodology  integrating  the  disciplines  of  structural 

ynamics  and  controls  is  a logical  approach . The  objective  of  this  study  is  to  develop  such  a method  Classical 
..  alym  or  Ik  optimal  mwgtatoj  dosisi,  pl.aa,  to„.ia«rii,g  W „;i„.,o„  „,d  -,i„da,d-  mombo,  .iaos 

b l:::  r«"“ " r --xzzTd 

aKdZroi  I T “ “ bf  “PPb'lb'blibti  to  Uilo,  the  attuctute 

and  control  system  dcsjgn  as  one  system. 

The  integrated  optimization  scheme  used  in  this  study  is  depicted  in  figure  1.  An  inner  loop  contains  control 
inerUrmTtr^'TTe"  n.ode  slopes,  frequencies,  and  the  system 

q q e fills  actuator  mass  value  is  tlieii  used  in  the  structural  analysis  to  regenerate  the  mode 

^opes.  frequenc.es.  and  inertia  matrix.  These  iterations  continue  until  the  mass  of  the  Luator  ^on^rles 

coiitrir  prior  value.  Once  a converged  value  for  actuator  mass  is  generated,  structural  and 

control  gradients  are  estimated  as  uncoupled  partial  derivatives.  The  Generalized  Sensitivity  E<, nations  use 

ottLl  r t approximate  the  appropriate  coupled  partial  derivatives.  These  coupled 

List  r''  ^ to  develop  an  optimal  solution  based  on  design  objectives  and 

constraints.  Move  limits  are  inipo.sed  so  that  the  linear  approximations  to  the  controLs-structures  analyL 

remain  vidid.  The  outer  loop  i.s  repeated  until  the  contraints  and  objectives  are  met  or  until  a prcde.signated 

number  of  cycles  arc  completed.  '^nfenaLeu 


A derivative  of  the  Earth  Observing  System  (EOS)  is  used  for 


ojitimization  studies.  The  reference  model 
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. ,n  n,„,a  ..  TKU  ...oda,  U .da.,„.u  '''-7-7,  "1^ 

while  constraining  vibration  decay  rate,  that 


inin[iHi 


.luutor  + lur«]  vvhilo  /it'{A'.s}  < -6 


Where  A’s  ure  the  system  closed-loop  eigenvalues.  The  perfor, nance  .uesuon  to  he  answered  is  whether 
structural  mass  can  be  traded  for  actuator  nuiss. 

Although  with  modern  launch  vehicles  the  total  m.s  of  a 

would  not  constitute  a critical  design  driver,  the  act^  ";ra::Ltnral  var.ablelnd  a 
behavior.  The  actuator  mass  »s  the  only  design  var  - P y „^^del 

control  variable.  Because  the  actuator  mass  is  non-neghgible  it 

with  the  control  analysis,  thereby  requiring  an  eigensolution  until  the  calculated 

ator  mass  requires  system  mass  matrix  updating  and  recalculation  ol  the  eigcnsoiu 
ator  mass  requ  y ion  is  an  “inner  loop  ” within  the  optimisation  “outer  loop, 

actuator  mass  converges.  The  iteration  ib  an  iimtr 

spacecraft  and  suppress  its  vibration. 

Torque  wheels  with  bang-bang  control  slew  the  spacecraft  during  attitude  maneuvers  and, 

IXthe  struetur^  The  model  is  slewed  through  some  finite  rotation.  The  maneuver 

“L  (i  e small  angular  displacement  over  a long  duration).  In  addition  to  the  torque  wlnx-ls  used  for  he 
Se  mailver  two  collocated  elastic  controllers  are  located  in  the  bays  below  the  antenna  supports^ 
The  nK>dal  representation  of  the  elastic  response.  1;.  of  the  spacecraft  due  to  the  bang-bang  maneuver  an 
the  collocated  elastic  controllers  is  governed  by  the  following  equation  of  motion: 


q + Dq+  Kq  = 


Modal  damping  and  stiffness  are  D and  A.  respectively.  The  first  two  terms  on  the  right  side  of  the  equation 
above  are  the  collocated  elastic  controller  torques.  These  torques  are  proportional  to  the  position  g.u  1.  Gp 
a^riHate  gain.  and  to  the  difference  of  mode  slopes.  *.  at  the  two  el^.c  control  er  locations.  1 e 
last  term  on  the  right-hand  side  of  the  equation  above  is  due  to  the  bang-bang  control  maneuver, 
t^rq^rproportional  to  the  mode  slope.  T.  at  the  point  where  the  bang-bang 

the  magnitude  of  the  acceleration.  M,  produced  by  the  torque.  A state  space  representation  sy 

can  be  given  as:  „ 

x = (q\q  ) 
i = Ax  -p  DM 


A = [-D  - 
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r --  — -pectiv..  The  .asuc  .sponse* 

i(0  = /l-'[e'“-/]i?A/  0</</f/2 

= U/2<t<t, 

x(t)  = A-^[e^‘  - 2e'^(‘-‘>/V  + e^(‘-‘OjBA/  ^ 

differe..tiaJ  mode  slope,  and^ImrrTspiLTrringT^^^  “ Presented  to  be  the  product  of  gains, 

«.  ro, 

U=-(Cp'If  C'r\K]x(t) 

Total  mass,  m.^,  for  both  actuators  is  proportional  tn  tl.« 

(“Imax, «2.,^x, such  that;  ax.nium  torque  magnitude  aloiig  each  direction 

■m^  = + U2„«^x  + uj,„ax) 

where  m*  is  a scaling  factor  for  mass  per  unit  torque. 

»«™.  IWI-  Th.  .llitud,  , ,0 

How„o,,  j r?  ^ 

using  a U,„u  , capons.  I.ia.oc,  ,„  '"»-uv„, 

peak  response  comes  not  at  the  end  of  the  m*  i ^ \ ■ t is  important  to  note  that  the 

U.u  pea.  ,„po,.  One.  — 

w":it“::r:n:;z:::r:  c:n:i  :r:r“r  ^ 

or  Ignored,  tJ.en  the  derived  value  of  the  actuator  m is  w ll  , 7"'"  '"'‘J®*’ ‘=‘>**l"il>“lors  are  truncated 

modes.  As  depicted  in  figure  d the  highest  contr  b V"*  1 ^“"t'-ol  Uio  flexible 

modes.  Pignres  5 and  6 sL  ^ ^ ‘^e  first  25 

model,  respectively.  Dy  omitting  mode  23  the  ■ • '‘0  '"odes  are  used  in  the 

what  it  should  be.  ' ‘ece^^sary  control  torque  in  the  x direction  was  only  half  of 

minimizing  total  mass  is  illuffrattd  In"  fi’gurl  Ibirm^"**  optimization  analysis.  Tlie  design  objective  of 
on  the  design  is  that  the  real  part  of  aficLld  boo  TTi 

figure  8,  this  constraint  is  satisfied  after  cycle  3 of  the  ru^eHoo^  ^ ' ‘^‘^P‘‘=‘ed  in 

::::“ro:~^  -ro.  anmys.  integrated  as  a single 

variables  to  meet  a performance  objective  In  the-  m ^tl  I n " and  structural 

- depend  on  the  modal  rep  resen  tati:..::  IL  T 

very  important  factor  in  determining  the  actuator  ma.<«  f'  ■ selection  has  been  shown  to  be  a 

Ase-ug«te  result,  of  II, . ...u,.  ..clou  loop  huue  uLTrd‘iL''T'', ‘ 

approach  to  meet  perfonmuice  objectives,  liilcgratine  the  .Hi  r an  integrated 

for  optimal  performance  will  be  a viable  tool  for  the  future^dj^g.;  ofl'i^btTplcrrl" 
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Structures  1.^ Controls 
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Figure  5 Control  tornn^  hi<;Tnrv 
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AN  EFFICIENT  DESIGN  SENSITIVITY  ANALYSIS 
OF  EIGENVECTORS 

Department  of  Mechanical  Engineering,  University  of  Bridgeport,  Bridgeport,  Connecticut 

U.S.A.  ' 


iNraoDucnoN 

Subspace  iteration  has  been  a major  advance  in  solving  large  eigen  problems  when  onlv  a 
subset  of  eigen-pairs  is  required.  The  essence  of  thil  melhod^is  aCnsfo^alSn  & 

Ser'^o  trorS^'rh?  ®*S®"system  to  generalized  coordinates  of  a 

eigenvalue  problem  is  then  solved  in  the  reduced  space  The 

Ih  r“^^,^®''eloped  by  Clint  and  Jennings  ‘ for  real  symmetric  systems  and  was 

simult^eous  iteration."  The  success  of  the  method  prompted  further  research 

annrLch  hi?  K have  been  many  improved  algorithms  developed  2,3.  This 

fm  nft  calculating  eigenvector  derivatives  which  is 

much  more  complicated.  Fox  and  Kapoor’s  pioneering  work  4 in  1968  has 
laid  down  two  pnmary  directions  for  developing  computational  methods  to  calculate 
eigenvector  denvatives  of  discrete  systems.  Thdr  fust  appS  was  dS  bLS  on  die 
first-order  yanation  of  a single  eigenvalue  equilibrium  equation  and  its  eigenvector  mass 
n^hzanon  equanon.  TT.us,  .his  requires  July  ,he  spSfic  eigenvalue 

the  direct  approach.  Nelson  5 presented  a method  in  1976  which 
simplified  calculation  along  this  line  and  the  method  is  well  received  as  one  of  the  h**ct 
methods  available  for  the  purpose.  However,  since  Nel^^^s  ^ o soWe 

f eigenvector,  it  becomes  a costl^Sriherthe 

Kanon  ^ number  of  eigenvectors,  provided  n is  large,  are  demanded  Fox  and 
Kapoors  second  approach  employed  modal  space  expansion  concern  whe?e^ 
eigenvector  denvative  spans  the  entire  modal  space  for  the  exact  solution,  ^ev  also 
proposed  an  approximated  solution  by  spanning  a subset  of  the  modal  space  The  former 

?!!!:rh?K  TP'"?  of  eigen-pairs  which  il prohibitively  ex^sfve  fortarSsy^^^^^ 
Altl^ough  the  later  only  requires  a relatively  smaller  set  of  eigin-p^.  thVSacaScTSe 

ofeSnaSs  ?a7b^sd?c?ed?o  clear  guideline  on  how  a sub^t 

or  eigen  pairs  can  be  selected  to  approximate  the  exact  with  an  acceptable  tolerance 

However,  .f  the  denvatives  of  a large  number  of  eigenveemr  is  requit^X  aDorSaS^v 

become  a prefened  method  owing  to  iK  simplicity  in  coraputati^  PP  f 

1 nis  paper  exploits  into  a new  direction  which  is  in  the  form  of  iterative  oroces*!  fnr 

S^vS«''^The^m?1^  derivatives  of  many  eigenvectors  with'^respect  to 

method  fully  use  all  the  available  information  from  precedine 
thfrtMoh?"  ^"d.  thus,  effectively  economizes  computational  efforts  It  iterates 

through  two  equations  derived  from  the  first  variation  of  the  two  fundament^  eouations 

rT-  Them  is  no  expensive  large  raSccomSZ 

^uir^  and  the  process  converges  to  acceptable  solution  in  a finite  number  of  iterations 
Therefore,  the  proc^ure  increases  its  efficiency  superiority  over  the  oX«^ 
size  or  the  number  of  interested  eigenvectors  become  larger  Ld  li^?.  ^ 
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SUBSPACE  ITERATION  FOR  EIGEN-PROBLEMS 


Suppose  we  are  interested  in  extracting  the  lowest  p,p<n,  eigenvalues  and 
corresponSng  eigenvectors  of  a n-th  order  system,  the  solution  to  the  reduced  problem  can 

be  written  in  matrix  form 


Kd>  = MC>A 

where  <1>  is  the  modal  matrix  of  n xp  containing  the  required  eigenvectors  and  A is  a 
diagonal  matrix  of  order  p with  the  eigenvalues  on  its  diagonal.  Let  us  now  consider  the 
shifted  subspace  iteration  described  by 

(K  + = MUW  (2) 

where  ais  a well  chosen  shift  value  and  k = 1.2,...,  is  the  iteration  counter.  ^ 

(p<q<n)  matrix  and,  provided,  whose  columns  are  M-orthonormal.  Solving  Eq. (2)  yields 
l}(k+i).  The  next  step  is  using  as  projection  vectors  to  project  K and  M 

matrices  ofq  xq  and  forms  the  reduced  eigenvalue  problem 


where 


(3) 


(4) 


(5) 

are  X <7  real  symmetric  matrices.  The  solution  of  the  reduced  eigen-problem  of  Eq.(3) 
yields  and  Then,  for  the  next  iteration,  we  shall  use 

TT(fc+l)  (6) 


To  summarize  and  for  simplification  reasons,  let 


P = A + CTl 

(7) 

and 

The  two  fundamental  equations 
written  as 

W = OP* 

for  the  shifted  subspace  iteration  at  convergence 

(8) 

can  be 

(K  + (tM)W  = MO 

(9) 

KP  = MPA 

(10) 

where 

K = W^KW 

(11) 

and 

M = W^MW 

(12) 
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SUBSPACE  rrERATION  FOR  EIGENVECTOR  DERIVATIVES 

Assuming  eigenvectors  .Pare  available  and  form  an  M-orthonomal  basis  of  ■ , 

subspace  of  the  ooeratorc  K"  iv/t  ofp-dimensional 

respect  to  design  variables  x = {xy  x ^ ^^rivatives  of  O with 

in  O a^  associated  with  simple  eig^r  o t a ot " 

respect  to  x.  Since  all  the  eigenvLes  arrsimSfanH  h "“"T"  differentiable  with 
respect  to  x can  be  uniquely  determined.  ^ istinct,  their  first  derivatives  with 

design  vSlel^  and  of  Eqs.(9)  and  (10)  with  respect  to 


^Xj  dxj 

K— -M— A = 
^Xj  dxj 


5^7  dxj 

(13) 

^PA.Mpil.^P 
Bxj  dxj 

(14) 

where 


KW  + W^W  + W^K— 


dxj 


dxi 


3K  aw^ 
dxj  dxj 

3M  ^IVf  ;VT;i7 

= - — iMW  + + W^M— 

^ dxj  djcj 


aw 


(15) 

(16) 


The  relation  between  and  can  also  be  derived  form  Eq.(8)  that 
AI  3jCy 

pro^K  rfromputing  iigl^TOtor  recurrence  relations  for  an  iterative 

derivadves'  ^^e  I"*  TT"’  'i«'"vec,or 

vectors  ba^on  .he  ™u;inSs^?l  “P^««  .he  dial 

of  initial  trial  vectors  For  k— 1 7 fK* 

ape  uii.  rorx- 1,2,...,  the  recurrence  relations 


(17) 


where 


(K  + cr  M)V(*+ri  = F + 

o^)w 

o-^y  dxj  dxj 


(18) 

(19) 
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is  consun,  tooughout  U.e  i«rgdons.  Solve  tor  in  Eq.(18)  and  employ  Eqs.(15)  and 
(16)  to  compute 


(20) 

dXj 

dXj 

(21) 

dXj 

dxj 

Next,  consider  the  following  relation 

KD(‘+')-MD“*'>A  = MP^  + ^ PA-—  p (22) 

and  solve  for  IX*-')  using  a Nelson-like  melhod.  Then,  for  the  neat  iteration,  we  shall  use 
the  updated  trial  vectors 


= v(Jt+i)p  + 


(23) 


The  iteration  process  converges,  so  that 

AM) 


as 


it  -> «» 


(24) 


dxi 


CONVERGENCE  RATE  AND  ITERATION  VECTORS 

The  ultimate  rate  of  convergence  of  iteration  vectors  to  the  derivatives  of  the  i-th 

is  whero  o is  the  number  of  the  lowest  eigenvectors  use^ 

eigenvector,  J,  is  \ : normally  required  in  order  to  achieve  a good 

the  tteration  pr^ess^  A Sti^^s  hS  computatimal  effort  within  each  iteration  for 
convergence  rate.  But  this  also  1"™^  f eigenvectors.  However,  it  can  be 

eigenvectors  at  the  second  iteration.  This  implies  that 


D(2)  = 


>pp 


’<?P 


Dp.  r 

D<n  . 


(25) 


included  in  the  subsequent  iterations. 

nial  ve™^fo"t^np= 

initial  trial  vectors  the  null  vectors,  i.e.,  'F  - 0. 
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AN  overrelaxed  SCHEME 

convergence  cScSuS  oTthe?ubsn?^^^^‘'°"  significantly  improve  the 
ovcmlaxation  for  the  eigZ^r^ais.  The 

basic  version  excenf  tr%  ^ keeps  all  eauationc  rh#*  co, 


The 

ba^tc  version  except  to  nptfate  Ae~t.r;t:  fet  “ 

o^2ZioT£T:T  T " Tr‘  — 

■ ° ' '0  Bathe's  analysis  «,  we  have 


(26) 


or,= 


letting 


l-(^i+oj/(;i  . _) 

Similarly,  the  subspace  ite^hons  fra  eigenvJL  derivahves  can  be  ovenelaxed  by'"' 

tt  Sin''*' 

U«  derivative  vectors  of  eigenveZ  *;,  ^ - a dial  vZor?o"r  onZf 

down.  S^railp'iJSnTotZ;!^^^^ 

TTteorencaily,  the  iteration  process  converges  S k ““p^lhe“itS‘" 


eigenvZo*' *Z"eMcT'’‘l„^  aZkc  of  I»ovision  that  the  given  lowest  n 

SSf  .be  problem  is  to  "^fTr 


example  problem 

The  FE  mc^el  of  a POW=r  turbine  “eeioStj^^^ 

demonstrate  the  f^,li!fmpnt<fcomDri  231  grid  points  as  shown  in  Fig.l. 

A singte  desi^  ''^^^The  SSS  o^*e  SpaS  Sratiois'fOT^mputing  the 

the  fifth  row  from  Ae  root.  The  aesien  variable  has  been  compared  against  that 

eigenvector  derivanveswiAresg^^^^  methods  have  been 

of  Nelson’s  .”'^'1“^  sot^  modification  to  the  pntvions  DMAP 

teen  done  to  improve  its  machine^ependent  efflctency. 

Tables  1 and 2 summarize  the exalte 5mnm on DE^ViW 

of  six  and  twelve  eigenvectors,  ^ ^ standard  VAX  CPU  seconds, 

and  the  CPU  seconds  shown  m the  Tables  are  the  stanaaiu  vftyv  v. 

The  convergence  criterion  for  terminating  the  subspace  iterations  is  based  on  the 

error  norms  defined  by  . 

,jn 

■'  n 

where  ltideno.es  the  vector  nortnof^^ 

is  used  and  the  tolerance  for  e,-  is  set  to  be  5.xw  i 


Fig.l.  Power  turbine  blade  FE  model 
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Table  1 Efficiency  comparison  for  6 modes 


BASIC  SUBSPACE  ITERATIONS 

RELAXED 

NELSON'S 

p*/q** 

No.  of  Iterations 
CPU  seconds 

6/6  6/12  12/12 

12  5 5 

539.7  307.3  494. 

6/12 

4 

244.5 

667.5 

’ IN  umber  ot  iteration  vectors  alter  the  tirst  iteration. 
**  Number  of  iteration  vectors  at  the  first  iteration. 

Table  2.  Efficiency  comparison  for  12  modes 

BASIC  SUBSPACE  ITERATIONS 

RELAXED 

NELSON'S 

p*/q** 

No.  of  Iterations 
CPU  seconds 

12712  n^o  W2Q — 

16  7 7 

1181.7  622.1  1004. 

12/20 

6 

492.9 

1293.6 

iNumoer  or  iteration  vectors  after  the  first  iteration. 

Number  of  iteration  vectors  at  the  first  iteration. 


CONCLUSIONS 

This  paper  has  presented  the  basic  and  an  overrelaxed  subspace  iteration  methods 
for  calculating  eigenvector  derivatives  of  general  real  eigen-systems.  The  solution 
^gonthms  have  been  implemented,  and  the  results  of  a sample  problem  are  reported.  The 
basic  formulation  is  directly  derived  from  the  equations  of  the  basic  subspace  iterations  for 
solving  eigenvalue  problems.  The  overrelaxation  of  the  subspace  iterations  shares  the 
result  of  Bathe  s analysis  for  eigenvalue  problem.  This  is  due  to  the  fact  that  the  eigen- 
properties  of  the  solution  equations  are  the  same  for  both  purposes.  In  fact,  since  the 
placements  of  eigenvalues  are  known  a priori.  Bathe's  overrelaxation  formula  can  be  easily 
employed  without  having  the  difficulty  of  estimating  eigenvalues  for  the  evaluation  of  the 
overrelaxation  factors. 


The  subspace  iterations  for  eigenvector  derivatives  does  not  require  the 
decomposition  of  a system-size  matrix.  Thus,  this  approach  is  desirable  for  very  large 
systems  where  decornposition  of  the  system  matrix  may  cause  spilling  operation  to  occur 
which  results  in  prohibitively  high  costs.  Even  for  a moderately  large  system,  as  shown  in 
example,  the  basic  algorithm  can  achieve  20-50%  reduction  in  CPU  and  the  overrelaxation 
mgonthm  gains  more  than  60%  of  saving  in  CPU.  Nevertheless,  since  Nelson's  method 
does  not  require  much  computational  effort  for  additional  design  variables,  the  subspace 
Iterations  may  loss  its  superiority  over  Nelson's  method  for  sufficiently  large  number  of 
design  variables. 

normal  circumstances,  the  convergence  rate  of  this  approach  does  not  seem  to 
be  affected  by  the  selection  of  initial  trial  vectors.  The  quality  of  the  given  eigenvectors 
may  influence  the  convergence  rate.  However,  it  is  worthy  of  mentioning  that  the  coupled 
basic  subspace  iterations  converge  to  the  true  eigenvector  derivatives  regardless  of  the 
quality  of  the  eigenvectors  provided.  On  the  other  hand,  the  accuracy  of  Nelson’s  results  is 
directly  determined  by  the  quality  of  the  eigenvectors  used  in  calculation. 
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Abstract 

This  paper  discusses  the  framework  of  wrodynamc  constraints  us- 

vironment  to  design  aerospace  structuKS  un  nroeram)  ASTROS  is  a synthesis  tool 

ing  ASTROS  (Automated  Structural  P |i,.  ^owledge  base  capabiUties  are 

built  around  tne  NASTRAN  hiute  elemen  ^ 8 unsteady  aerodynamic  disci- 

discussed  for  the  Editor/Bulk  Data  generator 

pUnes.  A description  of  tbe  two  ^ igs^es  involved  in  hierarchical  representa- 

and  Post-processor  is  include  ^ i.  of  abstraction  are  presented.  A brief 

tion  of  knowledge  as  menu  options  a c CLIPS  (C  Language  Integrated  Pro- 

ov«vicw  of  Knowledgo  B«ed  Systems  ^dthosMC^ 

Introduction 

Today  onrineor.m4.«..n.Wou.orf^^^^^^ 

processes  involved  in  design  an  y agsociated  computer  codes  become  more  and 

procedures.  As  numerical  Procedures  “joaated  3i^pUfy  the  task 

more  complex,  enpneets  axe  f.^“^®numerical  tools.  By  applying  the  technology  of  Expert 
of  implementing  these  sop^sticated  n n„,ts  of  the  ill-structured  design  knowledge 

ssr'.:lpX  ‘f 

la  tho  paat.  aoveral  prototype  knowledge  based  systems  have  been  developed 

oped  for  stVuctUal  analysis.  « devdoped 

which  is  a large  general  purpo^  fimte  . J . an  elastic,  elasto-plastic, 

a similar  consultant  for  MARC  “*^*3.  ^3i“^  beam,  quadrilateral  or  brick  elements, 

creep,  dynamic  or  large  rt  system  s&U  with  three  external  algorithmic  pro- 

Buckling  Expert  [3]  integrates  an  exper,  y , relational  data  base  manager)  using 

grams  (an  optimization  code,  an  , evlindrical  composite  panels  smd  sheUs.  Hajela 

I .noriAnteifnce  routines  to  ifwmk  to  dd  tb.  SS  of  the  Unite  dement  andysrs 

141  developed  an  expert  system  framewot  selection,  mesh  generation,  and 

program  EAL  [sf  w^^^  algorithmic  procedure  for 

element  selection.  STRU  icsA  [oj  wm  different  expert  system  shells  aids  a 

^ds  mrd  design  with  '?P«‘ ^dems  devdop^^^^^^  j,ia  of 

structural  engineer  to  5°  |yaDS  (6]  aids  a novice  user  to  select  an  appropriate 

numerical  structural  System).  IDESIGN  [7]  used  heuns- 

optimization  strategy  from  ADS  (Automated  JJesg^^^^^^  infeasible  designs,  choice  of 

tical  knowledge  to  identify  5°^  clalsification  of  problems  as  Unear,  nonUneM  etc. 

algorithm  based  on  convergence  > TnultidiscioUnary  aerospace  structural  design 

*'*  Theimp«t  of  Knowl=dgoBss.dSy^m.  on^  „?n  prototype  Knowl- 

is  studied  herein  by  discussing  eleLnt  based  synthesis  program  which 

edge  Based  System  developed  for  AST^^^^  multidiscipUnwy  knowledge  m- 

includes  both  structural  and  and  numerical  optimization  we  discussed, 

volved  in  structural  analysis,  aerodynami  / intelUgent  environment  utiUzing  a menu 
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resented  M Space  Center.  Knowledge  is  rep- 

engine.  CLIPS  provide  high  TortabihVv  low  . ^ <^rnploys  a forward  chaining  inference 
An  independent  bulk-data®sub-moduL  w^tWnX  ‘“‘«gration  with  externfl  systems 

sign  models  for  both  steady  an^unsteldv  aer!^f  generates  analysis  knd  de 

by  ASTROS.  The  .enerateLTrodynaS^^^  *he  format  required 

element  models.  Tie  advisor  has  feat  urns  to  automat^^f]  'i  *<>  ‘be  existing  finite 

Tb*^  It  ,^so  has  provisions  to  modify  the  model  It  dW  hierarchical 

The  Advsor  ,s  amiable  in  IBM  PCa,  Macinloah'  VAX  andVnn  wSatttn  ^ 

ASTROS  ADVISOR 

menf  oflpS  Ve^in.Tnli.'f ” ‘1>«  i-elop- 

The  development  of  Texpert  sySem  for  P‘=°P^«  “‘d  time. 

ASTROS,  expertise  from  SversrsXsetl  of  Z!  einelysis  code  like 

the  umque  approach  adopted  in  this  Expert  svst^m  required.  Fig.  1 shows 

entity,  a user  specialist  is  added.  The  user  soecfalisU  approach  a third 

elements,  optimization,  aerodynamics,  and  ^ Sperien^fc  the  field  of  finite 

knowledge  of  AI.  The  user  specialists  use  ^ ASTROS  user  with  background 

hennsticd  eyeriences  gained  W runZg  sevIr^^^^^^^^ 

a particular  discipline  to  evaluate  the  prototvne  svsfem  u expertise  in 

jy^'tem  is  evaluated  for  knowledge  repmseSo7alT^,!i  Prototype  expert 

feedback  from  user  specialist  an^  evaluations  from  A ^ issues.  Based  on  the 

system  is  continously  refined  by  the  knowledge  engineer.°™^°  expert,  the  prototype  expert 

System  Architecture 

an  ASTROS^Adviw'^aid^P  based  systems, 

architecture.  A high  level  commLTu  integrated  within  the  same  CLIPS 

Mfec  bi:  sSS 

input  file.  This  is  handled  in  CLIPS* by  ass«tin^^fect‘'to^*  f ‘be  ASTROS 

display  of  the  menu.  ^ erting  a fact  to  trigger  the  rule  that  handles  the 

to  either  crea^^or^oSfy  ?he*Exe^t?v™ConSin'?^^^^  *b®  with  an  option 

Optimize  and  Analyze  subsections  of  ih  Q Solution  Control  sections.  The 

Boundaries,  Disciplfnes  Control  «e  made  up  of  menus  to  define 

Data  Genektor  fBDGlTodufo  a descending  order.  To  execute  the  Bulk 

Aero  or  Flutter  discipUne  is  required  ^tendy 

«rodyn.mic  modd  P«d  ^d  SgLl ' ”»  Ol 

(ill)  an  unsteady  parameter  generator  and  ^ boundary  parameter  generator, 

-elect  either  the  default  vJu?s  pmJjLTfn^S  generator.  The  user  can’ 

values.  All  input  values  are  chewed  for  ° his/her  choice  of 

action  is  initiated  by  the  system  for  anv  *^*fl*^'*f*®^  by  heuristics,  and  a corrective 

generated  by  the  BDG  module  is  shared  bv  btih  j default,  the  paneling  data 

wing  panels  if  they  coexist.  However  indeDen^int  nan^l^J  1“*^  aerodynamic  model 

&: ‘.tz!  zzri..?' zr''"  7^  sZZAZ'zrzzztfaSt 

exparienc.  Tbeae  indud,  standard  d,  daad.y  pZZy  ZZZ 
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for  steady  aerodynamic  discipline  and  an  ideal  number  of  reduced  frequencies  for  the  flutter 
discipline.  User  input  in  terms  of  simple  flight  conditions  hke  Jtitude,  Mach  number,  etc.. 
are  requested  by  tL  BDG  for  any  missing  fields  to  generate  the  appropriate  performance 
bulk  data  cardsf  Options  are  available  to  use  convCTSion  factors  to 

Wt  miits.  The  aerodynamic  bulk  data  file  created  is  appended  to  the  solu  ion  control  lUe^ 
As  shown  in  Fig.  2,  the  BDG  creates  the  aerodynamic  model  and  hnks  it  to  an  existing 
finite  element  model  at  user  defined  grid  points.  The  finite  element  structural  model  is  later 
appended  as  an  external  file  by  the  user. 

The  Post-processor  has  been  developed  as  a traditional  ProducUon  rule  ^ 

of  allowable  default  boolean  values  make  up  the  intial  fact  base.  The 

with  additional  knowledge  entered  in  the  form  of  questions,  identified  problems  “^  corre- 
sponding solutions.  A simple  question  and  answer  session  i^th  the  consultant  establ  shes  a 
possible  error  in  the  design  problem,  and  correspondingly  the  advisor  provides  a solution. 

The  remember  and  recall  features  of  the  Post-processor  consultant  ThfSo'Id 

an  interaction  with  the  system,  terminates  the  session,  and  saves  as  a restMt  file.  The  knowl- 
edge iHbs^  hiera^chicaily  down  with  additional  facts  sohcited  only  after  evaluating 
user  response  The  system  provides  explanation  features  for  its  reasomng  thereby  making 
th.  kno^ledgi  tru«pK«nt.  Hdp  cap.biUtie.  at.  provided  by 

look  for  additional  assistance  in  answering  a particular  query.  The  Post-processor  proviues 
recommendations  which  are  useful  in  formulating  and  successfully  runmng  the  future  design 

models. 

niustrative  Examples 

The  multidiscipHnary  swept  wing  model  [9]  is  selected  to  demonstrate 
capabilities  of  the  ASTROS  Advisor.  Creation  of  the  wing  model  ^ 

and  flutter  discipUnes  under  two  different  boundary  conditions  are 

iUustration.  The  first  boundary  condition  idealizes  the  wing  supported  for  plunge  modes  at 
center  root  of  the  structural  box  only  and  the  second  boundi^  concbtion  idealizes 

ra|.sX  wi.g  p«..i 

1.  • Viv  Vintli  tKe  Steady  and  Unsteady  Aerodynamics  disciplines.  However, 

input  of  macdi  number,  altitude,  flutter  velocity  Umit,  reduced  frequenaes  and 

for  symmetry  present  in  the  Unsteady  Aero  Menu  axe  used  to  generate  data  speafying  the 

fluttM  conditions  for  the  wing.  Density  ratios  are  generated 

altitude  and  default  reference  density.  The  range  of  veloaties  to  be  included  for  the  analysis 
are  generated  by  the  system  based  on  flutter  velocity  Umit  and  heunsticJ  empirical  formulae. 
User  input  of  mach  number,  velocity,  altitude,  load  factor  and  default  yJue  for  symmet^ 
nrrnrnt  in  the  Steady  Aero  Menu  are  used  to  generate  data  speafying  the  symmetne  tnm 

c^culated  by  the  system  based  on  air 
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“’’3"  p'ow™ 

tne  Fost-processor  Advice.  ^ ® au  VICE  file  is  also  generated  containing 

mi  , Conclusions 

System)  to  design  a«ospacntru?Lr«*^nd«*s^  environment  (ASTROS  Advisory 

demonstrated.  Experiences  and  issueJTn  “he  devll^^^  aerodynamic  constraints  w2 
birS  f * “"r"  Po»t-prLesaor  wSunf  “ environment  con- 

editof  module  gew^ted  An  independent 

Md  unsteady  aerodynamics  disciolines  in  ♦».-  r senerated  analysis  models  for  both  steady 
to  be  a viable  tool  for  exnerf  «l=?  j . required  by  ASTROS  CT  TPq  ^ 

Adviioi,  Systio  is  .vaiUMs  on  IBM 

Fund'  f i%.-  '^‘^krrowledgements 

Umversily  of  Dayton,  «,d  Systems  Rosoarl  L.t  . “ ^Si  Dniversity.lhi 

'?  **“'  essential  CLIPS  programmina  ani^?^  of  Dayton,  Ohio.  Acknowl- 

and  Mr.  David  Dietz  of  SRf  a«  ® ^?°.^^nowledge  engineering  efforts  of 
of  WRDC/FIBR  engineers  including  Cant  R extended  to  a number 

for  the  eontribntion  of  expert  kno^KnLSTg'fhl  ^ *"<'  Khof 
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Fig  2 Bulk  Data  Generator  Capabilities 
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Fig*  5 Input  File  Generated  by  ASTROS  Advisor 
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Development  of  a Knowledge-Based  System  for  Validating 

Finite  Element  Models 
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Structural  Methods  and  Applications 
Northrop  Corporation,  Hawthorne,  California 

abstract 
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expertise  in  usfng  ?Lm  e«ec\i*^^^^  i"  to  gain 

development  of  an  expert  svst-#»m  ncfn  • paper  describes  the 

based  finite  element ^moLlL  ^ validation  of  NASTRAN 

SuctSri?  of  airframe 

their  knowledge  and  reasonina  in  and  represent 

stress  analysis  and  internal  ^load^^^tfy^S-^^^  system.  Finite  element 
were  reviewed  to  determine  expert  generated  by  the  experts 

a result,  areas  requiring  problem  areas.  As 

airframe  structures  were^  identified.  modeling  of  the 

The  finite  element  input  data  is  represented  as  a set  of  -facts'. 

A hie?arch?carfer:ft"u\:s  Ire"  ap^pi'^dn^H  knowledge, 

acts  as  an  intelliaen?  expert  system  first 

requisiter  needed  ?r  oerfoI  %"h.  *=*’e  pre- 

includes  material  properties  boundarv^r^r?"^^-^^*  present.  This 

information.  The  next  Qtor^^  • conditions  and  connectivity 

elements  are  conne"oted . Th^e  incompatible  sets  o? 

specific  airframe  component  is  m^elti  hv  examines  if  the 

elements.  The  next  and^  final  ci-oS  ^ appropriate  set  of 

used  are  adequate  to  reoreseni-  airframe  members 

The  expert  system  is  deXne®A  ®*=ete  of  stress. 

the  error,  the  lixely  oonseguenoe  and  "osli'bl^'rLlSlaf'aSioL 

S?pfl“t“arnt  i^‘?r^arro&^a Inf^ 

arieU®°ai“m”i-nrcompu“/er^ 

Se-ex|;rTs\U^^^^^^^ 
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Introduction 


NASTRAN  is  a general  purpose  analysis  code  that  brings  together  the 
state  of  the  art  analysis  capabilities  into  a single  program  for 
the  analysis  of  complex  structures.  The  usefulness  of  NASTRAN  and 
other  similar  codes  in  predicting  the  structural  response  depends 
on  a large  part  on  a proper  idealization  and  discretization  of  the 
structure.  The  process  of  structural  idealization  and 
discretization  is  referred  to  as  the  generation  of  a finite  element 
model.  The  finite  element  model,  for  a given^  structure  is  not 
, Several  finite  element  models,  each  yielding  acceptable 
solution  accuracy  may  be  constructed  for  the  same  structure.  This 
paper  will  focus  on  the  use  of  a Knowledge  Based  System  (KBS)  in 
aiding  the  user  to  validate  finite  element  models  constructed  for 
airframe  analysis.  Finite  element  model  validation  is  achieved  by 
insuring  that  airframe— specif ic  modeling  guidelines,  coded  into 
rules  have  been  satisfactorily  met. 

Figure  1 shows  the  taxonomy  for  combining  the  KBS  with  NASTRAN. 
The  KBS  sits  between  the  analysis  package  and  the  user.  The  KBS 
uses  as  input  a user  generated  NASTRAN  bulk  data  file.  KBS 

interprets  the  input  file,  interactively  asks  the  user  additional 
information,  applies  airframe  specific  modeling  rules  and  generates 
an  output  file.  This  file  records  any  violation  in  the  modeling  of 
airframe  structures  and  reports  it  to  the  user  before  commitment 
to  a potentially  expensive  analysis. 

In  the  capacity  mentioned  above,  the  KBS  serves  as  an  Intelligent 
Front  End  (IFE) . The  IFE  serves  to  validate  the  analysis  by 
checking  the  input  finite  element  analysis  input  data  using 
airframe  specific  modeling  guidelines  and  general  finite  element 
analysis  modeling  guidelines.  Anomalies,  if  any  are  reported  to  the 
user  prior  to  commitment  to  a potentially  expensive  analysis.  The 
major  steps  in  the  development  of  the  KBS  along  with  an  application 
example  are  described  next. 


Figure  1;  Interaction  Between  User,  NASTRAN  and 
Knowledge  Based  System 
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Knowledge  Acguisitinn 


methods  used  In^the^NAST^  To?e\\^^  obtaining  procedures  and 
principal  sources 

guidelines  (ii)  Stress  analysis  renorW  / analysis 
engineers  experienced  in  the  modeli^a  of  ^ Interviews  with 
NASTRAN.  ® modeling  of  airframe  structures  using 

some  of  ^ the^^mort^^lompli^^  analysis  procedures  for 
structural  analysis.  Information  encountered  in  vehicle 
allowed  for  the  selection  of  an  aoDroorlato'*  guidelines 
are  anenable  to  solution  using  knowledge  based®  »'‘ethods?‘’^®"® 

airf?anS®f inite^ll|„ent°modeir'"GenerJ  1®^^^^  information  about  the 
to  airframe  components  trere  identified  a"?  Ptmciples  common 
approaches  used  to  meet  soeciflc  modeling 
Generalizations  obtained^ from  exaijinaA^on^^of^th^^  examined, 
reports  were  later  Included  in  the  knowiedgt b^st.®  “"^lysis 

?t"?utt®u®rts  w®ete®tn®t"etv^ewtd.  ts®  a St  *-frame 
judgement  was  consistently  used  to  eith#»n  where  engineering 
airframe  model  were  identified  Alsf  interpret  thl 
inexperienced  NASTRAN  users  mav  mo«5t  areas  where 
modeling  of  airframe  structures  SS  imno^^a 

accommodated  using  kAo^ed^e  baS^H  could 
need  for  the  ready  identification  * techniques  was  the 
model  in  terms  of  airfraiL  member^^^  r pL  ?n  finite  element 

BAR  STRINGER).  In  meetings  ^i®®ent  No.  60042 
decided  that  the  KBS  will^  b^^best  engineers  it  was 
models.  ^ suited  for  use  with  internal  load 

Development  Tnoi 

be  used  to  effeotlvely”rep«  ® /“v  ® based  network  can 
can  then  be  introduced  as  a set  of  N®"  <i®ta 
act  on  the  IF  portion  of  fho  facts  . These  facts  typically 
actions.  The  actions  mav  and  result  in  some  Apecifi^ 
These  facts  carA^erf ire^tLfrul^s^^h*^"^  additional  "^acAs? 
Sii  whose  LHS  match  with  availa^bl/  continues  until 
Other  necessary  requirements  are  fit  ^^^®  ^®®”  fired, 
mechanism  and  (ii)  Ve  abTlitv  tt  chaining  inference 
routines.  ^ ability  to  interface  with  FORTRAN  analysis 
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The  c Language  Integrated  V^Lete^" 'cL?Ps'’^ri 

the  tool  to  develop  this  expert  f “/%„Vtware  to 

programs.  The  software  hooks  “?  i;"  c°de 

installations  that  support 

the  C Language. 


n«»«oriptir>n  of  Knowi  *^t^ae-Based-3YateiB 


a.  i->,s»  TfR«;  consist  of  a Data-Base  Management  System 

The  components  of  th®KBS  consist  or  a inference 

(DBMS) , analysis  JJ^tines  and  th  supplied 

Ms£mmswm-i 

additionar«Tated  dJw  generated  by  the  analysis  routines  to 
^mp^e?rihe  c\*a?sificatiln  task  and  validate  the  finite  element 
model.  The  three  components  are  described  next. 

NASTRAN  allows  an  arbitrary  input  sequence.  For 
Stipulation  similar  entities 

Toilera?  a 

”®®sible^^  CADDB^the  dataSse^management  facility  linked  to  ASTROS 
S«  utl;  ASrtsilar  "afuity  may’be  used  to  organize  the  NASTRAN 

input  data. 

'Th^i  analvsis  routines  compute  parameters  that  aid  in  the 
classification  of  structural  components.  These  rout:^es  use  the 
SaIt^  input  data  stored  in  text  files  by  the  DBMS.  The  routines 
also  Query ^the  user  interactively  for  additional 

usJr  is  oromVed  to  enter  information  relating  to  the  orientation 
of  airfraL  skins,  spars  and  webs.  The  FORTRAN  routines  are  used 

to  compute  the  direction  cosines  of  the  thS 

,i4y-oci-ion  cosines  of  these  elements  are  checked  again^  the 
orientations  of  the  airframe  structural  components  input  by  the 

fiirf-r  \“kerr:4i?v\rr?s: 

user. 
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STRINGERS  are  ide^^fif i^d  next  Th^^e  are  components, 

by  either  BAR  or  ROD  elements 

greater  than  o.OOl  square  Sel\nH  ^ cross-sectional  area 
member  identified  ea?lie?  a SPAR  cap  ^ airframe 

in  common  with  a SPAR  element  ^ STRINGER  having  nodes 

having  nodes  in  comm^^  with  a ^IB  ^ ^ S?ring?| 

Identification  of  airframe  memhe»ye%  ^bis  completes  the 

list  of  elements  not  identified  Jrl°Jto^rr^^P®  structures.  The 
retrieval.  uenuiried  are  stored  in  a file  for  later 

ThG  s©cond  t©sk  of  th©  tcr^  tc!  • 

determine  if  suitable  eleLnts  have^bten  "lodel  and 

airframe.  Rules  for  the  modllfnrT  • ®®l®«=ted  to  model  the 

invoked.  Two  factors  are  generallv 

suitability  of  modeling  a ^spe^lflc  aTrfra^J  the 

element  selected  can  renresent  member  (i)  if  the 

displacement  compatibility  is  m^intJfn^rf®  adequately  and  (ii)  if 
nodal  points.  Elements  not  meeting  either  of  the^t  element  common 
be  reported  to  the  user.  ADDroDri;iio  ^ ^ criteria  will 

airframe  component  will  be  s^^ge^ted  to  types  to  model  the 

IS  of  assistance  mainly  to  ena^nt^y/  the  user.  This  final  task 
of  airframe  structures  and  mli  hi  « ^^experienced  in  the  modeling 
engineers.  ' omitted  by  the  more  experienced 

An  example  of  the  application  of  the  kr<? 

shown  on  page  6.  First,  the  classif icat^'on^h  C ®^^eraft  wing  is 
second,  the  modeling  of  the  airfram#»  m performed  and 

determine  if  the  appropriate  finfS  “en'bers  is  examined  to 

A.rfra.a  .ambers  bodalad  incorract%‘ Va^rTporL^'to" 

Cost  Savinqg 

b^of  "aTa^sTanca"?„“gu7o\?f  tha  KBS  will 

classification  tasK,  ^ partioularlv  ^thl®  . This 

structural  members  can  result  in  <«iiheh  ^^®P^^tication  of  non- 
interpreting models  that  are  not  time  savings  in 

-s  to  be  implemented  in  a Proluctio^^^^^  KBS 

comparison  of  the  time  savings  du^e  tl  thl  ®"Y^fo>^»nent  a direct 
of  the  KBS  could  not  be  determined  - capability 

interpreting  the  finite  eleillt*  modVi®^  savings  in 

structural  componants  ranga  from  6o  t^70  parcant™^ 

red-L"!  t\%°\a^“r„i"nn!mrSy“^l%^^„“\^  har^ha'^^^^^^i.Y  ol 
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CLIPS;  AIRFRAME  MODELING  RULES 


L 


Typical  Output; 
***  WARNING  **** 


OUTPUT 


AF;  STRINGER 
AF:  SKIN 
IG3:  342624 


MODELED  BY:  CBAR  54006  NODE!: 
MODELED  BY:  CSHEAR  32642  IGl: 
IG4:  342628 


34281  NODE2;  34283 
342612  IG2:  342618 


partial  Output  and 

Structure  Using  the  KBS 
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On  a Concurrent  Element-by-Element  Preconditioned 
Conjugate  Gradient  Algoritlun  for  Multiple  Load  Cases 

^ N94- 71491 

Brian  Watson  and  M.  P.  Kamat 
School  of  Aerospace  Engineering 
Georgia  Institute  of  Technology 
Atlanta,  GA  30332 


Element-by-element  preconditioned  conjugate  gradient  (EBE-PCG)  algorithms 
have  been  advocated  for  use  in  parallel/ vector  processing  environments  as  being 
superior  to  the  conventional  LDL'''  decomposition  algorithm  for  single  load  cases. 
Although  there  may  be  some  advantages  in  using  such  algorithms  for  a single  load  case, 
when  it  comes  to  situations  involving  multiple  load  cases,  the  LDL^  decomposition 
algorithm  would  appear  to  be  decidely  more  cost-effective.  The  authors  have  outlined 
an  EBE-PCG  algorithm  suitable  for  multiple  load  cases  and  compared  its  effectiveness  to 
the  highly  efficient  LDL'*’  decomposition  scheme.  The  proposed  algorithm  offers  almost 
no  advantages  over  the  LDL'''  algorithm  for  the  linear  problems  investigated  on  the 
Alliant  FX/8.  However,  there  may  be  some  merit  in  the  algorithm  in  solving  nonlinear 
problems  with  load  incrementation,  but  that  remains  to  be  investigated. 

Introduction 

A conjugate  gradient  algorithm  for  solving  a linear  system  of  equations,  or 
equivalently  for  minimizing  a function  of  several  variables,  is  often  encountered  in 
structural  optimization  and  analysis  problems.  Using  a finite  element  discretization 
scheme,  problems  of  solid  mechanics  may  be  reduced  to  a set  of  linear  equations  or 
equivalently  to  minimizing  the  potential  energy  expressed  as  a function  (quadratic  for 
linear  problems)  of  the  nodal  displacement  degrees  of  freedom.  The  need  to  solve  finite 
element  models  with  large  numbers  of  degrees  of  freedom  has  created  the  need  for 
highly  efficient  algorithms  for  solution. 

Modern  single-processing  computers  are  limited  to  an  estimated  maximum 
performance  of  3 billion  floating  point  operations  per  second  (3  gigaflops).  However, 
recent  advances  in  computer  architectures  provide  the  means  to  achieve  higher 
performance  ratings  through  the  use  of  parallel  and/ or  vector  processing.  Multiple 
instruction,  multiple  data  (MIMD)  computers,  which  allow  several  processors  to  operate 
independently  on  different  sets  of  data,  are  considered  to  have  the  greatest  potential  for 
increased  performance  ratings. 

In  a sequential  computing  environment,  the  system  of  linear  equations  are  often 
solved  using  the  very  well  known  LDL*^  decomposition  of  the  associated  stiffness  matrix 
followed  by  simple  forward  and  backward  substitutions.  However,  this  technique 
involves  inherently  sequential  operations  and  thus  its  potential  on  a multiprocessor  is 
limited. 


Abstract 
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dimensional  minimizations  in  each  of  these  directions  n-  hac  k ^ successive  1- 

conjugate  gradient  algorithm  attractive  among  iteraUvf  prredums  IddO'  ""“u^ 

be  nicdy  s^ted 

Conjugate  Gradient  Algorithm 


The  formulation  of  the  total  potential 
typically  results  in  an  expression  of  the  form: 


energy  function,  n,  for 


n=|{q}f[K]{q)-{q}T{F}  + {b) 

where: 


a structural 

(1) 


system 


{ql  is  the  vector  of  unknown  nodal  displacements 

[KJ  IS  the  symmetric,  positive  definite  structure  stiffness 
matrix 

JF)  is  the  vector  of  externally  applied  nodal  forces 
lb]  IS  an  arbitrary  constant  vector 


Select  {q}j 


{Oo={F}-M{q}„ 

ro={dlMo 


(p)o={do 

Begin  Loop:  i=] 


{“)i  = M{p)M 

0.= — M 

{p)m  {“)i 

{‘’}i={o}n  + “i{p}i.i 

(di={r)i-r«i  {“Ji 


{p)i={di^Pi  {p}i-i 
i ->  i*fl  : Repeal  Loop 

Figure  1.  The  conjugate  gradient  algorithm  for  the 
minimization  of  a quadratic  function. 
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The  residual  vectors,  W„  are  the  negative  of  the  gradient  of  the  totai  potential 
energy  function  at  each  (qli-  The  vectors,  (pit,  are  the  [K)-conjugate  search  direction 
The  Algorithm  terminates  after  the  m«'  iteration  when  the  magnitude  of  the  residua, 

(r)„,  is  small  compared  to  the  magnitude  of  the  applied  load  vector,  IF)  (i.e.  < 

calculaton  rmeXfxtitor 

“aTen‘rat^rhtrow1 

perform  the  independent  calculation,  [gf  (p)f  = (u)',  where  (gf  is  the  element  stiffness 

matrix  and  {p}f  is  the  element  search  direction.  Then,  the  vector  {u)j  is  computed  by  an 
assemblage  of  the  (u}f.  The  remaining  computations  are  all  well  suited  to  vector 

processmg.ag^nai  preconditioning  matrix,  [T] , can  be  applied  to  the  original  system  to 
improve  the  condition  number  of  the  stiffness  matrix3.  By  introducing  [k]  = [T]  [k]  [T], 
{y}  = [T]‘\q},  {f}  = [Tr(F}y  and  applying  the  conjugate  gradient  method  to  the  function, 
^ ^ l{y}T[k](y) . {y)T{f}  + (Bj  , the  solution  may  be  determined  in  fewer  iterations.  Once  the 

minimizing  vector,  (y)*,  of  the  new  function,  ic,  is  determined  the  minimizmg 

frit*  nf  1-hp  oriffinal  function,  IT,  can  be  calculated  from  the  transformation,  Iq)  I J ly)- 

M^r^pUc"  matrices  have  been  pro^^setL  An  example  is 

the  element-by^element  preconditioning  scheme  by  Hughes  et  . However, 
moblem  "t  irbelieved  that  the  additional  computational  effort  required  in  the 
taipleme'ntadon  of  these  preconditioners  is  likely  to  outweigh  any  potential  advantag 
;S!itor“m  the  reducton  of  iterations.  Thus,  only  the  diagonal  preconditioner  has 

been  investigated. 

Single  Load  Case 

The  element-bv-element  conjugate  gradient  algorithm  was  implemented  on  an 

A.liant%t^^^^^^  ”0^=  t” 

dMom^iUon'S’' [he"stiffness  matrix  to  solve  the  Unear  system  of  equaUons  ^ 
bandwidths  of  the  stiffness  matrix,  [K]  (See  Table  I.). 
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Simply  Supported  - All  Sides 


* nijTAC  1. 


Mesh 

Number  of 
Unknowns 

10x10 

279 

20x20 

' 1159 

30x30 

2639 

jwibiics  tor  Element  Models. 

Half-Bandwidth 

Numbering  Scheme  1 
35 
65 
95 


Half-Bandwidth 

Numbering  Scheme  2 
271 
1141 
2611 


method  ®EBE-PCGran*VoLSOL’f^^^^^ 

performance  of  the  EBE-PCC  i<;  inHo  a ^ various  problems.  Note  that  the 
matrix  because  it  oper!t«  at 

advantageous  only  for  large  high  bandwidth  ’ w the  EBE-PCG  is 

though,  the  effectiveness  of  the  foniugatr/radift^^f”'^-  u problems, 

must  be  examined.  legate  gradient  algorithm  for  multiple  load  cases 


Number  of  Unknowns 

Ftgure  3.  Solution  time  required  for  a single  load  case  (20x20  mesh) 
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Multiple  Load  Cases 

7“““  “ ss“ss»» 

The  iterative  process  of  the  r?7 ”,  JouW  appear  that  this 

subsequent  load  cases  to  reduce  the  number  of 

iterations  required.  (See  Figure  4.) 


Figure  4.  Scheme  to  improve  convergence  for  multiple  load  cases 


Given  the  n X m matrix  [PL  whose  columns  are  the  conjugate  directions  Wh '^n 
ipflKlP)  = [Dl  (a  diagonal  matrix).  Note  that  for  all  of  the  conjugate  tree  ions 

[PHor'lPf  = W’.  Thus,  a good  initial  to^schemi'  for  mulHple  load  cases  is 

It  has  been  found  that  the  sucress  i,  n«o  load  cases  both 

strongly  dependent  on  the  the  similanty  o ^ ® ^ there  Is  great  improvement, 

are  symmehic  with  respect  to  fan  be  exacted  (See 

Howler,  with  two  general  load  cases,  " ™“P™;^7efr  problems  with  a 
Table  n.).  This  would  seem  to  sugge  t tat  n »tang  nonii^^  P 
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Table  II.  Results  of  Multiple  Load  Case  Tests 


Load  Case 
(20x20  mesh) 

Number  of  iterations 
(as  the  only  load  case) 

Number  of  iterations 
(as  the  second  load  case 
using  output  from  the 
single  midpoint  load) 

Single  midpoint  load 

102 

11 

Single  mid-quarter  point 
load 

174 

123 

Two  opposite  mid-quarter 
point  loads 

102 

51  . 

Single  load  1 node  from 
midpoint 

220 

179 

Figure  5.  shows  the  solution  times  required  for  both  the  EBE-PCG  and  for  COLSOL 
M r identical  load  cases  for  the  same  models  described  previously 

ideal  multiple  load  case  problem  to  the  conjugate  gradient 
^gonthm.  The  trend  appears  very  similar  to  that  observed  for  the  single  load  case, 
owever,  as  Figure  6.  shows,  even  for  a low  bandwidth  problem,  the  additional  time 

reqSred  bv  COLSOL ““F'*  ‘°F‘*  ^ase  is  always  greater  than  that 
p.  . 7 . , results  indicate  that  the  effectiveness  of  the  conjugate 

Saf™"  ’’F  severely  limited  for  large  numbers  of  load  cases  in  linear 


Number  of  Unknowns 


Figure  5.  Solution  time  required  for  two  identical  load  cases  (20x20  mesh). 
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Figure  6.  Additional  time  required  for  the  second  load  case. 
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ABSTRACT 

A procedure  '"°stwltSraT''“Migr^’olnstrairt 

So:?frc?ents 

^“ii""sectlors  T/om  the  initial 

design  variables  The  CO  Lveloped 

solid  elements.  An  efricie  analvsis  with  respect  to  the 

for  modal  /^‘l/®n^this  information,  a sequential  linear 

design  ’ ®g  applied  to  calculate  the  required  change  of 

^”SlI?”iL”fhrdes\re"l^\%uctural  design  constraints. 


1 . INTRODUCTION 

in  order  for  a gas  en^^^ 

performance,  the  compressor  rotors  of  the  e^^^^  ^ certain 

to  deliver  the  ^ However  the  compressor  blades  designed 

aerodynamic  Per f a^ 
the  structural  design  blades  have  to  be 

frecpency  distribution.  aeroWnamic  and  structural 

dSign%etif  icatiot,  [ 1-7  ] . In  °^^pp?opr iatl 

SSiln  parLe"  e"r^aVT^^^^  Unes  oust  be  established  for  this 
iterative  procedure. 

vir  ,f%r  -“1? 

shape,  [8,^  ].  .j„.p„.:i  shaoe  and  its  orientation  with  respect  to 

?Sr;ax?/^^f7otation  have  ?o%h^ngf  ^hefe 

reoSSrc£acteristi«  Of  a^^^ 

va^"arfthe  c^rcunf^^^^^^^^  »"9los  and  the 

?S?E  rn^  r i-t^^fsrgr^Se1?n?t-^^  o7?h-e  reo^^?r^ 

parameters  are  shown  in  Figure  1. 

SSw  S”?- 

optimization . 

method  is  called  blade  stacking  optimization. 
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Figure  1 . Definitions  of  Blade  Airfoil  Cross  Sectional  Design  Variables 
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Figure  2 . Overview  of  Blade  Design  Optimization 


540 


p"es?„\ed^"*’|^  ov/«ierof%hl  Proctdu«\"s^Zwn’^^n"  2 f " 

2 . FORMULATIONS 

cubic  polynomials  tn  -Pi-*-  -i-k» 

stacking  points  of  a blade^  the  circSmS^^^P  Passing  through  the 
the  axial  leaning  distance  S the  alffoil  - 

expressed  as  functions  of  radi;,i  ^ ^ cross  sections  can  be 

from  the  axis  of  rotation  distances  of  the  stacking  points 


e-ai  + ajr  + ajr^  + a^r^ 


X-  aj  + a^r  + 


The  problem  can  be  stated 
polynomial  coefficients 


as  to  minimize  the  global  change 


of  the 


NV 

in-l 


subject  to  the  frequency  constraints  on  the  jth  node 


j-1. . . . ,m 


or  their  corresponding  eigenvalue  constraints 

ijiijsij  J-1 m 


with  side  constraints  on  the  polynomial  coefficients. 


a®  ^ i 


in-i: . . . ,NV 


^Ts  ?Se'L^:^Ler"°o\"^esI^rv  frequency  constraints  and 

cuJrlnr^es^^n^can'’ be""  appro°ximt?ed®L®'^  ^ ^ 
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NV 

F-F„+J)  "ai" 

m~l  ® 


NV 


dx 


^ i " ^Jo  ^ 8a 
m-1 


( ^Jno  ^ 


The  derivatives  of  the  objective  function  can  be  easily  found  as 

dF 


whereas  much  more  computation  efforts  are  required  to  find  the 
derivatives  of  the  eigenvalues. 

The  stiffness  and  mass  matrices 

elements  in  the  global  Cartesian  coordinates  are 


K-  jjjs  "^DBdxdydz 
M-  jff  pN'^Ndxdydz 


or  in 


the  element  natural  coordinates  as 


K~  j j j B‘^DB\j\didt\dC 


M-ff  j'pN'^Nljld^  dt)  dC 

where  N is  the  shape  function,  B is  the  displacement 
oSStor  D is  the  elastic  material  matrix,  p is  mass  density  and 
m iS  ?hi  detenninant  o£  the  Jacobian  transformation  matrix,  J, 
betieen  the  cartesian  and  natural  coordinate  systems. 

The  free  vibration  equation  for  the  finite  element  model  is 

K<t>j”  XjMipj 
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to  satisfy  the  following 

4>  Ji<:<t»j  - A.  J 


Taking  the  derivatives  of  the  stiffness  and  mass  matrices  as 


dM 

da. 


- fffpN^N-^d^dr\dC 


and  using  the  normalized  eigenvectors, 
eigenvalues  can  be  calculated  from 


the  derivatives  of  the 


- (D  J ( 


dK 

da„ 


1 dM 


)«t>j 


as  shown  in  Ref  [10]. 

‘^®5ivatives,  the  objective  function  and  constraints 

After  ^ linear  programming  problem,  [11, 12]. 

After  the  blade  geometry  is  modified  for  the  current  iteration 
the  new  geometry  becomes  the  initial  design  for  the  next 
Iteration  step.  The  computation  procedure  is  repeated  until  the 
desired  structural  design  constraints  are  satisfied. 
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abstract 

launch  veWcle^be  fl^wn  » orbit  denunds  that 

THUS,  computer  ““  ?*!“«.  n«n 

niaxiiniiiii  vehicle  payload  ca^ilitv 

fuel,  suly J Jdesip,  SSn"  “***““” 

«^lopedatThe^^s^Cw^riOT”is^^^  system 

^ optimi^  tiajecton^orVS  v^etTrf 
j^ble^.  Optimization  is  an  irS^m  of 
resulted  in  proeress^*L^  «r 
Additionally,  the  flexibilitv  optimization, 

trade  studi«  ^1*  system  allows  optimum 

designed.  “ducted  and  complicated  missions  to  be 

optiS^KSta  CTS*^  and  flexible  nature  of  the 
NLW  and  J ^ ^<d  fea^^ 

opnmality.  parameter  senSy 

scaling  capability  in  the  GTS  sysi4  atJ^iJS  dSriSSl““‘°”"‘‘' 
INTRODUCTION 

ow^,ss.'to°w“',hrdS^r^  <i«nn  of  *« 

°P°-»«-tocodei.NlJ^^ 

“rg} 


V,L-0 

XiCi(x,p).o  i«i^ 

Oi(*-P)  “0  i>l  NE 

Ci(x.p)S0  i^NEHjn 

^^0  i-NE+ljn 

with  the  Lagrangian  fimetion 


(6) 


(7) 


^ulate  the>adlMB  ~ 

% fo™  Of 

opdmization  SobKt  un  '''hi^a„d 

compares  the  optimiMdon ' alMridfm*  **«"*»«  and 

STANDARD  FORM 

(NlSls* **  programming  problem 


Minimize:  f(x,p) 

Subject  to:  Ci(x,p)  = o i-i,NE 
Ci(x,p)S0  i-NE-Mjn 

* " (*l-*2 x„) 

P “ (PI.P2 Pk) 


(1) 

(2) 

(3) 

(4) 

(5) 


con^t^ w’lirSe'^uSr'^^^^  represents  the 

total  nmnber  of  constraints  (m»NE^im  “ “ *® 

inequity  constraints.  The  desien  va^kf***^  ^ '*  number  of 
optunization  operator.  The  de^i'^I^^  **’  *’  ^ t^^osen  by  the 
^sidered  constant  but  may  ^arv'^l^T*’ **’ "°““*^y 
nKxtehngoruserre-specificSoa  ^ ^ uncertainties  in 

verify^SSS" «»ditions  113.231  checked  to 


^^*-P)  = f(*.P)  + £XiCi(x,p) 
Tucker^^SiftJoSSiSOT*’^'^  ^ Kuhn 

y3V^Ly>0 
for  any  y such  that 

y‘^^xCM-0. 

constraints  contains  all  Quality 

The  number  of  c^SSK  S 
cqu^to  the  number  of  variawi^  or 

proble^b^'S  to£^tef5'£sT  “ *1  optimization 

number  of  ronstiaints  inTe  ““us  the 

degrees  of  fiwdom  am  ».SLJr«!w  t P™blems  with  few 
With  nnany  decrees  of  ftecdom.  ^ ^ ^ ^ problems 

generalized  trajectory  system 

trajecto^  and  “d  optimize 

past  25  years.  GTS  allt^  for  develc^ment  for  the 

rmeiyof  boosten.  upper  sttg«”temt2  *‘S"**tion  of  a wide 
The  najectoiy  is  broteTinto  wem.  in?  nk^  vehicles, 

equauons  of  motion  are  inw^tid^  7"  '*'•“«=*»  the 

«m«spond  to  vehicle  e^ts  oan 

dynamic  pressure,  etc  **  hnoff,  staging,  maximum 

vjfuai.s^"o.t«'c757s^“ 

consnaints  are  often  used  to  icsa^^  delta  V.  Equality 
the  mission  orb^  ISTat  ^ be  ii 

consOMts  may  be  placed  on  vehicle  attitniu^*^?"’  ^"*tl“ality 
at  staging,  or  dynamic  pressure.  .'^*?‘tity,  or  heating 

rates  for  the  staves  bim  ^t«".  variables  can  be  pitch 

faiimg  jettison,  i»y|^  wei^  Payload 

typically  the  fuel  loaded  iiSt  wei'.^^r*!?**"  parameters  are 

conations  (e.g.,  temperanli?S^win(S  ^ 

k.v. 

The  problems  arc  poorly  scaled  And  i?  fiiecdom. 

“natraints.  TrajectiStes  « SSy“l^ltl^  nonlinear 
integrating  the  equations  of  modnlr^'^”  • ^ numerically 

malMgthemdi^ttoSpiinii^  TTie  simulanons  are  noisy, 

(3  K>r  5.SS?  i?  S'*” »' 

the  3 DOF  najectory  sSlS^  generally  only  applied  to 
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The  equations  of  motion  arc  integrated 

n,e  foi^cin  be  gravity,  aerodynamic. 

^wu\  thrust.  There  is  also  mass  flow  i.c.,  ablation,  pio^ucni,  or 
tom  weidtt  flow.  TTie  forces  are  generally  fiincnons  of  tuM  wd 
Sal  ewdidons.  The  equations 

integrated  to  obtain  a 3 DOF  approximation  of  the  trajectory. 
SevSd  integration  methodslJJ  (Runge  Kutta,  ^dams.  ct^w 
Sl^Xuser  can  spt^  the 

rhf  intemdon  The  inicgraaon  is  restarted  at  each  event,  i^usc 
* cmfS“s  suging  c^se  discontinuities  in  the  equanons  of 

””^5iiclc  definitions  are  created  by  combining 
flow  propulsion,  control,  aerodynamic,  gravity,  etc  - 
Si  Snee  of  events.  Tbe  equations  of  motion  are  mte^^ 
S oS^tween  the  eventT  The  user  can  specify  auxiliary 

functions  defined  in  FORTRAN  that  perform 

built  into  GTS,  Data  can  be  input  in  a convenient  tabular  format, 

or  through  user  defined  subroudnes.  ^o'tcvq 

Several  operators  (e.g..  TRAJCEM,  DERSYS.  OPTSYS , 

SIZE161.MCARL01221  and  P STUDY)  are  arable  in  GTS 

TRAJCEM.  DERSYS,  and  OPTSYS  are  descnbed  m this  paper, 

which  focuses  on  the  OPTSYS  operates’.  .har 

The  TRAJCEM  operator  executes  a senes  of  coinman^  thM 
simulates  a single  trajectory.  Auxiliary  computations  can  be 
petfonned  at  any  event  or  every  integration  poin^L  , 

The  DERSYS  operator  is  used  to  evaluate  denvaoves  of  any 
output  quantity  with  respect  to  any  input  quantity.  D^ERSYS  ^ 
use  TRAJCEM  as  a function  generator.  Forward  or  cen^ 
difference  approximations  can  be  used.  Techmques 
devel(H>ed  for  choosing  appropriate  values  of  the  perturbanon 

*“*^?OP?SY“o5TrSSi^^  the  specified 
algorithm  for  a problem  definition.  OPTSYS  can 
as  a function  generator.  The  OPTSYS  operator  cimidw  ^ v^^ 
for  constraint  solving  problems,  i.c.  the  user  desires  a 
trajecMwy.  When  an  r^dmization  algorithm 
^ior^te  difference  approximanons  are  calcified  using  the 
I^techniques  as  DERSYS.  Error  control  for  ^dien 
a^ximations  can  be  executed  once  or  every  ome  a gradient 
evaluation  is  requested  by  the  optimization  algoni^ 

GTS  uses^neralized  Trajectory  Uiiguage 
problems.  A sample  GTL  mput 

booster  (Fieurc  1)  is  provided.  Some  of  the  GTL  input  is 

SSSSforffity.  Fipneiaschematicoftheeventsequence. 

Ulustraies  the  pitch  tales  during  the  trajectory. 

Payload  Fairing 

' Payload 

Siage2 


TI 


H Stage  1 


Figure  1 : Generic  Two-Stage  Vehicle 


The  vehicle  is  initiaUzed  at  event  pooo.  Ipitioo  oc^n  «t 
pool  5 sfro«vt«  after  ignition  (event  poos)  the  first  inemal  pitch 
^ oai^Sns.  and  ifis  held  for  5 seconds.  At  event  poo^ 
gravity  turn  u flown  for  60  seconds  until  event  poio.  So^^ 
^wun  eventt  poos  and  poio  the  maximum  dynamic 
(event  poowot)  occurs. 

event  poio  to  aoi».  Event  poi»  occuis  when  the  piopeUcnt  ^ ot 
^ fust  stage  is  empty,  at  this  point  sttge  one  is  jemso^.  ^ 
stage  two  ipiition  occun  2 seconds  later  at  event^o^  ^ 
pitch  rate.  »3.  is  used  from  event  pozo  m 
rate.  <»*.  is  used  from  event  pozs  to  poso.  The  payload  fauing 


jettisoned  at  event  poso,  where  the  value  of  the  free  molecular 
heating  (fmh)  is  saved  into  a variable  fmhpltj.  Finally,  at  event 
PO40  the  state  vector  is  saved. 

Fitch 


Figure  2:  Event  Sequence  for  a Two-Stage  Vehicle 


POOO 

PHOO  INITIALIZE  VEHICLE 
Choosm  m*rth,  control,  ••rodyn»mic 

MvighC  And  intogr*tion  aodmls  for  stAgm  onm 

pool  .NULL. 

PHOl  IGNITION 

ENGINEl  ENGMl  STG  - 1 
ENG  - 1 
FVAC  - 150000.0 
DWVAC  - 5000.0 

PO05  POOKIFROM)  - 5.0 

PH05  BEGIN  PITCH  RATE  1 

CONTROL  CNTRLM6  QC  - QRl 

PO06  P005<TFRDM)  - 5.0 

PH0€  FLY  GRAVITY  TORN 
CONTROL  CNTRim 

PUQHAX  QDYNP  .MAX. 

POIO  POOSOFROM)  - SO.O 

PHIO  BEGIN  PITCH  RATE  2 

CONTROL  CWIRLMS  QC  - QB2 

P019  NTANKdpl)  - 0.0 

PH19  JETTISON  STAGE  I 
Drop  stAgm  1 aodmls 

P020  PO19(TFR0M>  - 2.0 

PH20  SECOND  STAGE  INITIU2ATIW  PITCH  RATE  3 
ChooAA  teodmls  for  stAgo  2 
ENGINE2  ENCaa  STG  - 2 

ENG  - 1 

PVAC  “ 140000.0 

DWVAC  - 4000.0 

control  CMTRLM6  QC  - OR3 

P025  PO20(TFR0M)  - 10.0 

PHIO  BEGIN  PITCH  RATE  4 
CONTROL  CNTRLM6  QC  - 

PO30  TIKE  - TPIFJ 

PH30  JETTISON  PAYLOAD  FAIRING 
/SAVE  FMHPLFJ  - Tm/ 

PO40  NTANK(2,1)  - 0>0 
/SAVE  RVriN  - BV 
VIFIN  - VI 
GAMFIN  - GAM4AI/ 

/STOP/ 

GTS  can  exploit  the  problem  structure  to  reduce  the  time 
required  for  evaluation  of  partial  derivatives  by  using  a 
mfrhanism  called  partial  trajeeuwies.  In  the  ex^plc  problem. 
QB4  does  not  affect  the  trajectoiy  until  event  pozs.  Thus,  when 

3/  /(QR4+AQR4)  - /(QR4) 

3ofl4  * AqR4  j 

is  evaluated,  the  equations  of  motion  are  integrated  from  event 

POZS  topo40  (initialized  using  the  state  vector  at  event  POZS)  to 

obtain  /(qr4+Aor4).  The  user  specifies  the  event  where  the 
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S=-=S=SHS 

Opamiz^tion  Pnr^l^yn  Input 

data^bjS'ld^5[n°^l!?"*i^  “ trajectory  definition,  input 
Mtt  tables  (dobing  atmosphere,  propulsion,  etc.)  FORTRAN 

auxiliary  computations).  OPTS^^ 
u£K5rS  problem  definitions,  and  input  data  A c^imnu 
optmuzanon  problem  definition  for  the  generic  t^o  stage  vS 


is: 

BOOSTER 

OPTALG 


boostbi  optimization 


NLP2 
PR0B-:»AX; 

algorithm  ptraamfrs 

/THE  raiCTIOH  GENERATOR  IS  TRAJCEM/ 

OBJ*™  OBJTMQ  (PAYLOAD) 

OBJSKL  - l,E-3 
C»JTOL  - l.E-4 
PGDTOL  - l.E-4 

CONSTR  CMSTRMl 

CO»ftXQ  CONFMH 

COMRV  OONVI  CONGAI«A 

INDVAR  VARKI 

VjMTCai  VPITCH2  VPITCH3  VprTCH4 
VTPLFJ  VPATLOAD 

OPTAOM  GPTOHl 

(HTT.AT.PO30) 

^sTER  defines  ^ names  the  problem,  and  optalg  is  used  to 
defiS’L^"'  Constraints  are 

(QDYNP  ,AT.  POQMUC  S {MAX) 

OONTOL  • l.E-6 
CONSUL  - I.E+2 
IKBASIS  • :YES: 

O' 

VPITCII4  VAR  • ((3R4J 

INRBID  - H).l 
CPRfilO  * 0.1 
STARTAT  - IP025] 

POTYPE  - : 2-SIDED; 

DELVAR  - l.E-4 
VWISKL  - l.E+2 
ABSTQL  - l.E-5 
CSOLVE  - :YES; 


approximation  for  partial  derivariv-.  „,u 

Pt^^tion  size  to  be  used  when  evi^n^ 

IS  the  scale  factor  for  the  variable  '^s“- 

to  specify  the  convergence  toteaiicefw^ 

«,  d«  c».^,  SJ'vJSS'S 

infonnadon  required  for  a restart  intn  s mvcs  the 

OPTIMIZATION  ALGORITHMS 

Aerospace*"cot^^°S^l^^  developed  at  'pie 

problems  generated  in  GTS  Snmsk  programming 

codes  are  dented  fim  folwS  'he 

•idortu.™,  d,  kirSuS;.*  ^“sr 

con^Mrison  of  the  algorithms.  ^ capability,  and  a 

Common  Feanm^ 

VdT"”''  > 

'“janiM  Jacotim  dm  is  used  dSe^  SeSih’^'  “ "* 

^ssssssrs 

variables  to  deal  wirh  ri  1 dossil  ^ 


— — y w.»uouii^  reauces  tnc  size  < 
Hessian  (for  NLP2  a GW  Ste)  w «. 'he  projected 

sOROeode)  TVs.SPdSSJd^'S.S^re"" 


(10) 


TT''  BFSI131  update  is 
Hessian,  if  ^ “Pdaic  to  construct  the  approximation  of  the 


AxTa^<0 


(11) 


Sjmimetric  Rank  One  (SRl)n3]  update 
BPS  uw^*  The^R^/^^nX  ® convexity  assumption  used  ^thc 

approwmation  is  taken  as  the  ittentiiy^aiS  '"‘“^Hessian 
approxmiaiion  is  reset  when  there  is  a ctotge  *c  itive  kl 
^JeUgrange  multipliers  are  calcuIated«eT475u«^ 
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|d£T  (12) 

oDomizadon  problenis.  The  codes  check  for  convergence  of 
crastraints  to  within  dteir  tolerances,  the  correct  wt  of  ir^u^ty 

SS  to  to.  oi«^.  »n  cito  g«  obi^«  ^ 

has  converged  or  the  projcctcdAeduccd  gradient  is  witmn  me 
specified  tolerance.  Additionally  there  are  checks  on  smal 

for  succtofol  »loUo.  of 
oroblemst'-l^'**-^^!.  The  codes  solve  scaled  opnmization 
problems,  however  unsealed  resulB  are  repotted  to  the  users. 
The  scaling  transfortnatioos  are 

r r*  ( (1^) 

f,-af 

V-nx 

P,  = b5 

wher^  a is  a scalar  and  E.  D.  and  B scaling  matrices  are  of  the 
form 

E » Diag(ei,C2, 

D » I>iag(di,d2*  «..dn) 

B * Diag(bi.b2 bk) 

The  scaling  transforms  the  function  gradients, 

V„f,-oD-'V,f 

Vx.c,  = EV*cD-> 
and  the  Hessian  erf  the  Lagrangian, 

L.  * o D**  L D-* 

%%  * 

The  Lagrange  multipliers  for  the  unsealed  problem  are  calculated 
from 

X = a-‘EX,  (20) 

The  codes  require  the  input  of  the  scale  factors.  

If  die  functions  cannot  be  evaluated  at  ® 
the  algorithm,  a fimedon  error  flag  is  renimrf.  The  ^gorithnis 
can  recover  from  funedon  errors  when  the 
computable.  Funedon  errors  can  occur  in  OTC  when  the 
trajectory  cannot  be  propagated  to  completion,  ^cn  a lar^ 
petturbadon  of  the  variables  occun  in  the  line  search  it  cm  cause 
rSSdon  error  and  the  step  length  is 
conuiutable  point  is  found.  After  severri  itmnons  *® 
to  mlect  the  inidal  step  length  m *c  line  *e^J* 
convergence  of  the  Hessian  apPJ0«“““0“  1®^  “ 
changes  in  the  design  variables  and  no  longer  prodwe  function 
Users  specify  a limit  on  the  numter  of  successive 
funedon  enors  allowed  before  the  algorithm  quits. 

The  codes  can  be  run  in  a stand  alone  manner  and  they 
a^^nnwt  the  obieedve  funedon  and  constraints  « evaluated  as  a 
!^™.^soiiie  auxiliary  black  box  function  gmerator.  A 
leivrsecommunicadon  architecture  is  used  in  the  inierracc. 

P7-  A r,«.CTaiized  Prnificted  Gradifiiit  Algmitun 

The  NLP2D1  code  has  been  developed  over  i^past  10  y^ 
NLP2  is  a generalized  projected  gradient  (GPG)  algtmthm. 
NLP2  has  over  20  input  parameters  whi<A  allows  a 
cowrol  over  the  iniiCT  workings  of  the  code.  ExpOTcnced  users 
cm  mne  m^’s  parameters  for  rapid  solution  for  particular 

*^°'*NTUra*t^s  a QR  orthogonal  factorization  of  the  active 
constraint  set 

^ = QR  (21) 

Q is  orthogonal,  md  R is  upper  triangular.  The  Q and  R 
matrices  are  partitioned  as 

Q = ( Qi  I Q2l  R * [V] 


where  the  fninmns  of  Qi  fonn  a basis  of  the  constraint  Jacobim 

QlT^-Rl  (“) 


^ qx 

and  the  columns  of  Qz  form  a basis  for  the  null  space  of  the 

constraint  Jacobian 

The  matrix  Q cm  be  used  to  transform  the  coordinate  axes  x 

(24) 


NLP2  solves  the  problem  as  a generalized  reduced  gradient 
problem  in  the  y variables.  The  y variables  m ^vidcd  into 
bpdmizadon  (yo  in  Figure  3)  and  constraint  solving  (yc  m Figure 
3)  variables  /oc\ 

V * fVr  Vftl 

The  optimization  variables  (y©)  *re  Itwally  tangent  to  t^ 
constraint  surface  and  the  constraint 

locally  normal  to  the  constraint  surface.  The  reduced  gr^ent  m 
the  y ^bles  is  defined  by  differentiating  the  objKtive  function 
vrith  respect  to  y©  with  the  yc  variables  adjusted  to  maintain 
constraint  feasibility  to  obtain 

JL-  |Zt  P-  (26) 

dyo  5yo  . . 

In  terms  of  the  x variables  this  equation  is 

the  derivatives  of  the  active  constraints  with  respect  to  tlic 
optimization  variables  are  0,  thus 

which  can  be  solved  for 
This  is  substituted  into  equation  27  to  obtain 

using  the  definition  in  equation  (23),  yields 
The  search  direction  for  variables  in  the  y space  is 

Q2dCA/dx*0,  thus 

(33) 


(27) 


(28) 


(29) 


(30) 


r ® 1 r ® 1 

»y=[Hp-»^J“LHp-*Q2TVxfJ 


L u j 

The  search  direction  is  transfonned  into  the  x variables  usi^^ 
ThiB  theiisreh  direction  in  the  x variables  is 

gradient 
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Vpf=(i.^T^ 

' dx  'dx  dx  > dx  ^'dx 


»i"f  a to.  4SSSS^*1^'S  •”“• » ■^  to 

BFS/SRJ^m^ar^r^^  Optimum  in  NLP2  is  accelerated  using  the 

SL“Jf5  »f  *«  piK 

p«!Si‘KpS.StSlE'S  TSttr^  t' 

"X'SS™  » “*«  S‘ 

dyo  Ayo  (37) 

where  fc  IS  a feasible  point  (This  technique  has  been  used  for 

bch^  approaching  the  solution  >s  weU 

^top™, .«».  i,  ne^  „ «.'SLSSS 

NLP3:  A firnrraliTrri  Reduced  fir^firtjent  Aipnrifi,^ 

di^^es  the  desim  vm'ablesTnrTn^S^^^  ••  9^0  «ncthod 

consttaint  solving  variables  Xr  variables  Xq  and 

* * (*o.«c) 

The  constraint  solving  variables  arc  ..».h  • 

p^  apSSSo?:ss”,s? " ““ 

dx'  Ax  ■ C Axq  + J Axc  = 0 (■>n\ 

C = ^^:  J-S?^ 

"P  Pl’Pto  >»ch  am  J I, 

Axc  --J'ICAxo 


,_rs*„l  r H,-«;^] 


(42) 


^ S;t  Sgjf“to  »f  -Pp  ppPpppP  H«,I„. 
»«„  a.. 

or  optunjzaoon  ^wTis  imt^*r*r  PP"toiii  solving 

aip  .^jecavc  fiincdon  is  to  minimiw^M^V  P^Ptoms  where 

^ ~ ^ = .(0,0,...,0) 

(1,0.0,...,0)  - J‘^C  (0,0,...,0) 

dx^“  (1»0,0,...,0) 

riSEl^  *>  be  a constraint  solving 

the  ulaSESdS^  of 


tninll  XT^T 
j.  dx  dx  "I 


r«  k'‘-  ■ "* 

actiJi  set  cl^;^'  of  opnnuaadon  variables  to  be  used  when  the 

the  ^tion  nuib?pfl  active 

secant  ineS^to*’^^^  to'th^  **  °f 

einoa  to  return  to  the  constraint  surface  in  the  line 

Monlincar  T insf  Snnares  Papahjijfy 

pooS^„''s«h,'S:srcrr^^ 

least  squares  problems.  * 8 an  be  formulated  as  nonlinear 

constrained  n<^bwic«fMUMl*n*^Ki"  capability  to  solve 
(unction  is  of  the  form  **J‘“'®*  problems  where  the  objective 

f(x.p)  * r(x.p)  T r(x.p)  v^- 

wl^r(x.p)  IS  a vector  of  residuals.  The  gradient  and  niSLi 

V,f(x.p)  * 2 V,r(x.p)Tr(«.p) 

''.Vrt-v.u  « 

U-2Zn(x.p)V2ri(x.p)  v^g 

^”r,“SSrfe“wS's=;'^“aS;aSi 

s * V-1  V.f 

(49) 

If  ihc  residuaJs  go  to  zero  or  V^ri(x  nW  n rhi>  *u  ^ 

Sd  Em 

can  be  improved  by  approximating  the  rcsidu  J HessiS 


e;  **£••'•'‘^5^ 


-rw*  L — ^ (41) 

5to ftodon  rtPishstm. „ *0 
Pd^aal  10 mainiiio roosirSiit*ejS»‘ 

“» "<S".^s.rs 
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using  variable  mcoic  upda«s.  and  then  calculating  the  search 
diiQCiion  fnxn 

A If  i^Jtiinear  least  squares  problem  can  be  found  in 

Md  NLP3  use  a robust  least  squares  method  ro 
ihe  search  direction  as  in  eq.  (50),  whw  a constr^^ 
restricted  Hessian  is  approximated.  ^ 

constrained  nonline«  lem  sq"*"* 

NLP3  are  described  in  references  3 and  20.  Testing  on  anaiyuc 
Droblems  has  found  that  when  the  least  squares  options  are  u^ 
^ble^s  are  solved  in  1/3  fewer  function  evaluations  than 

for  a least  squares  objective  fimetion 
to  that  for  a standard  problem.  A sample  input  for  a 10-rcsidu 
problem  is 

OBJFTH  OBJmO  (BEStl)  OPTO  RES  (10)1 
OBJSKL  - l.t-3 
OBJTOL  - l.E-4 
PGOTOL  - l.E-4 

Where  owTHua  is  the  objective  function  ^^el  for  le«t  ^ 

problems.  res<i>  opto  res  ao>  defines  the  residuals  for  the 

problem. 


A discussion  of  some  of  the  similarities  fw  GRG  and 
methodsl23.2^1  concludes  the  methods  w 
equivalent.  TTiis  section  points  out  son* 

Hesrian,  search  direction,  and  constraint  solving  that  affect  the 

oerforaiance  of  GRG  and  GPG  methods. 

‘^Tl^vergence  of  the  GRG  and  GPG  metho^.  are  dnven 
by  the  convergence  of  the  restricted  Hessm  a^ro^Mn  when 
variable  metric  updates  are  used.  In  the  GRG  method,  the 
reduced  Hessian  is 

Hr-p'J^]Ht(J-‘C)T  I]  (51) 

In  the  GPG  algorithm  the  projected  Hessian  is 

Hp-[Q2FH[Q2] 

Where  His  the  Hessian  of  the  Lap^an. 

Good  perfoimance  is  expected  from  variable  metne  updatM 
when  the  Hessian  they  are  ^proi^ating  is 
AdditionaUy  for  well  condiaoned  Hessians,  viable  memc 
updates  are  less  sensitive  to  exact  line  searches.  Studies 
GxporatitMiAerospace  have  shown  that  the  ctjndmon  numte  of 
tiw^jected  Hessian  is  generally  lower  ^ 
numto  of  the  reduced  Hessian.  Thus  the  GPG  met^  has  ^ 
advantage  of  ^proximating  a restricted  Hessian  with  a tettCT 
conditioS  number  than  the  GRG  method  Tte  ^ 

reduced  Hessian  and  search  direction  for  the  GRG  method  are 

affected  by  die  set  of  constraint  solving  varices. 

The  GRG  and  GPG  methods  use  different  nretl^  fw 
returning  to  the  constraint  surface  in  the  line  search. 
illustrates  the  diiection  used  to  return  to  the  constramB 
variable  prbblem  with  one  nonlinear  equabty  consent  For  me 
i^n  search  direction  p.  the  GRG  rnemod  searches  along  SI 
when  XI  is  the  constraint  solving  varuble  and 
is  the  constraint  solving  variable.  Searching  on  SI  may  be  mote 
efficient  than  searching  on  de^nding  on  *® 
thus  the  GRG  method  can  influenced  by 
constraint  solving  variables.  The  search  direction  S3  » 
to  the  constraint  surface  at  me  start  of  me  line  search  and  is  us«^ 
by  me  GPG-type  code.  S3  represents  the 
direction  for  returning  to  the  constramt  surface.  When 

updates  are  applied  to  the  search  to  return  to  me  constramt  surface 

chesearch  directions  are  modified 


SI 

h(x,p)  = 0 

— S2 

‘ 0 I 2 ^ 

Figure  4:  Search  Directions  for  Constraint  Solving. 

The  choice  between  a GPG  and  GRG  code  is  bas^  on 
scaling,  constraint  nonlinearity,  starting  point  Iwation,  ^ 
of  the  problem.  For  small  dense  problems  with  vety  nonlinw 
constr^  me  GPG  method  is  genera^  prefei^.  however  on 
some  poorly  scaled  problems  me  GRG  mem^ 
bftrr  man  the  GPG  method  In  our  experience  the  GRG  rnemod 
SStimes  superior  to  the  GPG  method  when  the  starts 
is  far  from  the  o^um.  For  large  sparse  problems  me  GRG 
i^thod  is  prefcrS  because  it  can  be  programmed  to  exploit  me 
sparsity,  whereas  the  GPG  method  generaUy  cannot 
POST  OPTIMALITY  ANALYSIS 

This  section  describes  the  post  optimaUty  capability  in  GTS. 
An  optimization  is  not  considered  comptoc  until  some  post 
OTtinility  analysis  is  performed  The  POSTOP  operator  contains 
nyvtnU*  for  solution  examination,  parameter  sensmvity  analysis, 
and  automatic  scaling,  ^venti  Iwlsof  post  op^^^^^ 
are  available.  A more  detailed  discussion  of  POSTOP  and  iB 
applications  can  be  found  in  references  2 and  18. 

fMlItiftn  F-xarornation 

The  POSTOP  opaator  is  used  to  verify  that  me  problem  has 
been  solved,  and  Seeks  if  me  second  order  Kuhn-Tucker 
conmtions  are  satisfied  Several  levels  of  aii^ysis  are  available. 

The  first  level  of  POSTOP  uses  first  order  gradient 
information  and  prinB  the  scaled  and  tinned 
Jacobian,  their  ringular  values,  and  an  estimate  of  their  cOTdinon 
numben.  First  level  analysis  does  not  require  any  extra  funenon 
evaluations,  it  uses  g^ienB  obtained  from  the  optimization 

* First  level  analysis  calculates  the  Lagrange  multipliers  using 

scaled  and  unsealed  gradienB.  The  Lagrange  mul^bwes^tes 

calculated  vrim  the  scaled  gradienB  are  transfoni^  into  unsealed 
multipUer  estimates  equation  (20).  arc  cIosct  to  the  true  v^um  of 
the  Lagrange  multipliers  when  problems  did  not  ®°"v^‘‘8® 

V.L  * 0 and  proper  scale  weighB  have  been  specified.  If  me 
problem  has  been  solved  tightly,  me  Lagrange 
calculated  using  unsealed  gradienB  and  usmg  scaled  pmenB 
and  then  transformed  by  equation  (20)  match  to  several  decimal 

^‘^riecond  level  of  POSTOP  calculates  me  project^ 
Hessian,  iB  eigenvalues  and  condititm  number  to  vemy  that  me 
point  returned  by  the  optitnization  algorithin  « a 1<^ 

The  analysis  is  calculated  in  both  scaled  and  unseal^  umts.  The 
projected  Hessian  is  a (n-rtu)  by  (n-nu)  matnx  which  « u^y 
small  for  trajectory  optimization  problems  tecause  merewe 
normally  only  a few  degrees  of  freedom  at  tlw  solunon.  Thus 
only  a few  extra  function  evaluations  are  required  by  the  second 
level  of  post  optimality  analysis.  The  user  can  speafy  mat  error 
control  algorithmstWl  be  used  to  calculate  me  ^ject^  Hessm. 
When  tire  scaled  projected  Hessm  is  ill-ctrediooned  (e.g.,  has 
very  small  eigen  values),  the  solution  can  be  inyrecise. 

When  the  projected  Hessian  is  calculated,  me  constrained 
Newton  correction  is  calculated!*®!.  When  the 
conditions  are  satisfied,  me  correction  is  small.  The  objeenve 
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nx3re  accurate  solution  than  Aat  obtained  bv  the 
optunttanon  operaor  for  problems  that  have  loosely  con^^ 

Parameter  SencjfjYitY  ^nalv  li  i 

Pararoter  sensitivity  analysis  can  assess  the  effect  of  variation  iii 
??  opting  solutionfS].  An  example  is  to 
optimum  objective  Liction 


j“> 


(53) 


rhe  Jjlustrates  the  payload  capability  versus  altitude  of 

^amet»  senEtTMljJiis™Mi^OT‘^“^ 


^1020  J 
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Picnnw  ^ D 1 Altltuda  of  MUalei  Orbit 

Figure  4.  Payload  Versus  Altitude  for  generic  Two  Stage  Booster 
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al*o^w  “*V**  “ ? POOf  performance  from  NLP 

routines  have  been  proposedH)  These 
yS^eT^  ^ on  obtaining  a set  of  sSle  factors  that 
detS>i!^M  constraint  Jacobian.  Hailmann^l 

to  constraint  Jacobian  was  scaltd  without  regard 


JS  SX™  iXiXXto ' '{if  ■“? 

problem  so  the  scaled^roS^^wS^reSl^^ 

^ing  obta^'S  SS*  ro?TOP*X'  ^ my  noTSS^‘  ’S' 

SUMMARY 

«|5SSSSSS-« 

e»’3?^X?Xj?SXrTpJff  “5 

The  POSTOP  capability  (solution  verification  / uarameter 
^smvity  an^ysis  / and  automatic  scaling  algorithm^)  are  new 

«ffon 

^Opn^d^  g y.  of  „ 
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A 

Fieui®  1.  The  delta  wing  designed  by  Schmit  and  Flenry  tequiied  interleaves  at  several  locations, 

including  Section  A-A. 
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problem  so  that  all  pliel  to  impose  constraints  on  the  thicknesses  in  the  design 

concept  because  the  constraint  is  linear  function  of  Aedesfo^”^  method  is  simple  in 

design  variables  be  a constant  tfdcK  S^^^^  It  r^uires.  however,  that  the 

scheme  in  which  the  thicknesses  are  describedhv  * Preludes  the  use  of  an  optimization 

multiple  optimization  runs?SiTof^n  a ^<^*od  r^uires 

function  optimization  scheme.  ^ number  of  design  variables  than  a continuous  shape 

progiai^c^SOT^WM  ASTROS.  This  multidisciplinary 

strucniral  response,  providing  potentiallv  ercater  a<5^nrar element  method  for 
Reference  [1].  ASTOOS  WM^ed  in  simphfied  plate  analysis  used  in 

be  added  without  modifying  the  existing  ASTOOS  A subroutines  to 

co„s«i„«  „„  u«  design^Lblcs.  ^ 
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MATHEMATICAL  DESCRIPTION  OF  INTERLEAVING  CONSTRAINTS 

t . • t _i  must  incTC^c  if  the  totEl  thickness  incresses 

I°a equations,  q and  q ate  the  total  thicknesses  of  two  adjacent  tones. 

and  (tn)e°  are  the  thicknesses  of  ply  orientation  0 . 


if  ti  ^ t2  then 


if  ti  ^ t2  then 


(ti)0 

(tl)45 


(t2)0“ 

(t2)45° 


(ti)45«  ^ (t2)-45“ 
(ti)90°  ^ (^2)90® 


(1) 


(ti)o® 

(tl)45' 


(t2)0® 

(t2)45® 


(tl)45®  ^ (t2)-45® 

(tl)90®  ^ (^2)90® 

Th.  Htffimltv  with  this  tvnc  of  constraint  is  that  it  is  conditional.  Each  condition,  if  feasible.  wUl  give  a 
unique  opitaum  t^ght.  of 

SSSdtS^^can^trge  & a fourSne  UumnaK  "'® 

Sn«  along  the  chord.  The  sixteen  possible  constraint  combmanons  arc  as  follows. 


10: 

11 

12: 

13 

14: 

15 

16 


ti^t2 

ti^t2 

ti^t2 

tl^t2 

tl^t2 

ti^t2 

tl^t2 

ti^t2 

tl^t2 

tl^t2 

tl^t2 

ti^t2 

tl^t2 

tl^t2 

tl  ^t2 

ti  ^t2 


tl^t3 

tl^ts 

tl^ts 

tl^t3 

ti  ^t3 

tl  ^t3 

tl^t3 

tl^t3 

tl^t3 

tl  St3 

tl^t3 

tl^t3 

tl^t3 

tl  ^t3 

tl^t3 

tl  ^t3 


t3^t4 

t3^U 
t3^4 
t3^t4 
t3  ^ t4 
t3^t4 
t3  ^ t4 

t3^U 

t3^U 

t3^t4 
t3  ^4 
t3:St4 
t3^4 
t3^t4 

t3^U 
t3  ^t4 


t2^U 

t2^t4 

t2^U 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 

12^4 

t2^4 

t2^4 

t2^4 

t2^4 

t2^4 


(2) 


constraint  ^ of  thescS^s  would  be  the  true  constrained  optimum.  It  can  te 

all  ctMismmt  j ^ U--J  Qf  the  sixteen  combinations  can  be  solved,  while  stUl  providing  the 

proven,  hm^cr,  A This  method  is  called  the  Iwanch  and  bound  method.  It  was  originally 

W'  Jl%5t*»lve  Ih^w  programming  problems  with  integer  design  variables. 

integer  number  of  reinforcing  rods  for  concrete  [5J. 

For  the  laminate  optimization  problem  the  top  of  the  Branch  and  Bound  tree  is  the  unrons^n^ 
optimum,  as  shown  in  Figure  3.  The  term  unconstrained  refers  to  the  constnunts  of  expression  (1).  ^ 
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ASTROS  MODEL  OF  THE  SIMPLE  WING  STRUCTURE 

Th^  a«;trOS  Simole  Wing  Structure  (SWS)  was  chosen  to  evaluate  the  branch  and  bound 
„„U.od^lS^SWS.  Jin  Hgure  4 

ro  taS:'Sdrw?slou. 

resultmg  optimum  ^of  5S'c£d"^Tsa?-m  a?pu2  m Z composite 

slans.  The  Sickness  of  the  aluminum  understructure  was  not  allowed  to  vary. 

TOP  VIEW 


I 


f 

s 
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SIDEVEW 


DIMENSIONS  IN  INCHES 


T 


RESULTS 

Each  ciicte  shown  on  the  branch  and  bound  tree  B called  a notte  ,'^^??S'5reSrSe  27 

Node  0.  This  run  has  thicknesses  of 

has  four  thickness  constraints,  and  is  the  nt^e  irost  hkcly  to  be  ^ starting 

STi^SSlte^r^^S-gr "5.  S^tSrrr.J'designs  are  show  beiow. 

fo=  9.36  lbs 
f27=  9.77  lbs 

and  Zone  4 to  minimize  weight  and  satisfy  the  aeroelastic  constraints. 
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NODE  0 - Unconstrained 


ZONE  1 

ZONE  2 

30  (27/1/1/1) 

8 (2/1/4/D 

ZONE  3 

ZONE  4 

8 (2/1/4/1) 

12  (3/1/6/2) 



TOTAL  PLIES  ( 0®/45®/-45®/90®) 

NODE  27  - tl>t2 

tl>t3  t2<t4  t3<t4 

ZONE  1 

ZONE  2 

32  (26/1/4/1) 

8 (2/1/4/D 

ZONE  3 

ZONE  4 

8 (2/1/4/D 

11  (2/1/6/2) 

total  plies  (0V45V-4SV9O*) 

Sntrr 

consnained  optimum  exists.^g^re  7 shoimheiSts^  ^ 

extending  fh>m  Ncxle  1 were  disregarded.  Next,  the  o^SSr^n^f  N^e^^S^  it 
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converged  to  an  °l  we^e^ctogS^N^^^^ 

aU  branches  extending  from  Node  ^ ^ jq  5^^.^  jjie  optimum  weight  of  Node  14 

Node  27  is  the  true  optimum  solution. 
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CONCLUSIONS 


. The  br^ch  bound  method  of  optimization  is  time-consuming,  but  it  rigorouslv  finds  the  true 

opumum  OTluuon.  The  major  benefit  is  that  it  reveals  a more  practical  method  of  reaching^a  feasible 
solu^n  t^t  may  be  very  dose  to  the  optimum.  The  practical  method  uses  a combination  of  titiclm«s 

thicknesses  of  the  unconstrained  solution.  This  simplified  way  of 
obtainmg  a manufacturable  design  may  be  appropriate  for  large  optimization  problems.  ^ 

Hi.*;  an  ^ ASTROS  with  interleaving  constraints  is  sUghtly  different  from  the 

^ obtmn^  by  a heuristic  method.  For  both  methods,  intcrl^vt^  plies  are  ^tended 
mto  ^cker  zows  to  satisfy  interleaving  constraints.  ASTROS  then  takes  other  plies  out  of  the  laminae 
that  are  not  needed  because  of  the  presence  of  the  extended  pUes.  “^nmaie 

te  soiStlSilwe'Sr'  ” ■>“«  for  nms 


Modifications  to  ASTROS  were  straight-forward  due  to  the  flexibility  of  the  code  and  the 
comprehensive  documentation. 
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ABSTRACT 

introduction 

At  high  angles  of  attack,  the  aerodynamic  forces  and  moments  are.  in  general 
time-dependent  and  nonlinear  functions  of  motion  variables.  In  addition  th»  ’ 
aerodynamic,  kinematic,  and  inertial  coupling  phen^Lna  impo^Ja^  ?o ’ tL  high 
angle-of-attack  flight  dynamics  of  modern  aircraft.  One  featurrof  a hLh  !ini® 

:£:  "■"  - orp““"r-  " 

c rren  approach  to  solve  this  problem  is  by  extensive  piloted  simulation  (ref.  5). 

these^D^Ilh?!  c"  control  theory  represent  possible  approaches  to  solving 

reonf-  r ”°''®ver,  computational  methods  in  existent 

natJie  la°r  equations  and  aerodynamics.  Another  aUer- 

native  is  to  apply  numerical  optimization  techniques  without  linearization  as  thev 
a«  frequently  used  in  structural  and  aerodynamic  designs  of  largrsystems.  A 
similar  approach  has  also  been  used  in  other  control  applicationf  In^ref.  6. 

vradfIII^c*'!  ® numerical  optimization  technique  based  on  coniugate 

L ?o  ^tair  tfr  analysis  me?W®:Jieh 

is  to  obtain  the  numerical  solutions  of  the  nonlinear  six-degree-of-f reeHom 

information  Sed^dln  ^h^  dLS 

th^!  a analysis  method  can  deal  with  nonlinearities  in  the  dynamics  and 

r^iorlr  constraints  on  the  control  syste!  consign! 

very  r^lUtS^M  e?£:c™.e!'“*““  oytHr.rloe  technique  cen  be 

To  demonstrate  the  present  method,  design  of  control  systems  to  prevent  flight 

dLl^^  n * ° nonlinear  ayatem  tend  to  depend  on  the  Initial  data  to  atart  the 

iui^  u““;a?^  ■‘"1*”  •"‘•‘■loo  oan  be  choaen 

iiinstrated  in  this  paper.  Some  results  of  the  present  method  without 

conalderlng  the  affect  of  Initial  valuea  of  dealgn  variable,.  ha^'Sel;  pr^e^ed  In 


DESIGN  MBTHODOLOGT 

anA  ia^  ^ig^  angles  of  attack,  the  main  flight  dynamic  problems  are  pitch  departure 

instabilities.  These  problems  are  aggravated  by  the  reduced 
control  effectiveness.  From  a mathematical  point  of  view,  rtf  woblL  InvoLIs 

Th  dynamic  equations  with  nonlinear  aerodynamic  forces  and 

noTlTnVar  IJfafrt'e^^aafSsI  integration  of  the  following 
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m(u  - vr  + wq) 


“«x 


+ F„ 


m(v  + ur  - wp)  - mg  + + F^ 

^ y y 


m(w  - uq  + vp) 


“«2 


+ F„ 


1 p - I - I pq  + (I  - 
XX  xz  xz  zz  yy 

I q + (I  - I _)pr  + 
yy^  XX  zz  xz 

I r - I ,p  + (I  - ■*■ 

zz  xz  yy  XX  xz 

^ p + q sln<t>  tan  9 + r cos4i  tan0 

• 

0 * q cos  4>  “ r sin<t> 

* (q  sln4>  ^ cos<(>)sec0 
a - tan  ^(w/u) 


M. 


— 1 2 2 2 
0 - sin  (v//u  + V + w ) 


(la) 

(lb) 

(lc) 

(ld) 

(le) 

(lf) 

(lg) 

(lh) 

(li) 

(IJ) 

(Ik) 


where  (u.  v.  w)  are  the  three  linear  velocity  components  of  the  aircraft;  (P.  q. 
are  the  angular  velocity  components;  and  ( 4>,  9,  '!')  are  the  Euler  angles  In  roll, 
pitch,  and  yaw,  respectively,  g is  the  gravitational  acceleration,  and  F s are  the 
external  forces,  while  (L,  M,  N)  are  the  moments  about  the  (*-»  y»  *">  «*®»* 
addition,  m is  the  mass  and  etc,  are  the  moments  of  inertia.  The  sub- 

scripts A,  T denote  the  aerodynamic  and  thrust  forces  and  moments,  respectively. 

The  Lrodynamlc  forces  and  moments  (F,,  L^,  M^,  N^),  including  the  control  effects, 
are  represented  in  dimensionless  coefficients  in  a tabulated  form  as  functions  of 
motion  variables  in  this  study.  The  motion  variables  are  (u,  v,  w,  p,  q,  r).  The 
results  of  the  Integrated  motion  variables  are  then  used  by  the  optimizer  (ref.  7) 
to  determine  the  best  strategy  of  control. 

To  be  more  specific,  it  is  desirable  to  minimize  the  sideslip  (6)  in  a maneu- 
ver. At  the  same  time,  to  have  good  tracking  ability,  the  maximum  transient  a 
response  (a  „^)  and  maximum  change  in  yaw  angle  ( should  be  mlnlMzed.  To 
prevent  spin^entry,  the  maximum  yaw  rate  (t„ax)  should  also  be  as  small  as 
possible.  Therefore,  a possible  objective  in  a roll  maneuver  is  to  minimize  the 
following  objective  function: 


OBJ 


"^iPmax  “ ^2 “trim 


max' 

C. 


+ £ 


U 


max' 
C- 


+ e 


Tb 


max' 


+ e 


max 


+ £ 


max 


+ £ 


+ e 


(2) 


subject  to  various  constraints  depending  on  applications.  Otrlm  - 

define  the  limiting  angle  of  attack  to  be  discussed  later  for 

16.  The  constants,  C,  - C„,  are  weighting  factors  to  chosen  so  that  all  terms 
hLe  the  same  order  oJ  magnitude.  t is  taken  to  be  10  ^ The  control  system 
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to  be  determined  by 

aileron-rudder  interconnect  gain  (K^j), 
side  acceleration  feedback  gain  (K  ), 
yaw  dawp^r  gal„  (K^. 

Pitch  d,wp„  gain  (K^),  „gie  ^ 

normal  acceleration  feedback  gain  ^ ” 

roll  control  deflection  feedback  gair(K^),  etc. 
where  is  defined  in  ^ 


max 


C3) 


NUMERICAL  RESULTS 

the  P^6  l^rplCcS.^errm  or^fiirh""”  ’•  Sla<=a 

IV.T  ‘"PlP'iaa  S aLu!^j!«”°w'°^  “Jot  ooa- 

l~h  ITuTA^T"^ 


<5^(oe-feedback) 


K a - K 
o c 


(4) 


cont“^;“te^«“u«ura“l;^al“at1atid^  •l“tude.  Iha  aaauned 

wethod*  ■’-oooo 

esign  variables  are  systematically  varied  code.  That  is,  the 

the  objective  function  is  then  used  to  determine effect  on 

aaaiSd  ™l“oa  around  which  rheH  P«J;a?i;,‘^a'';arnd''Irr 


''ARI 


1.05, 

3.6, 
5., 


V - 16., 

K-  - 0.3, 

0.2, 


az 


0.6, 

3., 

0.2 


a“a“folL:^“  -luns  o,  ar.  than  choaan 


■^ARI 

K_ 


0.9, 

3.8, 

10., 


Kay  - 18., 
Kaz  - 0-5, 

Kp  - 0.06, 


K,  - 


0.4, 

2.9, 

0.2 


of  design  variables!^^''Taking*^C°"-*^0^00r  ^ minimum  in  the  space 

Cg  . 0.008,  C,  - 0.7,  and  c!  -S  0 2/  S - l.o,  C.  - 14.0.  C,  - o!S? 

Illustrated  in  Fig,  3.  ® ’ objective  function  is 
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As  an  application  of  the  configuration  will 

gains  to  prevent  pitch  departure  in  a roll  maneuv  of  „te  will 

S determined.  Note  that  due  Note  that  a,,.,  in  Eq.  (2)  is 

induce  additional  f®  over  the  whole  time  period,  it  is 

defined  as  the  average  angle  ° airplane.  The  roll  control  is  applied 

maximized  while  maintaining  ^ ^hown  in  Fig.  4 show  that  no  departure  has 

between  t - 22  and  34  sec  ^ % 24.5  deg.  In  this  case, 

occurred  and  the  final  angle  of  attack  is 

Pmax  ” 

The  calculation  ®^^®Q^^°thrairplane  will^trim  at  an  angle  of  attack  equal 

limiting  system  (K  - U,  ^ 

^ ^ A ...  3 .ml 


irab;:!  66- Tnd'y?w  dlverieac.  »U1  occur. 


□uuu  v/v  y - — 

^h*.  initial  starting  values  for  the  design  variable 
To  check  the  convergence,  the  init  J results  are  still  the  same, 

.r.  Slightly  changed.  However  th^  £1-1  couvstg^ 

showing  that  the  solution  is  the  best  poss 

CONCLDSIONS  , . nonlinear  flight  dynamic  analysis  code 

A numerical  optlmlaer  was  coupled  with  prevention,  the  design  objec- 

to  form  a control  system 

tive  was  described  in  terms  of  minimizing  ^neuver.  To  make  sure  the 

slip,  the  yaw  angle,  and  the  y®”  ” ®^  the  starting  values  of  the  system  gains 

converged  solutions  were  ‘^''®  The  design  method  was  demonstrated 

^:rary!rcorg::fatiorr'pi:t:i^t“ru^. 
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Figure  1 Block  Diagram  of  an  Assumed  Pitch  Control  System  for 
an  F-16  Configuration 


Figure  2 A Sensitivity  Analysis  of  the  Effect  of  System  Gains 
on  Dynamic  Characteristics 


Yow  AngU  (d«g)  Roll  Role  (deg/sec)  Objective  Function 


O.J  0.4  0.5  0.6  0.7  0.8  0.9  1.0  1.1  1.2  1.3  1.4  1.5  1.6 

ARI 

Figure  3 Variation  of  the  Objective  Function  with 

K =15,  K =0.6,  K -2.8,  K -0.4,  K -10,  K -0.09,  K -0.25 
ay  r q az  c p o 

KKKKK  KK  K. 

ARI  ay  r q az  a c p o 

0.77  10.  0.6  3.4  0.3  3.1  11.  0.09  0.25 

0.77  10.  0.8  3.4  0.3  0.0  0.  0.09  0.25 


TIME  (see)  TIME  (sec) 

Figure  4 Design  of  a Control  System  to  Prevent  Pitch  Departure  of 
an  F-16  Configuration  in  a Pull-up  and  Roll  Maneuver  at 
M - 0.5  and  h = 30,000  ft. 
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^ } ■ jr:> 

C7  / 

N94- 71496 


MULUNEH  OLI 

Laboratoire  d'Aeronautique,Universite  de  Lidge, Belgique o 

I ■ 


After  a short  recall  concerning  the  aeroelastic 
equations^  active  control  lav  based  on  optimal 
stochastic  control  theory  is  synthesized  for 
a wing  flutter  and  gust  response.  Robustness  of 
of  the  control  system  due  to  structured  and  un- 
structured uncertainities  is  considered. Robust- 
ness recovery  technique  is  applied  to  improve 
the  stability  margin. 


INTRODUCTION 

In  the  last  three  decades  enormous  progress  has  been  made  in  the 
field  of  structural  analysis  and  numerical  aerodynamics.  This 
has  allowed  to  build  yet  lighter  and  more  flexible  aircrafts, 
but  the  flutter  phenomenon  continues  to  be  one  of  the  decisive 
aircraft  performance  limiting  factors.  The  concern  of  this 
paper  is  to  study  the  control  of  flutter  and  turbelence  response 
to  enhance  the  performance  limitations. 

A sustained  oscillation  of  the  wing  in  motion  involving  its 
vibrational  deformation  due  to  the  positive  work  done  per  cycle 
of  oscillation  by  the  aerodynamic  force  leads  to  the  flutter 
phenomenon.  To  make  sure  that  the  phenomenon  occurs  out  of  the 
flight  envelope,  active  control  system  is  being  used.  The 
physical  purpose  of  the  control  system  is  to  generate 
aerodynamic  forces  using  of  control  surfaces  to  compensate  the 
adverse  acting  aerodynamic  forces  on  the  wing  to  keep  the 
aircraft  stable  and  reduce  load.  In  establishing  the  control 
system  stochastic  optimal  control  design  process  is  used.  The 
task  of  the  control  system  is  to  find  the  control  variables  that 
would  drive  the  system  from  a state-space  point  in  a Euclidean 
space  at  the  initial  time  to  a point  at  the  final  time  along  an 
optimal  path. 

The  design  model  used  to  derive  the  control  strategy,  which  is  a 
simplified  version  of  the  actual  model,  is  obtained  by 
neglecting  some  of  the  modes  and  fixing  some  of  the  parameters 
at  nominal  values.  Robustness  of  the  control  system  due  to  low 
and  high  order  uncertainities  will  be  determined  and  a recovery 
technique  will  be  applied. 


AEROELASTIC  EQUATIONS  OF  MOTION 

The  elastic  wing  is  considered  to  be  linear  which  can  be 
discretised  as  n points  material;  so  can  its  equations  of  motion 
be  formulated  using  Lagrange's  equation  of  motion.  The  deformed 
shape  of  the  wing  is  represented  by  a set  of  discrete 
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displacements  at  selected  nodes  which  is  approximated  by  a 
linear  combination  of  the  natural  modes  of  vibration. 

_ q = $ q 

where  q is  the  generalized  displacement  vector,  * is  the  modal 
shape  matrix  and  q is  the  modal  coordinates  vector. 

+D^+Kq=F 

The  modal  shape  , mass  and  stiffness  matrices  9,  M and  K 
respectively  are  generated  using  the  finit  element  method.  The 
nonconservative  generalized  force  matrix  F consists  of  unsteady 
aerodynamic  forces  due  to  motion  0^^^,  control  Q^and  atmospheric 

turbelence  Q^.  The  Laplace  transform  of  the  aeroelastic  system 

equations  of  motion  (2)  is 

(Ms*  + Ds  + K)  q = \ P v^Qj^q  + i p + | p 

where  5 is  the  control  surface  coordinates  vector  and  wt  is  the 
atmospheric  turbelence  vertical  speed. 

The  unsteady  aerodynamic  generalized  forces  are  detemined  using 
the  subsonic  doublet  lattice  method  as  follows.  The  lifting 
pressure  - downwash  integral  equation  (4)  : 

w(x,y)  = IJ  AP  (x,y)  K (x,x^;y,y^)  ds 

J J g 

derived  from  the  hyperbolic  acceleration  potential  equation  of  a 
subsonic  flow  for  a thin  finite  wing  is  discretized  into  linear 
algebraic  equations 

w = D AP  (5) 

where  D is  the  influence  coefficient  matrix  representing  the 
downwash  at  a point  (x,y)  due  to  a unit  pressure  difference  AP 
at  (x  ,y  ) . The  downwash  distribution  is  related  to  the  wing 

modal  coordinate  vector  and  the  pressure  coefficients  are 

evaluated  using  the  corresponding  modal  deflections.  The 
generalized  unsteady  aerodynamic  forces  associated  with  each 
generalized  coordinate  is 

. rr  (7) 


Q,j(ik) 


- ( 52  ) qj^(x,y)  Apj(x,y)  dx  dy 


where  s=ik  ; k is  the  reduced  frequency. 

To  cast  equation  (3)  into  the  state  space  form  , convenient  for 
the  control  design,  the  unsteady  aerodynamic  force  matrix 
obtained  in  the  frequency  domain  is  approximated  by  a rational 
matrix  polynomial  [7] 


Q (s)  = Ao  t A H ( I?  )"  + I ° 

^ «-i  s + 2v/c  /3« 

The  coefficient  matrices  Ai  are  determined  using  the  least 
squares  technique. 


CONTROLLER  DESIGN 


A state  space  equation  has  been  constructed  including  flexible 
modes  , aerodynamic  lag  modes  , dynamic  gust  represented  by  the 
second  order  Dryden  model  and  actuator  dynamics. 

X = AX  + BU  + GW 
Y = C X 
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(9) 

(10) 


control  vector,  w e 

^optical  control  that  nlnlnlres  a ^aVtirre“rlrr:rnc;\?„‘a%^i 

. ^ J(X^aX*O^RU)ilt 

To  make  the  controll^T-  r\-F  i ^ 

reduction  technique  is  to  a controller  order 

method  [3]  is  used  in  here  for  thi«=  The  modal  cost 

stoch^V-  based  upon  relatS’e^^* 

oteervanie  so  an  to  aesore^^^-tal'lll^rortne^^oStr^”^^^^^^ 

model  uncertainities  and  robustness 

compeJsatJ  ^'fo^'r  feedback  control  is  to 

To^'fin^^JJ  "®^l®cted  dynaraicS^Sj^param”?*®^  uncertainities 
lTnc^^^  1 robustness  of  a control  ^ ^ l^*’‘^®^^ainities. 

uncertainities  artHi<-‘  wxth  respect  to 

perturbations  are  introduced  at  diffoV^^  -i  multiplicative 

^ robustness  at  a point  breaking  points 

system  does  not  necessa7^A«^  multi-input  multi-output 
structured  uncertainities  in  Vwa  ^ result  at  other  points 
wing  structural  modes  uistea^v  Z""®  ignored  highir 

reduced  order  controller  aerodynamics  approximations  a 

principally  dua  to'^?^e  SitSirSeif “?'=“'■*  “"“rtiTnl^iSs  a« 

In  terms  of  the  loop  transSr  ^/®‘3Piecies  and  dynamic  pressure 
gxven  as  follows  ^ transfer  function  the  uncertainities  “e 

G(s)  = G^(s)  + A G(s) 


where  g i ^(^'P)  ~ G^(s,p)  + G(s,Ap) 

IS  nominal  loop  aain  n < 

parameters.  P g m,  p is  a vecteur  of  uncertain 

Robustness  of  a mtmo 

uncertainities  is  evaluated^^n  respect  to  unstructured 

alue  of  the  system's  return  minimum  singular 

and  the  nearest  singular  return  difference  matriv 

which  can  be  tolerated  as  the  largest 

stability  o,  a perturbed  sys\1rLX«nteS'?^, ^ 

Where  T is  ‘tb  ^ ^ ^ ) v„  >o  „„ 

"fth’'  “‘==~V?“"ths^unferfai"lt%"^''  Perturbation 

PertuiaWon“noM^lou?IJ''arrus?d""for  to 


(13) 
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ROBUSTNESS  RECOVERY  TECHNIQUE 

all  state  variables  are  accesible,  linear 

ie.  phase  margin  of  ±60  of  observers  (filters)  to 

reduction  tolerance.  state  variables  deteriorates  the 

estimate  the 

robustness  of  the  conrroi  j .with  respect  to  model 

robustness  which  is  not  . recovered  at  different  points 

uncertainity  can  as)^totical^^^^  technique.  Yedavali  & Skelton 
of  the  loop  using  the  Hyland  & Bernstein 

using  the  trajectory  senslt.vity^aw^^^ 

using  the  ®"tropy  metho  t feedback  loop  technique  of 

parameter  |Sr  this  purpose.  The  parameter 

Tahk  & Speyer  is  ,^a»r.mtir>n*ied  in  to  input,  output  and 

variation  matrix  AA  relationship  between  the  LQG 

fictions  feedback  1°°P  ■ %?ruc^^^^^  the  parameter 

weighting  “-traces  *nd  ':h"  ':he^^^ 

Srt^°Con«ollar'’\s  asi^^ptotically  robustifled  ^th  respect  to 

the  ^raneter  variations  adjusting  the  weighting  matrices. 


i; 


;i 


Fig.  1 Representation  of  the  perturbation  system 


where 
N e 


A A(p)  - “M  L(p)  N _xp 

b p is  the  vecteur  of  uncertain  parameters,  ^ e R , 

. The  covariance  of  the  process  noise  v^-  r R R 


xs 


chosen  so  that  M is  column  similar  to  R ie 

SeiV:^i^g“ir?r  t?^^s“of  t^  i;;t^ro“;utn^-rfation 

matrices  M & N respectively. 

EXAMPLE  AND  DISCUSSION 

The  finit  element  wing  structural  model  consists  of  rod  and  beam 
SLeS^  It  is  known  that  the  flutter  phenomenon  dominantly 
inSSlSiJ  the  lower  modes,  so  are  only  three  lower  modes  retained 
fo^the  control  analysis  and  synthesis.  The  aerodynamic  model 
(lig.  %r  conaists of  140  b°«a • 

r-alculations  are  made  at  a flight  condition  of  0.7  mach  , 
altitid^  of  10  km  and  6 reduced  frequencies.  The  aerodynamic 
force  rational  polynomial  fits  are  given  on  fig.  3.  The  initial 
^ Matrices  are  determined  using  the  inverse  square  of 

?Se  maiimuTSiowable  states  and  control  variables . The  system 
SS  Sn  “mulated  for  different  values  of  the  weighting  matrice 
^SffSlents  . Displacement,  velocity  and  acceleration  sensors 
a?l  used  ?o  measure  the  outputs.  The  o^n  loop  flutter  speed  of 
the  system  (v  =260m/sec)  is  sensibly  increased  (20%)  when  the 

control  system'  is  activated.  Open  and  closed  loop  power  spectral 
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turbelenc.  of  ocale, 

can  conclude  that  the  active'  given  fig. 4.  one 

response  control  systems  are  related^^^^^^^^^°” 
concerning  the  flexible  modes.  lated  to  one  another 

The  minimum  singular  value  curve  of  the  return 

at  the  input  is  used  to  determine  .‘difference  matrix 

perturbation  matrix  bound  (worst  J?s^  in  i acceptable 

which  stability  is  auaran^Jn  channels)  up  to 

margins;  pm  = +5*  and  GM  - i Vk  guaranteed  stability 

mul?n«A«  -.-^'1  ‘db  are  determined  from  the 


®^ifiioop  gain  and  phase  margins  [6] 


The  principal  necessary  condition  to  apply  Tahk'.;  ,■ 

minimum  phasedness  of  M ci  ^ ^ ^ method  is  the 

the^°Lit?ol^°m;tSr  or^th^^"  parameters  Ib^long'^either^t^ 

efficion=r  of  »oVhod°'^got‘^%eXc™± 

Mgh«“nput°s’"ina  to-  a "bys\em°  ol 
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^ AppHcation  of  Object-Oriented  Knowledge 
Representation  to  Engineering  Expert  Systems  ^ 

by 


D.  S.  Logie,  H.  Kamil  and  J.  R.  Umaretiya 
Structural  Analysis  Technologies,  Inc. 

Santa  Clara,  CA 

Abstract 


describes  an  object-oriented  knowledge  representation  and  its  aoolication  to 
of  ae  proble*irite*b^.ll^*  object-oriented  approach  promotes  efficient  handling 

. Rule-b^ed  knowledge  representation  is  then  used  to  simulate  eneineerina 

of  smin  °n  •>«  de^Iop^ 

ign  and  optimization  of  aerospace  structures  is  discussed.  ^ ’ 

Introduction 

F yproach  is  being  applied  to  *e  development  of  an  integrated 

rf^ro»fc“ctu^^^^  ”<*  optimization 

The  expert  software  package  brings  together  several 

11/  ^ y ’ expert  systems,  data  base  resources  and  procedural  orocrams  to 

work  together  m an  integrated  environment  as  shown  in  Figure  1 Sipnificlnt^/»r-  • 

can^lvo^d  by 

“intelligLce”  wilUm^ve^h^^^fT^  mtegr^ion  of  the  design  process  with  embedded 

The  main  goals  of  the  research  work  presented  herein  were  to: 

0 I^evel^  a practical  and  efficient  environment  for  the  development  of  large 
expert  systems,  pnmanly  for  engineering  applications,  and  ^ 

^ ^ the  aerospace  design  process  involving  the  iterative 

steps  of  the  fmite  element  analysis,  design  and  optimization. 
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D An  efficient  data  representation  and  storage  scheme,  and 

0 The  ability  to  process  large  numbers  of  rules  nece^  to  simulate  reasoning 
^siiajS  wi*  the  various  steps  of  the  design  process. 

„ c„,  .h. 

st‘.'s,=tsrcf“i . rs 

object  base.  ORL  commands,  ^ oServine  asserting,  and  reseting  property 

editing,  and  displaying  cla^  LiZgoS  in  the  development  was  to  keep 

u5  simple  as  “ ^X'eTi.S  SpC^ledg” 

couldLily  utilize  the  resulting  expert  systems. 

Once  the  objects  (d^)  invdvrf 

dCTd^e^i  toTcLIPS^  rule-balsed  q'stem  °fem«".Srplement 

inference  engine.  Togete.  the  handies  problem  data  while 

each  other  in  that  the  process  Alone,  the  object 

the  rule-based  knowledp  is  usid  to  s'md^  ^ data  rtorage  scheme;  however, 

the  ORL  from  rules. 

Object-Oriented  Knowledge  Representation 
Object-oriented  knowledge  «pte«ntatio.^vide^^^ 

pnilem  data  as  a coUection  o holdmg  values  of 

Sescriptive  properties  ^ A Me^W  SL  attached  to  a proper^  to  put 

type  stnng,  word,  mteger,  or  ^ . define  initial  or  default  values,  and 

ionstrainta  on  the  values  the  pmpe^  can  hoW,  to  ^fme  ^ 

to  define  the  prompt  displayed  to^  ^ list  defining  the  search  path  to  be 

wh»  Z ;bj«t  pro'^rty  ^l^^ale' M^agf^nt 
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relationship'’s  includr/^^re^^ /nS^c^of^rekttr*  Types  of 

m^ce,  «-aand  subclass  rclaticnsbi^bciwLn  aTs^^'u^TT^  ^ 

(e.g.,  wing-x  ispart-0/.LXnty  between  objects 

relationships  come  into  play  when  the’cIasJL  Md  ’*''”8-x).  The 

queried  for  a property  value  it  will  automfltirall  queried.  If  a class  is 

~ •”=-  0-^t.llSSEtS,^ 

representation  scheme,  Ind^entot  ° b^”!f  ^ knowledge 

engine,  is  the  ability  to  bu”Kg™^^^^  -^-enfe 

specific  tasks.  Also  previous^  anS^-f  ^ cany  out 

communicatethrough  ’acommonobiectbaM°  A vp^T  data  and 

developed  giving  the  illusion  of  a la!ge  expert  system  v^fn  *inT° 

rules  are  being  processed  at  any  oL  time  ^Thk  K*r/  u ^ 

important  on  a oersonal  nr  * capability  becomes  especially 

updaUngandverifyingknowledgebLTfo^W  Developing,  modifying, 

whan  small  nt,e  sets  can  be  edited  and  tested 


Application  to  Aerospace  Structural  Design 
operational  andV^X  dlve^pm^^  rule  sets  me 


Analysis  Planning 
Substructuring 
Mesh  Refinement 
Element  Selection 
Dynamic  Modeling 
Optimization  Problem  Formulation 
Optimization  Problem  Simplification 
Optimization  Algorithm  Selection 
Interactive  Design  Optimization 
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A simplified  version 

y sr„r.ri"rir^;™ “ £ 

properties  that  influence  the  ecision  decision  is  solely  based  on  the 

for  the  expert  system  could  be  defined  as  follows. 


OBJECT  goal 

PROPERTY  type  TEXT 
METASLOT 

Allow  ( ^ , 

1.  "Initial  Design 
2 "Final  Design'  ) 

Prompt  "What  is  the  current  goal 


of  the  Project? 


OBJECT  structure 

PROPERTY  loading  TEXT 
METASLOT 

Allow  ( 

1.  "Pressure 

2.  "Thermal' 

3.  "Aeroelastic' 

4 . Ae  r odynami  c 
5.  "Impactive'  ) 

Prompt  *What  loadings  are  imposed  on  the 
structure?' 


OBJECT  analysis 

PROPERTY  type  TEXT 
METASLOT 

Allow  ( 

1.  "Static' 

2 "Dynamic  — Time  History 
3.  "Dynamic  — Modal  ) 


Rules  are  then  defined  to  reason^  f Sef 
values,  automatically  querymg  e user  Most  importantly,  rules  must  be 

shown  in  the  CLIPS  syntax,  might  look  like. 


(defrule  rule-name 
(goal  type  "Final 
(structure  loading 


Design' ) 
Aerodynamic) 


(ORL  assert  analysis  type  -Dynamic  - Time  History')  ) 

titog^SrSe" HUtoTi^SysU  Sd  be 
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”’°-  involved 

# 

Conclusions 

which  was  linM  to  Ae  representation 

s=?^ks!ISS2H“^^^ 
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Figure  1.  Integrated  Architecture  for  Expert  Design  Software 
Package  Utilizing  Object-Oriented  Knowledge  Representation 


Figure  2.  Integrated  Object-Oriented/Rule-Based 
Knowledge  Representation  Scheme 
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Abstract 

The  subject  of  this  paper  is  the  efficient  and  accurate  determination  of  second-order  design 

"The  approach  being  carried  out  here  is  the  direct  differentiation  of  the 
element  method  (DBEM)  formulation  of  the  problem.  Second-order 
S the  Sod^iJ  ^ ol^^ained  here  in  an  elegant  manner.  A numerical  implementation 

isoparametnc  quadratic  boundary  elements  and  numeric^  results  are 
presented  for  several  sample  problems.  Considerable  savings  in  computational  effon  to 

d?si^  possible  through  the  use  of  efficiently  determined  accurate  second-order 

1.  Introduction 

In  almost  ^1  shape  optimization  processes,  design  sensitivity  coefficients(DSCs)  which  are  the 
"rf 5'  ^ design  variable,  L essential  fadTetoenSnato^^^^ 

mnmuTe  f v design  vanable  being  considered  here  is  a shape  parameter  that 

^nuols  the  shape  of  part  or  whole  of  the  boundary  of  a body.  Approaches  for  calculating  first-order 
med  ‘leveloped  quite  well  by  many  researchers.  Second-order  DSCs,  however^  are  hardly 

for  ^ expensive  to  compute.  In  many  nonlinear  programming  algori^s 

funSoJTi?d  ^?rnnd°"^d°^^ ^ infonnation  such  as  the  inverse  of  the  Hessian  matrix  of  tL  4jective 

denvatives  of  constraints,  which  provide  sufficient  conditions  for  the 
are  generated  approximately  from  first-order  derivatives  [1]  The 

?econd^SSDSCs°?^  purpose.  However,  another  side  of  the  issue  is:  if 

th^  o?oo  determined  accurately  with  reasonable  computing  cost,  great  increase  of 

SlSl  °P“”““d0"  algoritiims  is  possible  [2).  This  can  lead  to  gma,  savings 

tn  researchers  have  alreadly  shown  interest  in  this  area.  An  adjoint  variable  method  was  used 

to  ttenve  firct-orte  and  second-order  derivatives  of  measures  of  dynamic  ^ponsrSWsKct  m 
^sign  vanables  by  Haug  and  Ehle  (31.  Dems  used  the  mixed  approach  to  obTitirsKoXiSr^SCs 

SnsSShTtsTthe^^^^^  d ’ compared  two  commonly  ured  first-order  approximations  ?/the 
onstraints  to  the  corresponding  second-order  approximations  of  the  constraints.  In  this  paner  161  truss 
and  laminated  plate  problems  were  used  to  compare  the  accuracy  of  the  approxhnLn  andSff^^^^^^ 

Besides  Haug  et.al  [7]  described  tJIe  generauSSes  by  usinffi^ 
element  methods  (raM).  Direct  differentiation  of  the  reduced  global  stiffness  matrix  the  adioint 

ISad^oKS^X^i  stiffness  matrix,  and  a combination  of  direct  differentiition 

abov^nhf^c*^h^  ’ ^ formulate  second-order  design  sensitivities  [7J.  None  of  the 

coZuuI  ’ ' attempted  to  determine  second  order  DSCs  for  general  elastic 

analytical  differentiations  (DDA)  of  the  governing 
bound^  element  meth^  (BEM)  formulation  of  the  problem.  The  exact  differenStions  ehS 

methods  and  lead  to  closed  form  integral  equations  for 
appmi^^:^mtjScTn”w'“  This 

2*  Integral  equations  for  two-dimensional  problems 
2.1  The  DBEM  formulation 

SSi‘{;s£;siKsa'in'r‘"“  “® 

wSten^^flO]^***^^^°*^^  two-dimensional  linear  elasticity  for  a simply  connected  region  B can  be 
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J [UjjCP.Q)  X.  (Q) 

dB 


where  the  kernel  Ujj  is  available  in  many  references  eg.[12]  and  Wy  is  available  in  [10].  Here  Xj  and 

A.  are  the  components  of  the  traction  and  tangential  derivative  of  the  displacement,  (A.=3u/3s) 
respectively,  on  3B.  It  is  very  important  to  note  that  Wjj  has  only  a logarithmic  singularity  (same  as 
Ujj ) as  r goes  to  zero.  A constraint  equation 

f Aj  ds  = u.(2)  - Uj(l) 

dBj 

(where  is  a suitable  part  of  9B  with  U;(l)  and  Uj(2)  the  values  of  U;  at  the  beginning  and  at  the  end 
of  3Bj)  must  be  included  for  certain  problems. 

As  can  be  seen  &om  equation  (1),  the  traction  and  tangential  displacement  derivative  vectors  are  the 
primary  unknowns  on  9B  in  this  formulation.  It  has  been  shown  that  the  stress  components  at  a 

regular  point  on  9B  can  be  written  in  terms  of  the  components  of  x and  A as  [13]: 


where  Ajjj.  and  Byj^  are  coefficients  which  can  be  determined  from  the  geometry  and  material 
properties  [13].  Thus,  since  x and  A are  primitive  variables  on  9B  in  this  DBEM  formulation,  these 
quantities,  as  well  as  Ofy , can  be  obtained  on  9B  with  very  high  accuracy. 


2.2  First-order  sensitivity  formulation 

The  COTtesponding  DBEM  equation  for  the  sensitivities  arc  obtained  by  differentiating  equation  (1) 
with  respect  to  a shape  design  variable  b [8]: 


j[Uj/b4’.Q)  X j (b,Q)  - W..(b  J>,C»  A j (b.Q)]  ds(b,Q) 

dB 

+ J[U  ..  (b J>.c>)  Xj(b.(2)  - w j.  (b,P,Q)  Aj(b,Q)]  ds(b,Q) 

dB 

+ J [Ujj  (b  J>,(2)  Xj  (b.Q)  - Wjj  (b,P,Q)  Aj  (b,Q)]  d*s  (b,Q)  = 0 (3) 

dB 

where  a superscribed  * denotes  a first-order  derivative  with  respect  to  a typical  component  of  b.  It  has 
been  shown  [14]  that 

U ..  (b,  P,Q)  = Ujjj^  (b.  P,  Q)  [ i 1,(0)  - X j^(P)]  (4) 

where,  by  virturc  of  the  fact  that 

Xj^((3)-x,^(P)~0(r) 

Ujj  is  completely  regular!  A similar  argument  is  used  to  show  that  Wjj  is  also  regular.  The  formula  for 
d*s  is  given  in  [8,9]. 
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2.3  Second-ortler  sensitivity  formulation 

J [Ui/b,P,Q)  i ,(b.Q)  - W (b,P,Q)  A ,(b.Q)]  ds(b.Q) 

3B 

+ 2j  lU  i/b  J,Q)  t‘  .(b,Q)  - W ,.(b  J>.Q)  1 ,(b,Q)]  <b(b,Q) 

dB 

+ ij  [U,/bP.Q)  z ,(b.Q)  - W (bJ>,Q)  A (b.Q))  d's  (b,Q) 

dB 

+ 2J  [U  .j(bJ>,Q)  T.(b.Q)  - W . (bd^.Q)  A (b,Q)]  d*s(b.Q) 
dB 

+J  ru  ..{b  J>.Q)  T.(b,0)  - ,.(b,P.Q)  A,(b,Q)]  ds(b,Q) 

dB 

+J  [U..(b.P,Q)  Tj(b.Q)  . W..(bJ>,Q)  Aj(b.Q)]  d^(b.Q)  = 0 (5) 

dB 

whm  a superscribed  ^denotes  a second-order  derivadve  with  lespecl  to  a typical  component  of  b. 
te^|-“ “ ii  “ nrgutnent  is  used  to  show  that  is  also 

sec™dS3er'5?nshiriSs  mto  'J“  °f  («  wi*  either  the  fust  or  the 

nght  hand  stde  (when  solving  equation  (3).  t,  and  A,  on  the  3B  are  known  and  when  solving  equation 

» prf^'ir^t'ir 

equiSncIrS'iSJ^n  m'Sfm  g;  f”  boundaty  stresses,  obtained  by  differentiating 

eler^T"^””  “ "rf  “ of  modelUng  of  comersfon  3B)  with  conforming 

3.  Numerical  implementation 
3. 1 Discretization  of  equations 

their^t^iJter  2d  Station  aUfOT  displacement  derivatives),  equation  (3)  (for 

-al  way^TT^e  boundary  3B  is  subdivided"^!.[o 

e y^a  es  t.  and  A.  are  assumed  to  be  piecewise  quadratic  on  these  boundary  elements  The 
loganthmically  singular  kernels  are  integrated  by  using  /og-weighted  Gaussian  integration. 
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3.2.  Numerical  Results  ^ u m.*thnd  These  examples  are  chosen  with  a view 

of  cSpS’raTMS^’^wi.h  analyucal  soloiions.  All  „„«rical  results  dis^ss.^ 

tZ  L S^th  Poisson's  rado  n = 0.3. 

plane  strain.  Figures  1-4  and  Table  1 are  taken  from  [9]. 

Example  I . The  P^Mem  of  a disk  with  exK^^^^ 

example.  Only  a quarter  of  the  *u  Qf  synunetry  o/ ite  problem.They  are  comers 

b=10.  p = 1.0.  The  comers  here  this  problem.  The  well 

elements  (11  elements  are  equ^ly  spaced  ^ ^2  numerical  result,  except  for  some  small 

L=30  0 = 1.0.  As  in  the  previous  example,  this  problem  also  has  comers  where  the  stress  ^ 

continuous  The  semi-major  axis  a is  the  design  viable  in  to  P~ble”j.  ^e  analyucal  soluuon  for 
to  tangential  stress  on  to  ellipse  (for  an  elUtical  hole  in  an  infuute  plate)  is  [14]. 

1 + 2q  - q^  + 2cos(2<|)) 

“ “ 1 + q^  + 2qcos(2(|)) 

tangennal  stress  along  to  quarter  eUips^s  sno^  i g f global  picmre  is 

generaiy^acknowledged  to  be  tSfficult  to  obtain  accurately  in  an  efficient  manner. 

National  Supercomputer  Facility. 
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Mesh 

Analytical 

A 

Numerical  ^ jj 

Error  (%) 

24  elements 

-0.09342267 

-0.09988122 

6.46 

28  elements 

-0.09458990 

-0.09988122 

5.29 

36  elements 

-0.09816499 

-0.09988122 

1.72 

40  elements 

-0.1017195 

-0.09988122 

-1.84 

44  elements 

-0.1001325 

-0.09988122 

-0.25 

Table  1.  cr^n  at  point  C^  (in  figure  1)  from  different  meshes  (example  1). 
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Hgure  1.  Example  1.  Lame's  problem  for  a thin  disk. 


Figure  2.  j on  DC-analytical  and  DEEM  solution. 


Figure  4.  Angular  variauon  of  O^ee  *«>und  the  quarter  eUipse. 
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ANALYSIS  FOR  OPTIMIZATION  OF  LARGE  STRUCTURES 
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ABSTRACT 

ne  paiKr  presents  fte  theoretical  bases  and  implementation  techniques  of 
»nsitivity  mdyses  for  efficient  structural  optimization  of  iarge  structures 
based  on  fimte  element  staUc  and  dynamic  analysis  methods.  The’ 
wnsitivity  analyses  have  been  implemented  in  conjunction  with  two 

f M^etnatical  Programming  and 

imalify  Critena  methods.  The  paper  discusses  the  implementation  of 

AutoSi^™^  package. 
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INTRODUCTION 

;^e  design  pr^ess  for  aerospace  structures  involves  many  analysis/design 
Iterations,  exchanges  of  a large  amount  of  data  and  multiple  interactions  on 
decisions  among  a variety  of  technical  disciplines.  Typically,  the  design 
process  goes  through  several  staps,  mnging  from  eiriy  coLp^d  ^ 
pre  iminary  designs,  through  finite  element  structural  analyses,  to  final 
esign  and  optimization.  For  each  stage  and  cycle  of  the  analysis  and 
design,  a large  numb^  of  parameters  are  investigated  and  a large  amount 
of  data  is  utilized.  The  design  process  can  readily  be  formulated  as  a 
problem  of  optimization,  where  either  cost  (weight)  or  a measure  of 
performance  can  be  optimized  while  satisfying  the  specified  constraints. 

approaches  for  design  of  large,  practical  structures,  based  on  the  use  of 
tmite  element  techmques  for  modeling  the  structures.  Large,  practical 
structaral  optimization  problems  have  hundreds  or  thousands  of  design 
variables,  hundreds  or  thousands  of  highly  nonlinear  constraints  and 
multiple  l^al  niimma.  For  structural  optimization,  two  different  types  of 

proposed,  viz.  Mathematical  Programming  (MP) 
Criteria  (OC)  algorithms  (Refs.  3,4). 
Both  MP  and  OC  methods  are  iterative  in  nature  and  generate  a sequence 
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of  the  design  variables  converging  to  the 


of  design  points  in  the  space 
optimum  solution. 


Both  of  these  methods  involve  gradients  of  objective  and  constraint 
functions  with  respect  to  design  variables,  “^ese  gradients  are  called 
sensitivity  coefficients.  For  regular  optimization  problems,  these 
sensitivity  coefficients  can  be  evaluated  directly 

constraint  functions  are  explicit  functions  of  design  vm^les.  Once  these 
coefficients  are  known,  they  are  us^  for  determimng  the  ^ 

of  the  next  iterative  step  towards  optimum  design.  For  structural 

optimization  problems,  the  objective  and 

functions  of  the  design  variables.  This  makes  the  evaluation  of 
gradients  significantly  more  difficult.  The  process  of  evaluating  gradients 
of  objective  and  constraint  functions  is  called  L 

provides  a bridge  between  optimization  algorithms  and  finite  element 
Lalysis  solutions.  This  paper  discusses  the  various 
sensitivity  analyses  and  their  implementation  to  large,  practical  structures. 


SENSITIVITY  ANALYSIS  APPROACHES 


There  are  three  main  approaches  for  sensitivity  analyses* : 

. Virtual  Load  Approach 

• State  Space  Approach 

• Design  Space  Approach 


These  methods  are  briefly  discussed  below: 


Virtual  Load  Approach 

This  approach  was  first  used  by  Barnett  and  Hermann  (Ref.  S^or  stafi^ly 
determSale  trusses  with  a single  displacement  constramt.  The  appro^h 
was  later  extended  to  statically  indeterminate 

deflection  constraints,  and  has  been  extensively  used  with  Optimality 
Criteria  methods  (Refs.  3,4). 


Since  this  approach  is  somewhat  restricted  in  the  sense  that  constraints  must 
be  expressed  in  a specific  form,  it  has  been  superseded  by  the  more  general 


1 The  finite  difference  approach  is  not  considered  herein,  because  of  ifs  potential  accuracy 
and  reliability  problems. 
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State  Space  and  Design  Space  approaches,  discussed 
virtual  load  approach  can  be  derived. 


below,  from  which  the 


State  Space  Approach 


“ independent 

vanable.  An  adjoint  relationship  is  then  introduced  to  express  the  effect  of 
a vanation  in  the  state  variable  vector  in  terms  of  the  variation  in  the 

wf  Tf  ''T'-  ^ ^ no  special 

functional  form  of  constraints  is  assumed  and  a variational  approach  is 

followed  m denving  the  design  derivative  vector. 


Design  Space  Approach 

This  approach  was  first  suggested  hy  Fox  (Ref.  6),  and  has  been  used  by 
«ve,^  res^hers.  In  this  approach,  the  stale  variable  is  not  assumed  to 
Ite  mdependent,  i.e„  it  is  assumed  to  be  a function  of  the  design  variable 
This  makes  the  equations  more  difficult  to  solve  because  of  additional’ 
terms  on  the  right  hand  side  of  the  equations.  The  State  Space  approach  is 
more  efficient  than  the  Design  Space  approach,  especially  for  large, 
practical  structures  where  the  number  of  design  variables  is  very  large 
compared  to  the  number  of  constraints.  ^ 

pius  it  was  decided  to  use  the  State  Space  approach  for  this  research  and 
development  effort  because  of  its  generality  and  efficiency  for  large 
practical  structures.  ® ’ 

IMPLEMENTATION  OF  SENSITIVITY  ANALYSIS  APPROACH 
The  State  Space  sensitivity  analysis  approach  was  implemented  in  our  finite 

element  analysis  and  design  optimization  software,  AutoDesignTM  (Ref.  i). 

This  approach  was  implemented  for  both  the  MP  and  OC  methods  for  the 
truss,  beam,  membrane  and  plate/shell  finite  elements  L the 

f fr^uency  constraints.  Implementation  for  the  3-D 
solid  (bnck)  elements  and  buckling  constraints  is  in  progress  now  The 
implementation  for  the  MP  and  OC  methods  is  discussed  bdow: 

Both  optimization  approaches,  namely  MP  and  OC  approaches  require  the 
information  on  gradients  of  objective  and  constrain^unctions  inllddition 
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to  information  on  functions  themselves.  As  mentioned  earlier,  the 
constraint  functions  for  structural  design  problems  are  usudly  functions 
displacements,  stresses,  and  frequencies,  which  are  implicit  ^rtions  of 
design  variables.  The  gradients  of  constraint  functions  md  objective 
function  (generally  weight  or  cost  of  the  structure  to  be  designed)  are 

evaluated. 

The  objective  function  is  usually  given  as: 


W = 


where 


and 


£ wiAibi 
i=  1 

wi  is  the  specific  weight  or  cost 

Ai  is  the  cross-sectional  area  of  1-D  elements 
such  as  truss,  beam,  etc.,  or  planar  area  of 
2-D  elements, 

bi  is  the  third  ^mension,  namely,  the  length 
for  1-D  elements  or  the  thickness  for  2-D 
elements, 

n is  the  number  of  elements  in  the  finite 
element  model  of  the  given  structure. 


For  1-D  elements,  Ai’s  are  used  as  the  desi^  van^es,  where  as  for  2-D 
elements,  bi’s  are  used  as  the  design  variables.  Thus,  gradients  of  the 
objective  function  may  be  explicitly  written  as: 


gWi  = wibi 
wiAi 


for  1-D  elements 
for  2-D  elements 


The  computation  of  the  gradients  of  constraint  functions  reqmres  the 
evaluation  of: 

. partial  differential  coefficients  of  constraint  functions  with  respect  to 
design  variables,  say  A 

• partial  differential  coefficients  of  load  vectors  with  respect  to  design 
variables,  say  £ 
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• partial  differential  coefficients  of  stiffness  matrix  with  respect  to 
design  variables,  say  Q 

• partial  differential  coefficients  of  constraint  functions  with  respect  to 
displacements,  sayJQ 

• a solution  vector, A,  from  K(b)A  where  K(b)  is  the  stiffness 
matrix 

• partial  differential  coefficients  of  eigenvalues  with  respect  to  the 
design  variables,  say  £,  (used  for  frequency  and  buckling  constraints 
only) 

For  displacement  constraints,  A = 0,  £_=  0. 

For  stress  constraints,  £_=  0 

For  frequency  and  buckling  constraints,  A = 0,  A_=  0. 

In  general,  evaluation  of  A,  B,  C,  and£  is  straight  forward  since  it  can 
easily  be  performed  at  element  level.  The  evaluation  of  Ti,  requires  special 
attention  to  make  the  sensitivity  analysis  efficient,  since  all  the  optimization 
algorithms  require  the  information  on  constraints  before  they  require  the 
information  on  the  gradients  of  the  constraint  functions.  The  evaluation  of 
constraint  functions  requires  the  analysis  of  the  finite  element  model  of  the 
given  structural  problem. 

Now,  if  D is  introduced  as  a set  of  dummy  loads  for  each  constraint,  then  X 
can  be  obtained  as  a set  of  resulting  dummy  displacements  from  the 
analysis.  Thus,  for  the  optimization  problem,  Ae  total  number  of  load 
cases  are  considered  to  be  the  actual  number  of  load  cases  plus  the  number 
of  constraints  in  the  design  problem.  Using  this  approach  for  multiple  load 
cases,  the  stiffness  matrix,  K(b),  is  required  to  be  decomposed  only  once, 
resulting  in  very  efficient  computation  of  X. 

This  approach  was  very  successful  in  improving  the  efficiency  of  the 
sensitivity  analyses  implemented  in  our  software  AutoDesign™,  especially 
for  large,  practical  structures. 
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CONCLUSIONS 


The  sensitivity  analysis  approaches  for  structural  optimization  utilizing 
Mathematical  Programming  and  Optimality  piteria  T 

discussed.  The  implementation  of  sensitivity  analysis  mto  AutoDesignTw, 
our  in-house  finite  element  analysis  and  design  optimization  software,  was 
presented,  especially  considering  application  to  large,  ^acUcal  s^ctures. 
The  State  Space  sensitivity  analysis  approach  was  utihzed,  wth  certain 
modifications,  since  it  was  found  that  this  was  the  most  suitable  ^proach 
for  large,  practical  applications  considering  its  generality  and  efficiency. 
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Design  Sensitivity  Derivatives  for  Isoparametric  Elements 
by  Analytical  and  Semi<>analytical  Approaches 

Kenneth  W.  Zumwalt  and  Mohamed  E.  M.  El-Sayed 


Abstract 


and  smcniral  laopanmelnc  alementa.  To  demonsrau  d>c  «xon«:,  and  robnsmess  of  tha  dSSS 
■w^compared  lo  the  semi-analyocal  ap(n>ach  some  test  cases  nsio{  dilTetent  stiticitmil  and  condnnum  eleiSSt^^  ate 

1 Introduction 

method  for  calculating  sensitivity  derivatives  is  the  semi-analyUcal  method  which  is  based  on  the  finite 
the  d^vatives  of  the  finite  element  sUffness  matrix.  Usmg  either  a foiiaid  o“lS^ 
scnsiuyiues  of  a structure  for  m design  variables  requires  the  evaluation  of  m+1  stiffness  matrices  In 
ddi^n  to  the  tune  consideration,  these  methods  are  also  sensitive  to  changes  in  step  size. 

appro^h  that  is  gencraUng  much  interest  is  to  calculate  the  derivaUves  analyUcally  usine  the  imnlicit 
diffcrentiauon  tKhniquw  from  which  the  serai-analytical  approach  is  obtained.  The  issue  of  which  aDoroach*of  obtafnini 
^l^iuvity  data  « best  is  a much  debated  subject  Reference!,  [1-5]  present  comparis^  of  th7vSo^*^2 

md  a^ewicz  and  Campbell  [6]  and  Ramakrishnan  and  Rancavilla  [7]  has  been  refined 

Md  extended  over  the  Inst  one  And  a hulf  deesdes.  More  lecent  work  by  Wsni?  Sun  and  Gallaffher  rai  Jn  kae  *a  a 
formulations  employing  an  implicit  differentiation  approach  for  sensitivity  analysis  of  2-D  an^  D provided 

“T  sensitivity  of  isoparametric  continuum  and 

eietnents  to  geometric  properties  and  to  compare  it  with  the  semi-analytical  rqiproach.  The  analytical  formulation  is 

SJrilS  “!“*■'*  “PP*'*^*®  t°  sny  isoparametric  element  type.  Particular  attention  has  been  paid  to  the 

StoneS^ctSte!^  calculauons  required  and  to  the  ease  of  implementation  of  the  method  into  a general  pui^ow  finite 

2 Formulation  of  Displacement  Derivatives 

Consider  the  general  formulation  of  a linear  static  finite  element  problem  whose  equations  are  of  the  form 

nbbrix  f«  ««„,ot»od,I  disptomcn.y  b.  b.  corpus  aM?’ 

The  derivative  of  equation  (1)  with  respect  lo  any  design  variable  a„  is  given  by 


rearranging  yields 


dK  dU 

3a  ^ da 

m m 


dF  dK 


•n«  unknown  ttm,,  of  eqnabon  (3)  a„  it  it . ^ ^ ^ 

the  design  variables.  In  many  cases  the  applied  forces  arc  independent  of  the  design  variables  and  this  term  is  zero.  This 
assumption  wUl  be  made  for  the  remainder  of  the  development  (A  treatment  for  the  formulation  of  ^ in  non-zero  cases 

SSuSi'SSmM  ^ eXher  in  [8].)  Thus 
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(4) 


Notice  that  the  left-hand  side  of  equation  (4)  has  the  same  coefficient  matrix  as  equation  (1).  Since  the  decomposed  form  of 
this  matrix  is  normally  stored  for  the  calculauon  of  mulUple  load  cases,  it  may  be  reused  to  obtain  an  analogous 

manner  from  the  equation 


S" 


(5) 


i.e.  treating  the  veettw  | as  a pseudo-load. 

2.1  Displacement  Derivative  for  Continuum  Elements 

Consider  the  formulation  of  the  2-D  and  3-D  isoparametric  continuum  elements.  The  stiffness  matrix  of  the  element  is 
given  by  . 

K*  - JoBT  C B UI  da  (6) 

where  Q is  the  domain  of  the  element,  B is  the  element  strain-displacement  matrix,  C is  the  material  properties  matrix,  and 
UI  is  the  detenninate  of  the  Jacobian  matrix,  J,  which  represents  the  mapping  of  the  global  coordinates  X,Y . and  Z into  the 
element  natural  coordinates  r,  s,  and  L For  the  continuum  element,  C is  a function  of  the  material  properties  only,  i.e. 
Young's  modulus  and  Poisson's  ratio.  Therefore  the  derivatives  of  C with  respect  to  the  shape  and  sizing  parameters  are  zero 

r r._T  -40 1 rr  ai¥il 

C7) 


d«„.  JqL3««  JJ- 


dn 


Multiplying  both  sides  of  equation  (7)  by  the  local  displacement  vector,  u.  as  in  [7,9],  results  in  the  following 


dK» 


dB 


B u + BT  C 


da. 


|^u|uidD+  f BTcBu|^ 
i Jq 


dD 


(8) 


but  the  stress  vector,  a,  is  given  by 


a = CB 


r<J^ 


substituting  (9)  into  (8)  and  rearranging 


— u=f  BT|o|^+o*ijildn+  f oijidn 

Jq  1 J Jq3*„ 

where 

...eg. 

Finally,  by  factoring  UI 

where 

In  order  to  evaluate  equation  (12)  only  two  new  quantities  need  be  obtained,  and 


(10) 

(11) 

(12) 

As  will  be  shown  later. 


ll/ 

significant  savings  are  gained  in  the  direct  calculation  of  the  quantity  Since  these  derivatives  are  also  required  for  the 
structural  elements,  formulations  for  these  terms  will  be  given  following  their  development  The  remaining  values  will  have 
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been  evaluated  in  the  generation  of  the  stiffness  matrix.  Also,  the  form  of  equation  (10)  is  the  same  as  the  exuressinn  for  »h^ 
stress  vector.  This  will  allow  <r*  to  be  evaluated  by  re-using  the  same  stress  recovery  routines. 

2.2  Displacement  Derivative  for  Structural  Elements 

The  displacement  derivatives  for  the  shell  and  beam  elements  are  derived  in  the  same  manner.  The  element  sUffness 
matrix  for  an  isoparametric  beam  or  shell  following  the  formulation  in  Bathe  [10]  has  the  form 


K®  = JflBTQTCjjQB  IJIdfl 


(13) 

where  Q is  the  matrix  which  transforms  the  element  aligned  material  properties  matrix  into  the  global  coorxlinatc  system 
Taking  the  derivative  with  respect  to  a„j  ’ ' 


8K» 


S QTC.QBtBTQTc.Q 


Uldfi 


I 


C.QB  + BTQTc.^BjuiBQ 

B’1'  qT  c Q B 


(14) 


Using  the  same  procedure  as  before  we  post  multiply  by  u and  simplify  to  nhtain 

.T 


where 

and 


IJI  dO 


c = qTc.q 

0=  2^S  B u 


2.3  Formulation  of  Component  Derivatives 


(15) 

(16) 

(17) 


on/I  clcntent  formulation  that  the  strain-displacement  matrix,  B,  is  constructed  by  rearranging 

and  adding  the  denvauves  of  the  element  interpolation  functions  N|^  with  respect  to  the  global  coordinates  X,  Y,  and  Z in 

Bi™n»onal  etailidly  ,mi„. 


B = [b,  bj  ...  b.  ] 


(18) 


Nkjt 

0 

0 ■ 

0 

Nk.y 

0 

0 

0 

Nw 

Nk.y 

Nkjc 

0 

0 

Nk.Z 

Nk.y 

. l^k.Z 

0 

Nk.x 

(19) 


where  n is  the  number  of  element  nodes. 

With  the  isoparmetric  formulation,  the  interpolation  functions  N arc  expressed  in  terms  of  the  element  natural 
coordrnates  ta  and  L Thus,  the  denvauves  with  respect  to  the  global  coordinates  are  evaluated  by 


(20) 


Nkjc 

Nk/ 

Nk.Y 

-r‘. 

Nk4 

Nk.z 

Nk,i 
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where  J is  the  inverse 


Jacobian.  Taking  the  derivaave  with  respect  to  the  design  variable  a„  yields 


3a«, 


Nk,x 

Nk.Y 

NkZ 


ar* 

9a«i 


Nk., 

Nk., 

Nk.t 


+ J 


_i  a 
9am 


[Nk.i 


is  not  obtained  in  explicit  form,  an  expression  forf^cannot  be  obtained  direcUy.  By  using  the  identity 


Since  J' 


the  expression  for-^^  is  found  to  be 


9a^"  9%'^ 


Thus  equation  (21)  becomes 


_a_ 

aa. 


Nk.t 


9a. 


Nk., 

Nk4 

Nk.i 


(21) 


(22) 

(23) 

(24) 


Substituting  equation  (20)  into  (24) 


_3_ 

9a. 


Nk.x 

Nk,y 

(Nkj: 


-r 


1 aj 

aa„ 


N|Ot 

Nk.Y 

Nkj: 


+r 


I J- 

9a„ 


N, 


k.. 


Nk4 

iNk., 


(25) 


Equation  (25)  contains  two  derivauves 
multiplication 


Applying  the  chain  rule,  the  derivative  is 


ivadves  that  must  be  evaluated.  First  consider  ^.Thc  Jacobian  is  obtained  from  the  matrix 


N.„ 

N.. 

N... 


{X,  Y,  Z,} 


aj 

aa_ 


N, 
Nu 
N,.. 


N.. 

Nk, 

Nk, 


{Xk  Y,  Z,} 


(26) 


(27) 


Substituting  equation  (27)  into  (25) 


_a_ 

a*_ 


N./ 

Nk.k ' 

Nk.T 

9«. 

Nk, 

* — 

Nk.T  ■ 

.Nk;,. 

.Nk... 

- 

k ^k.X  , 

5^(x.  V. 


Nk,' 

N../ 

Nk, 

'{Xk  \ 

Zk} 

i 

Nk.T  ' 

.Nk... 

.Nk.,. 

ca) 


p^pente.  •!>«"  eq-alio"  ^ “>  • to”  “ ““  P””"'”'  ■" 


aa. 


Nkx' 

Nk.x' 

Nk.r 

Nk.Y  ' 

Nk.z. 

.Nw. 

^{X,  Y,  Z,} 


kJC 


(29) 
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The  scalar,  ^ can  be  generated  directly  without  evaJuaUng  ^ exolicitlv  Tiw  .•  r . 

Jacobian  may  be  written  as  * dcnvative  of  the  determinate  of  the 

§iik 

nO) 

ro,lo»  U..  convenuona.  b, 


dUI 


Substituting  (31)  into  equation  (30) 
Rearranging  yields 


=j'kWi 


dJjk  = ''kj 


3am  ■'J 


3Jik 

Jl  -"jk  = 


(31) 

(32) 

(33) 


S Sy  to  w » 09)  *«l  thus  «B»Uon  (33)  ia  etoW 

3 Numerical  Cousldcratlous  for  An.ly.lc.l  and  Scml-Aualytlcal  Approaches 


Additions 


Multiplications 


100000 


200000 


Rjure  1-Comparison  of  Number  of  Opento  Perionned  for  20-noded  Solid  hi 

comSZm“  Z'SIZetoSZItoSyZZZZto'*  '<»i*Mi*es  is  considetably  more 

toytical  appmach  is  more  elemen,  depenZtol  rtoZdL  SS.  *“  complexity,  the 

element  code.  The  increased  efficiency  a^  accuracy  hSJ^  m^.S  sr  S"  P™«™"  statements  to  the  basic  finite 
Consider  the  calculation  of  the  ^ programing  effort . 

pseudo-load  vector  with  (216n  + 486)  mulUplicatons  and  ?216^  i ^ approach  presented  evaluates  the 

freedom  in  the  clement.  Using  the  con4ntioSal  degrees  of 

IS  calculated  directly  by  cither  a forward  derivative  in  equati^  (5) 

displacement  vector,  requires  (SSn^  ^ 324rJT5^r^ll^^  ntert^.  a^mbled  and  then  post-multiplied  by  the  gloSl 
^idcrably  by  using  equation  (10)  where  the  derivative  of  th^iXn  additions.  This  can  be  improved 

fimte  difference.  This  reduce  the  number  of  operations  to  (270n  + gi  Jacobian  matrices  are  calculated  via 

Fto  I shows  dm  mud  number  of  cniemsdons  l„.„l«d 

4 Implementation  and  Test  Cases 

olgJto'wL^LZ'Zlf^'^^^^  with  die  semi-annlydcal  approach,  dm 

I^n  enmrin  was  dmt  dm  straemres  bad  easily  ^Sle^StorT^f . " Soals  in  mind.  Urn 

Structures  could  reasonably  be  modeled  with  several  different  t>ies  ofdeinen^ 
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4.1  Test  Problem  It  Cantilever  Beam 

A simple  cantilever  beam  is  consider^  as  m 

SSstss 

be^.  The^i^j«  • ^ calculate  the 

wnStiidty  of  the  vertical  displacement,  v,  of  the 
beam  at  point  A. 


Es  1.0x10  p«i 
V s03 


100  lb. 


10" 


i 

I" 

5T. 


^r|<_ 

zn 


Figure  2— Cantilever  Beam. 


»»>"*  lfS>^  i,  BO  large  or  too 

small,  then  eriOTS  will  derivatives.  In  this  example,  semi-analytical  W As  can  be  seen  in 

*"  _ ,«-2  .e  


s 

W 

n 

"Si 

JS 

S 


-1.0 
4.2 -J 
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1 X 2 


iTs 

Mesh  Size 


X Plane  Stieu 
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+ Solid 
— Theory 


4.0 
3.8- 
3.6 
3.4 
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-r 


O Plane  Stress 
Shell  ^ SA.  A=.001 

Solid  + S A.  A=.0000l 

Theory 

1 — I 


1 X 10 


1 X 2 


1 X 10 


1 x5 

Mesh  Size 
Figure  4 — Acxuracy  of  Sensitivity  for  Beam 


1 Beam 

dv^/dbO 

Solid 

ymnuTW 

Table  1-Accuracy  of  Displacement  Sensitivity  for  Cantilever  Beam. 


4 2 Test  Problem  2:  Two  Dimensional  Plate 
A dmple 

compare  the  relatiw  th^late,  loading  and  matcri^ 

analytical  -Hie  external  loading  of  100  lb.  is 

properties  arc  sho^  * ^ The  desisn  variable,  a.  was  chosen 

appUedparaboUt^lytoihcng^M  . ^ vertical 

SL5^t^..^ti”TSpoi».  A «o  0=^  -in,  pBrtoBc 

iiOf-"”*  poitt  A it.  ’A 

Numerical  rt^tt  for  the  d^^wi  w ^ Columns  !_► . 

the  vertical  direction  «t  A for  Se  different  finite  element 


too  IK  I 


i 


Figure  5— Plate. 
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this  ^ the?tep  size  A=.00? tuSieJu  approach  converged  well.  Also.  noUce  that  ir 

plane  stress  analysis  o?  thi"p°ate.^  of  each  approach  for  £ 

The  modified  semi-analytical  approach  was  a close  second,  but  always  sli^U^Xwcr.*^*  analytical  approach 


(10-5)  in 


dvA/da  (10“®) 


-2.761 

-2.825 

-2.837 

-2.849 

-2.856 


-2.761 

-2.825 

-2.837 

-2.849 

-2.856 


-2.697 

-2.773 

-2.879 

-2.816 

-2.828 


5.380 

5.487 

5.490 

5.494 

5.495 


5.178 

5.339 

5.608 

5.400 

5.318 


Table  2— Accuracy  of  Displacement  Sensitivity  for  Thin  Plate. 
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Figure  6 — Accuracy  of  Displacement  for  Plate. 
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Figure  7— Accuracy  of  Sensitivity  for  Plate 
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5 Conclusions 


^ 23  30  35  40  43  50  sV 

Execution  Time  (sec) 

Figure  8— Execution  Time  for  Plate  SensiUvity  Analysis 


sensitivity  derivatives  are  obtained  by^implidt  dUT^U^^  denvadves  into  the  finite  element  analysis.  The 

clernents.  The  formulaUon  allows  for  the  cIlculSnTf^^™“S^ 

implemented  with  relative  ease  since  most  of  the  ^ u " ^ ^ parameters  of  the  element  and  can  be 

In  order  to  evaluate  the  merits  of  uS  Sp^SiS?  a^^  “«“tion 

test  cases  conducted  show  that  the  analyiicrU  appr^ch  is  thS^SrSf*™^®  «mi-analytical  approach.  The  numerical 

user  to  provide  a proper  step  size  as  dojs  the  ffnS  differo^^SiS^^^^  the 

respect  to  time.  amercnce  based  semi-analyucal  approach  and  it  is  more  efficient  with 
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Introduction 


♦h  T°  performance  of  any  system,  the  sensitivity  derivatives  of 

avaiieh  f variables  must  be  readi?y 

f desirable  that  these  derivatives  be  inexpensive  to  calculate 
f process  requires  many  evaluations  of  the  output  variables 

and  their  derivatives.  Optimization  methods  that  have  been  develooed  for  use 

inte^atfiri  ^ programs  may  not  be  extended  for  use  in 

integrated  multidisciplinary  design  programs  until  adequate  means  of 

calculating  accurate  sensitivity  derivatives  of  complex  internallv  couniarf 

iSations^GqR  development  of  the  Global  Sensitivity 

(GSE)  (Ref.  1),  the  only  method  of  determining  the  sensitivity  ^ 
denvatives  of  cou[^ed  systems  has  been  by  using  finite  differences.  Analytical 
or  semi-analytical  derivatives  do  not  exist  as  there  is  no  analytical  solution  to 
mpth^^  problem.  Also,  difficulties  arise  because  the  finite  difference  ^ 
method  IS  expensive  as  the  system  has  to  iterate  to  a converged  solution  for 
each  incremental  input  variable.  The  method  may  not  be  acojrate  and  the 
choice  of  the  input  variable  increment  may  cause  the  difference  in  the  outnut 
vanable  to  be  insignificant  compared  to  computer  numerical  error  If  the  ch^oice 


system's  sensitivity  derivatives  to  be  calculated  as 
1 V component  subsystem's  (local)  sensitivity  derivatives  These 

local  sensitivity  denvatives  are  calculated  from  spedfically  decouoled 
subsystems,  whereas  the  GSE  account  for  total  system  coupling.  Since  the 
decoupled,  it  may  be  possible  for  the  local  derivatives  to  be 
Miniated  by  analytical  or  semi-analytical  methods,  which  generally  reduce 

usina^GsKri'^hato^i!'^^^^'  f academic  problems  have  been  solved 
using  GSE  and  have  demonstrated  encouraging  results  (Refs.  2,  3). 

Approach 

Thic  ® mathematical  prospective 

to  rifiSinn  tho  T formulation  from  an  engineering  pro^Srtive 

to  develop  the  equations.  This  formulation  will  proceed  in  three  steps:  {^)  Exact 
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Hafinitinn-  Determination  of  required  available  information;  and  (3) 
ffem  demons^ated  that  once  the  problem  ^ 

aSSuSetv  defined  an^  the  known  information  is  reduced  to  only  that  which  is 
required  the  solution  is  typically  simplified.  This  simplification  does  exist  for  the 

development  of  the  GSE. 

GSE  Formulation 

<!.«o  1 • Prnhlpm  statBment.  In  structural  optimization  approximate  liriear 

STaVses  using  firatoS  Series  expansions  to 

analyses  us  g cuccessfullv  in  various  complex  developments 

m^Tst^lus^sumedlhat  mis  method  can  be  extended  for  use  in  predicting 

the  responses  of  a complex,  internally  coupled  system  in  the  region  about  a 

converged  solution. 

Figure  1 depicts  the  typical  internal  behavior  of  a system  composed  of 
three  subsystems.  The  local  inputs,  % of  a subsystem  are  subsets  of  and  may 
be  any,  all,  or  none  of  the  system  inputs,  X.  During  the  convergence  process, 
the  subsystems  use  the  current  values  of  the  other  subsystem  responses^y,,  as 
inputs.  When  the  process  has  converged,  the  sysem  output  responses,  Y,  are 
a union  of  subsets  of  the  subsystem  responses,  yj. 

New  values  of  system  behavior  responses  are  predicted  by 
Y (X)  = Yo  W + dY  (AX) 

The  information  required  to  predict  the  new  values  of  the  responses  is  the  total 
differentials  of  the  coupled  system  (Fig.  1), 

dYi  = S^dX|  (2) 

i 3Xi 

As  the  input  differentials,  dXi,  are  chosen  by  some  irothod,  . 

optimization,  etc.,  the  unknowns  are  the  system ^i^tives,  3Yi«Xj.  The  stated 
problem  is  to  determine  the  system  denvatives,  dYj/dXj. 

The  oroblem  statement  places  two  stringent  assumptions  on  the  solution. 
Thft  first  is  that  the  system  and  its  derivatives,  and  therefore,  the  subsystems, 
-Ire  iSr  "cS  the  solution  process  must  start  from  a converged 

solution. 

o-  iTnftuun  Information.  Fiaure  2 represents  the  decoupled  system  at  a ^ 
Snverq^^solutiom  T^  niay  be  decoupled  since  all  of  the  inputs  and 

outputs  are  known  at  the  converged  point.  The  total  differentials  of  each 
subsystem,  Uj,  may  be  written  as 
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aXi 


^2  ^3 


<'y2=|^CIX2*|^dy,*^d73 

0^2  dyi  dyg 

■'73  = |^dX3*^dy,,^dy3 
^^3  dyi  ^2 


(3) 


I1T"“  «’« ''^^va.ives,  auyax. 

systemi  'npij^dtffererate^^^^  'o  the  chosen 

7-  ““  Gl*al  Sensiflvity 

form  presented  in  Reference  1 which  notation  gives  the 


1 

9ui 

dy2 

dya 

du2  1 

9u2 

dyi 

dya 

dU3  9u3 

1 

dyi  9x2 

(4) 


input  vecloa  equafoT(rmarbT^^^^  '°  “ '"  "’* 

3ui  3ut 
9Xi  aX2 
dU2  BU2 
dXi  dX2 
9U3  du3 


1 

9ui 

9ui 

/ dyi 

d/2 

dya 

9U2 

^1 

1 

9u2 

dya 

[ dV2 

1 

dU3 

dU3 

1 

_ ^1 

dya 

\dy3 

(5) 
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to,  dY  from  the  vectors  of  subsystem  outputs.  dyi. 

Comments  on  the  GSE 

eystem‘l^X^Hr"t?iK 

before  inverting  and  unsealing  afterwards. 

Examples 

windernstKvemlVTpt^^^^^ 

GSE. 
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J1 


* ^ 

Decoupled  Systems 


du., 

-*- 

3ui 

+ 

i CM 

dU-i 

dy3 

dyi  = 

dx-i 

dx^  + 

3y2 

3Y3 

dU2 

— 

3U2 

dyi  + 

3U2 

dy3 

dy2  = 

3x2 

dX2  + ■ 

3Yi 

^3 

3U3 

aug 

dyi  + 

3Ug 

dy2 

dy3  = 

9xo 

• dX3  + 

3yi 

3Y2 

Figure  2;  Component  Subsystem  Total  Differentials 
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THICKNESS  AND  ORIENTATIONAL  DESIGN 

FOR  A MAXIMUM  STIFF  MEMBRANE  *7 

N94-71502 

Pauli  Pedersen 


Department  of  Solid  Mechanics 
The  Technical  University  of  Denmark,  Lyngby,  Denmark 


Abstract  - ^cent  results  from  sensitivity  analysis  for  strain  energy  with  anisotropic  elasticity  are  aoDlied  to 
thickness  and  orientational  design  of  laminated  membranes.  Primarily  the  first  order  gradients  of  the  total 

cinverr*'®"  “ optimality  criteria  based  method.  This  traditional  method  S shown  to  give  slow 

onvergence  with  r«pect  to  desi^  parameters,  although  the  convergence  of  strain  energy  is  very  good  To 
g dMper  insight  into  this  rather  general  characteristic,  second  order  derivatives  are  included  fnd  it  is 
shown  how  they  can  be  obtained  by  first  order  sensitivity  analysis.  Examples  of  only  thickness  desien  onlv 
orientational  design  and  combmed  thickness-orientational  design  will  be  presented.  * ’ ^ 

1.  INTRODUCTION 

^sign  with  advanced  materials,  such  as  anisotropic  laminates,  is  a challenging  area  for  optimization.  We 
further*”  1**  ourselves  to  plane  problems,  as  in  the  early  work  of  BANICHUK  [1]  (which  includes 
[or™H  ^ references).  Recent  work  by  the  author  [2],(3]  was  conducted  independently  and  the 
rmulations  are  rather  parallel.  Similar  research  is  carried  out  by  SACCHI  LANDRIANI  & ROVATI  f4l  In 

is^to^eera  d^**"*'  we  combine  these  orientational  optimizations  with  thickness  optimization.  The  further  goil 
is  to  get  a deeper  insight  into  the  redesign  procedures  based  on  optimality  criteria.  * 

The  «nsitivity  Malysis  that  proves  local  gradient  determination  relative  to  a fixed  strain  field  is  presented 
The  physical  undem  anding  of  these  results  have  many  aspects  outside  the  scope  of  the  pr^nt  pao«  -Se 
early  paper  by  MASUR  [5]  includes  valuable  information  about  this  sensitivity  analysis. 

i.  principle,  .he  op.™.e.io„  p„e^„„  „ . hZhU  ..7Z“Z 

“ orthotropic  material  are  equal  to,  say,  the  principal  strain  axes,  it  follows 
directly  that  principal  stress  axes  also  equal  those  of  material  and  strain.  However,  optimal  orientations  exist 

XedTn  f3)*thar^  ““  f <=“e  it  is 

pro  ed  in  [3]  that  the  prmcipal  axes  of  stress  equal  those  of  the  principal  strains. 

The  sensitivity  analysis  for  thickness  change  is  extended  to  include  the  mutual  sensitivities  i e change  in 
energy  density  with  respect  thickness  changes  not  at  the  same  point.  A symmetry  relation  is  proven.  ^ 

^a^r™*^*^  examples  wUl  be  shown  and  discussed,  but  are  not  included  in  this  short  pre-Conference 


2.  SENSITIVITY  ANALYSIS  FOR  ENERGY  IN  NON— LINEAR  ELASTICITY 
Let  us  start  with  the  work  equation 

W + WC  = u + uc 


the  Symposium:  On  Recent  Advances  in  Multidisciplinary  Analysis  and 
OpUnuzation,  San  Francisco,  California,  24.-26.9.1990.  ^ 
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where  W,WC  are  physical  and  complimentary  work  of  the  external  forces,  and  U.ljC  are  physical  and 
complementary  elastic  energy,  also  named  strain  and  stress  energy , respectively. 

The  work  equation  (2.1)  holds  for  any  design  h and  therefore  for  the  total  differential  quotient  wrt.  h 

dW  ^ dWC  _ ^ (2  2) 

dT  d h “ dh  dh 

Now  in  the  same  way  as  h represenU  the  design  field  generally,  e 

represenU  the  stress  field.  Remembering  that  as  a function  of  h,c  we  have  W,U  , while  the  complementary 
quantities  WC,UC  are  functions  of  h,ir  . Then  we  get  (2.2)  more  detailed  by 

5W  gw  dt  . 3WC  , gg  3U  W ge  j|U£  jg  /2.3) 

Th  "*’gegh'^gh  dv  dh  gh"^3«gh  5h  dv  dh 

The  principles  of  virtual  work  which  hold  for  solids/structures  in  equilibrium  are 

dW  (2  4) 

de~dc 

for  the  physical  quantities  with  strain  variation  and  for  the  complimentary  quantities  with  stress  variation 

we  have  „ _ _ 

dW^  _ dU^  (2.5) 


dv  dv 


Inserting  (2.4)  and  (2.5)  in  (2.3)  we  get 


dUC  dWC  fdU  dW' 
dh  “dh  “ [dh  dh 


wd  for  design  independent  loads 


fdUCI 

[dh  J fixed  " 


stresses 


fixed 

strains 


as  stated  by  MASUR  [5].  Note  that  the  only  assumption  behind  this  is  the  design  independent  loads 
dW/dh  = 0 , dWC/dh  = 0 . 

To  get  further  into  a physical  interpretation  of  (dU/dh)fixed  strains  ^>y  (2  J)  of 

(dUC/dh)fixed  stresses)  ^e  need  the  relation  between  external  work  W and  strain  energy  U . Let  us 
assume  that  this  relation  is  given  by  the  constant  c 

W = cU  (2-8) 

For  linear  elasticity  and  dead  loads  we  have  c = 2 and  in  general  we  will  have  c > 1 . 

Parallel  to  the  analysis  from  (2.1)  to  (2.3)  we  based  on  (2.8)  get 

dW^dWdr_^dU  (2  g) 

dtdh 

that  for  design  independent  loads  dW/dh  = 0 with  virtual  work  (2.4)  gives 

Wd<_W^__c_W  (2.10) 

d € dh  d € dh  1-c  dh 


and  thereby 


dU  _ W J_  \3V\ 

dh  “ dh  d€  dh  ^ 1-c  [dhj  fi 


fixed 

strains 


Note,  in  this  important  result  that  with  c>  1 we  have  different  signs  for  dU/dh  and 
(dU/dh)fixed  suains  • 


For  the  ca«  of  linear  elartidty  and  dead  loads  we  have  with  c = 

— = _ _ W 

dh  [5hJ  fixed  fixed 

strains  stresses 

For  the  case  of  non— linear  elasticity  by 


2 and  adding  (2.7) 


w=  E<n 


and  ,.fl]  de«J  load.  (WC  = 0)  w.  get  c = i+„ 


— = -lfiE]  -if^l 

dh  fixed  o(.^^Jfi 

strains 


fixed 

stresses 


3.  OPTIMALITY  CRITERIA 


We  want  to  minimize  the  elastic  strain  energy  U 


Minimize  ju  = E U. 

I e=l  *J  (3.1) 

which  is  obtained  as  the  sum  of  the  element  energies  for  e - 1 2 NT 

parameters  are  considered.  The  material  orientationf  for  e - 1~2  ’ N ’ ^ 

element,  and  the  element  thicknesses  t-  for  e - 1 2 N ,i  7 , “»“med  constant  in  each 

a-  - . e lor  e _ , also  constant  in  each  element.  The  constraint  of 

j;:' 

V-V=Jv.-V  = 0 ,,,, 


The  gradients  of  volume  are  easily  obtained  for  thicknesses 


gy  gVg_  Ve 

5te~gte-  te 


and  volume  do  not  depend  on  material  orientation 


The  gradient,  of  elasUc  strain  energy  is  simplified  by  the  results  of  section  two  and  thereby  localized 

L^bejfixed  strains  = ~ I ^Tlfixed  strains  (3.5) 

wUh"  i for  efollienttea'*  = ‘ U*  = u*  V*  = 

(Tst  wTdiSy“ge;'*  “““‘y  “e  and  thus  with  (3.3)  and 
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(3.6) 


au  __Us  = _iifiYs 


ate"  ‘ 


1*  Vw>r&iisc  even  with  fixed  stmins  will 

With  u.  ^kT41.l.  “ PI.  f J 

th.  ««onr  d.n»ly  «e  Jtf'.Y”  L \ ditiuon  of  <,  to  pniicipal  ti»ton.l  di««ioo 
Strains  ej  , ej,  VlMl  > l*H>/  * ^ 

material  parameters  C2  L3 


P.V,/..  ~ V./.. 

. ^ ™ ,i-n«itv  eaual  to  the  mean  strain  energy  density  u 

which  means  constant  energy  densi  y,  cq 


= u for  all  e 


See  also  the  early  paper  by  MASUR  [5]  for  this  optimaUty  criterion. 

PO,  «„  to-u.  oH»UU»  op.^  .. 

optimality  criterion  


m2*[cs 


H.. . . to.. 

sfSt  r.ib“  tod.p..d„uy  (... 

(3.10) 


(te)next  = ‘«  + 


A tv  S is  tsV*"  as  the  present  mean  energy  density  u . Thirdly,  the 
Secondly,  the  optimal  mean  eiwrgy  en«  ^ change  Ate  and  then  from  (3.8)  we  get 

element  energy  Ue  i«  constant  through  the  change  e 


Ve(l  + ^W‘el 


= u , i.c* 


Ate  = te(ue  - n)/i  « (te)next  = *e  ue/“ 

It  is  natural  to  ask,  why  the  gradient  of  element  energy  is  not  taken  into  account 

to.  . «pUi..a  by  to.  fto.  to..  U.h..,b  «./«.  . 1--  by  (...)  to.  or  .b.  .00-  .Pv.y 

(the  element  strmn  energy) 


9^  _ M + flN  ^ 

alt"  [5  tej  fixed  strain  J 


toS  JL  00,  to-y..  to  .h.  coupM 


4.  MUTUAL  SENSmVinES 


The  redaign  procedure  by  (3.11)  neglect  the  mutual  sensitivities,  i.e.  the  change  in  element  energy  due  to 
change  in  the  thickness  of  the  other  elements.  These  sensitivities  can  be  calculated  by  classical  sensitivity 
analysis.  Assume  the  analysis  is  related  to  a finite  element  model 


[S]{D}  = (A)  (4.1) 

where  {A}  are  the  given  nodal  actions,  {D}  the  resulting  nodal  displacements  and  [S]  = E [Se]  the 
system  stiffness  matrix  accumulated  over  the  element  stiffness  matrices  [S«]  for  e = 1,2,.. .,N  . * 

Let  he  be  an  element  design  parameter  without  influence  on  {A}  , then  we  get 


piSt^= 


m 

dhe 


{D}  = {Pe} 


(4.2) 


where  the  right-hand  side  {Pe}  is  a pseudo  load,  equivalent  to  design  change.  Knowing  9{D}/ahe  it  is 
straight  forward  to  calculate  5U  {/ dhf  . Generally  the  computational  efforts  correspond  to  one  additional 
load  for  each  design  parameter. 


Then  with  all  the  gradients  dU^/dti  available  we  can  formulate  a procedure  for  simultaneously  redesign  of 
all  element  thicknesses 


{Onext  ~ {t}  + {At}  (4  3) 

that  takes  the  mutual  sensitivities  into  account.  In  agreement  with  the  optimality  criteria  (3.8)  we  change 
towards  equal  energy  density  u in  all  elements.  Formulated  in  terms  of  stradn  energy  per  area  we  want 

“ete  + (4.4) 

or  in  matrix  notation 

(ut)  + [V(ut)]{At>  = u^{t)  + {At}j  (4.5) 

with  solution 

{At}  = j^[V(ut)]  -u[I]J  ‘ {(u-u)t}  (4.6) 

The  gradient  matrix  [V(ut)]  consists  of  the  quantities  d(uete)/dti  . 

Note  that  with  the  assumption  of  fixed  strain  field,  the  strain  energy  per  area  is  unchanged,  i.e.  [V(ue)]  = 
[0]  and  we  get  the  simple  redesign  formula  (3.11).  This  procedure  can  therefore  be  evaluated  by  comparing 

the  numerical  values  in  the  gradient  matrix  [V(ut)J  with  u , especially  the  off-diagonal  values. 

An  alternative  formulation  would  be  Newton— Raphson  iterations  directly  oa  energy  densities 


or  in  matrix  notation 


(ue-u) 


N 

+ E 

i=l 


dt| 


Ati  = 0 


(4.7) 


[Vu]{At}  = a{l}-{u}  (4.8) 

Here,  the  gradient  matrix  [Vu]  constitutes  due/dtf  . An  interesting  formulation  is  obtained,  when  we 
multiply  every  row  e with  area  a^  and  get 
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[V(ua)]  {At}  = {(u— u)a} 


(4.9) 


The  present  matrix  is  now  symmetric,  which  to  the  knowledge  of  the  author  is  not  well^own 
Remembering  that  Uea*  = Ue/te  we  prove  this  directly  from  (3.6) 


_ d(Ue/te) 

fiv  _ d(Ui/ti) 

dtidte  3t« 


(4.10) 


Therefore,  as  d®U/(5tedti)  = d^V/{dtidtf)  we  have 

[V(ua)]T  = [V(ua)]  (4H) 


5.  CONCLUSION 

Optimization  problems  with  a single  active  constraint  (thickneM  design  with  given  volume)  or  without 
constraints  (orientational  design)  can  be  solved  by  simple  iterative  redesigns  ase  on  erive  op  im  y 
criteria. 

For  the  thickness  design  this  redesign  procedure  is  studied  by  deriving  higher  order  seMitivities  Second 
order  sensitivities  of  total  strain  energy  are  evaluated  as  first  order  sensitivities  of  local  (element)  specific 

strain  energy. 

For  the  orientational  design  a normal  gradient  technique  will  generally  not  work,  becMse  many  locd  optima 
exist.  Therefore,  design  changes  in  each  redesign  must  be  based  on  a criterion  that  identifies  the  orientation 
which  gives  global  minimum  of  strain  energy. 

For  optimal  material  orientation  we  get  coinciding  principal  stresses  and  strain  directions.  This  is  used  as  a 
**tcst  optimality  criterion”,  and  can  also  be  utilized  during  iteration. 

Optimization  of  thickness  distribution  for  anisotropic  materials  (and  even  a class  of  non-lineanty  too)  is  no 
more  complicated  than  with  simple  linear  isotropic  materials.  The  criterion  of  uniform  energy  density  still 
holds. 
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the  discs  or  la^nates  are  a^umedtab^ZTiSthlr  ZTor^^^"  consuiered.  The  thickness  and  the  domain  of 
the  edge.  ^ oe  given,  together  mth  prescribed  boundary  conditions  and  in-plane  loading  along 

The  problem  under  study  consists  in  determining  throughout  die  structural  tu.  ^ 

emcentrations  of  the  fiber  fields  in  such  a way  as  to  Lximize  the  intezraf^d^^  * opting  orientations  and 

the  givm  loading.  Minimization  of  the  integral  stiffness  can  also  be  carried  a^lhJ ^ ktmtnate  under 
prescribed  bound  on  the  total  cost  or  weight  of  the  comoosite  that  for  v pittmzation  is  performed  subject  to  a 


1.  Introduction 

^iiL=S  3S!f 

applications,  where  high  stZL'^sUelt^htt  luow 

structures,  in  which  composite  materials  are  OKt  effertive.  To  obtain  are  typical  weight  sensitive 

be  distributed  and  oriented  optimally  with  respect  to  the  actual  strain  field  Hence  remforcement,  fibers  must 

stressed  pans  of  the  body  in  order  to  strenirth^e  ® u ” ' lowly 

idea  of  o^mization  of  cT^he  the  parts  and  duecuons  that  are  subjected  to  large  internal  forces  is  the  \eoetl 

on  *“stl!l^‘fidd  d«cn^id^  variables.  Based 

consists  of  an  optimality  criterion  approach  as  desciiid  by  of‘“t“tion  procedure  that 

Here,  tv  vn  as  oesenoeo  oy  Pedersen  [4,5,8],  and  a mathematical  programming  technique. 

C«,=P».«.,  » . ,106,1  „ d.,o™„od  „ „,do„li.y 

-X"-"  • l»„d  on  loul 

is  carried  om  by  means  ™TdurmaLm.l^  .‘‘“'8”  «nsit,vities.  In  this  level,  the  optimization 

Heury  and  Braibant  [11]  ^ ">»‘l>«'t««tcal  programming  technique  as  implemented  in  the  optimizer  CONUN  by 


2.  Objective  ftinction 

^ ^loaod  „ d,.  ^ „d„dz.d,o.  „ wiu  bo 

mtodnum  »»1  d«Hc  ».»  ^ »-ll  >«  «i»<i  „ ,6»c«.o  lb.,  h„ 

oitbonopic  mdorial.  The  straJZi^Zul^  "vriulto  bZ.^  taS MmliT?  ”id  tamogeneoo,, 

e.g.  Jones  [12];  ^ u wm  men  oe  given  by  the  foUowmg  formula  for  an  orthotropic  laminate,  see 


u - j(c)^(Aj(0  - jA  «*  + «*  + A < < + 2A 

^ 2 U U 2 Z2  22  12  U 22  66  12 


(1) 
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where  [t)  - » the  by  the  principal  strains,  e,  and  *„  . and  the  angle 

the  largest  stiffness  An  (An^AjjX  sec  Fig.  1. 


F„.  1.  Drftai,io.  of  ft.  »gi«  *,  e »d  n 10.  ”—'““■‘<“1“:  ““ 

coordinate  system  x„  x.  and  the  material  coordinate  system  y„  y, 

Sftc  ft  .b.  fiftft  .!»««  «»lysis  ft.  soocftft 

matrices  [Alt,  the  total  elastic  strain  energy  U for  the  structure  is  then  given  by 

(2) 


where  S,  is  the  area  of  the  i-th  finite  element. 


3.  Design  model  and  cost  function 


LT»“" . 

volumetric  fiber  concentrations  V,,  V„  and  V,,  , see  Rg.  2. 


Fig.  2.  Design  variables  of  an  clement  consisting  of  3 orthogonal  plies 

Introducing  the  variable  ratio  fl  betwera  ply 

we  get  the  symmetric  and  orthotropic  laminate  shown  in  Fig.  z,  wnicn  can  nave  uuu. 

(0<8<1)  character.  • i_i  r ....k  V V 0 and  fi  For  these  design  variables,  we  prescribe  lower 

We  tave  now  defined  4 design  variables  for  each  clement.  V,.v.,o  anon,  rorincac 

and  upper  constraint  values  as  follows: 
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Here  the  given  upper  constraint  value  V,  for  the  fiber 

""""  can  . paehe.  fo 

upper  bound  R if  stiffitess  maximizationTcrnsidcJS^  **>c  ««  be  less  than  or  equal  to  a given 
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4.  btiffness  matrix  in  terms  of  design  variables 

for  a lamina  m our  design  model  *' determmmg  the  components  of  the  tensor^elLSty 
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For  reasons  of  brevity,  the  reader  is  referred  to  [1]  for  the  specific  expressions. 


5.  Optimization  technique 

bo„nmoodb,,6mmoiom-.  b«  1..-  o,  rndmi,. 

are  subseqoenUy  dete^ed  by  means  or  m sensitivity  analysis  and  mathematical  programmmg. 

the  distribmions  of  fibers  are  a usual  sradient  method  may  foil  in  determining  the  optimal  orientation  of 

A o«b.l.  femme  of  Jh.  I**  .hi.  i-fee»>‘  ” *« 

the  fibofs,  becmme  loom  optmu  ■l^M,^eal  invemigMion  of  the  fii«  secoim  derivMive  m or(ter  to 

tS"bT,lS”oJSr;f 'if IS'.SS  *ifeV. » Obee  f ““  P)  <‘>  - »“ 

expression  for  first  order  sensitivities,  cf.  Pedersen  [4,8], 
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where  A is  a consunt,  and  the  parameter  yi  is  defined  by 
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bibo mtgl.  of  muboo  of  bm  pniKbpm  bmio  .. «ma  bimcbo.  of  bm  i-b.  d.m««  mU.i.e  m b„  X,  mb,  of  b,. 

finite  element  coordmte  . determining  an  improved  distribution  of  the  amount  of  fiber  material. 

The  second  suge  m the  loop  of  resign  consists  mdet^  g p ^ ^ ^ ^ method  of 

i.e.,  to  obtain  improved  values  of  *®  neury^ftaibant  [14]  and  implemented  in  the  computer 

b.0  smmbmbmTlho  obj«biv.  foocbon  mb  conmbom  wib,  mtpm.  .o  .h. 

aforementioned  design  variables.  theiirem  and  the  orinciple  of  virtual  displacements  for 
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Here  a,  denotes  any  of  the  design  ^:“iabl«  fl.  (V,^  m‘?7vA  and  (V.).  can  thus  be  determined  by  (2)  and  (11), 

The  sensitivities  m fo^S^^^^i^css  matrix  [A],  For  the  i-th  element  of  the 
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6.  Examples 


We  now  consider  two  example  problems  of  optimization  of  the  tecUngular  composite  disc  shown  in  Fig.  3 The  disc  has  one 
of  Its  sides  fixed  against  displacements  in  the  X and  Y directions,  while  the  opposite  side  is  subjected  to  a oarabolicallv 
distributed  shear  loading.  ^ 


Fig.  3.  Example  problem 


o,*3Y(l-Y) 


The  upper  constraint  value  V,  for  fiber  concentration  in  P)  is  taken  to  be  V,  »80  pet,  and  we  only  consider  cases  of  c =0 
and  c^l,  which  means  that  the  fibers  are  dominating  in  the  cost  or  weight  function  C in  (4). 

In  the  fim  example  we  consider  maximization  of  the  stiffiiess  of  the  disc  under  the  condition  that  only  one  fiber  field  is 

corresponds  to  the  special  case  of  v fl»l,  see  Chapter  3.  The  structure  is  discretized  into 
j j elements  (type  QUAD  2Q1D,  see  [14]).  The  result  of  the  optimization  is  shown  in  Fig.  4,  where  the  direction 

and  density  of  the  hatching  within  each  elements  illustrate  the  fiber  orientation  and  concentration,  respectively. 


Fig.  4.  Optimal  distribution  and  orientation  of  fibers  in  first  example:  One  fiber  field,  n«800,  maximization  of  stiffiiess 

We  see  that  the  lowly  shessed  elements  do  not  contain  any  fibers.  It  is  also  noteworthy  that  the  design  conuins  "holes"  in 
the  fiber  reinforcement  in  the  mid  part  of  the  structure,  where  shear  forces  are  dominating. 

No  doubt  this  is  due  to  the  fact  that  only  one  fiber  field  is  allowed  to  exist  in  each  element.  This  is  not  favourable  in  shear 
dominated  areas  with  almost  equal  principal  stresses,  and  the  pattern  obtained  in  the  mid  part  may  be  conceived  as  the  best 
possible  anempt  of  the  structure  to  increase  its  "shear  force  stififiiess"  under  the  given  design  conditions.  The  design  shown 
m Fig.  4 is  associated  with  a reduction  of  the  total  elastic  energy  U by  51%  relative  to  the  initial  design,  where  all  the  fibers 
were  uniformly  distributed  and  given  the  orienUtion  0,*O. 

However,  the  convergence  is  very  slow,  and  different  designs  may  be  obained  as  a result  of  the  optimization.  In  particular, 
the  designs  depend  on  the  size  of  the  applied  FE-mesh,  and  it  is  not  possible  to  obtain  a limiting,  numerically  stable  design 
by  consecutively  decreasing  the  mesh  size.  These  features,  along  with  the  generation  of  "holes*  in  the  design,  indicate  the 
necessity  of  a regularization  of  the  formulation  of  the  optimization  problem  (see,  e.g.,  the  survey  by  Olhoff  and  Taylor  [15]). 

This  leads  to  our  second  examhic:  Regularization  of  the  formulation  of  the  type  of  problem  just  considered  is  simply 
obtained  by  extending  the  design  space  such  as  to  allow  for  formation  of  two  orthogonal  fiber  fields  everywhere  in  the 
(which  is  actually  covered  in  the  preceding  chapters).  Introducing  two  fiber  fields,  the  design  in  Fig.  4 is  replaced  by  the 
solution  shown  in  Fig.  5,  where  the  "shear  force  reinforcement"  appears  along  the  horizontal  center  line  in  agreement  with 
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the  boundary  and  symmetry  conditions.  Optimizing  the  structure,  U is  reduced  by  55%.  Now  the  convergence  is  rapid  and 
the  design  is  found  to  be  independent  of  the  disaetization,  which  confirms  that  regularization  has  been  achieved. 


i 

i 


Fig.  5.  Optimal  distribution  and  orientation  of  fibers  in  second  example:  Two  fiber  fields,  n^SOO,  maximization  of  stifihiess 
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